Bode Diagrams
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ECEN 2260 Supplementary Notes
R. W. Erickson

In the design of a signal processing network, control system, or other analog
system, it is usually necessary to work with frequency-dependent transfer functions and
impedances, and to construct Bode diagrams. The Bode diagram is a log-log plot of the
magnitude and phase of an impedance, transfer function, or other frequency-dependent
complex-vaued quantity, as a function of the frequency of a sinusoidal excitation. The
objective of this handout is to describe the basic rules for constructing Bode diagrams, to
illustrate some useful approximations, and to develop some physical insight into the
frequency response of linear circuits. Experimental measurement of transfer functions and
impedancesis briefly discussed.

Red systems are complicated, and hence their analysis often leads to complicated
derivations, long equations, and lots of agebra mistakes. And the long equations are not
useful for design unless they can be inverted, so that the engineer can choose eement
values to obtain agiven desired behavior. It isfurther desired that the engineer gain insight
sufficient to design the system, often including synthesizing anew circuit, adding elements
to an existing circuit, changing connections in an existing circuit, or changing existing
element values. So design-oriented analysisis needed [1]. Some tools for approaching the
design of acomplicated converter system are described in these notes. Writing the transfer
functions in normalized form directly exposes the important features of the response.
Analytica expressions for these features, as well as for the asymptotes, lead to smple
equations that are useful in design. Well-separated roots of transfer function polynomials
can be approximated in a smple way. Section 3 describes a graphica method for
constructing Bode plots of transfer functions and impedances, essentially by inspection. If
you can do this, then: (1) it'sless work and less algebra, with fewer algebra mistakes; (2)
you have much greater insight into circuit behavior, which can be applied to design the
circuit; (3) approximations become obvious.
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1. Bode plots: basic rules

A Bode plot is a plot of the magnitude and phase of a transfer function or other
complex-valued quantity, versus frequency. Magnitude in decibels, and phase in degrees,
are plotted vs. frequency, using semi-logarithmic axes. The magnitude plot is effectively a
log-log plot, since the magnitude is expressed in decibels and the frequency axis is
logarithmic.

The magnitude of a dimensionless quantity G can be expressed in decibels as
follows:

|G|.c = 20109, G

Decibd vaues of some smple
magnitudes are listed in Table 1. Care

@)

Table 1. Expressing magnitudes in decibels

must be used when the magnitude is not Actual magnitude Magnitude in dB
dimensionless. Since it is not proper to 12 —6dB
take the logarithm of a quantity having 1 0dB
dimensions, the magnitude must first be 2 6dB
normalized. For example, to express the 5= 10/2 20dB —6dB = 14 dB
magnitude of an impedance Z in 10 20dB
decibels, we should normdize by 1000 = 10° 3 [20dB = 60 dB
dividing by a base impedance R,

121= 20100, 21}

e 2

Thevaue of R, is arbitrary, but we need to tell others what value we have used. So if
Il Z ]| is5Q, and we choose R, = 10Q, then we can say that || Z ||,z = 20 l0g,,(5€/10Q)
= — 6dB with respect to 10Q. A common choice is R, = 1Q; decibel impedances
expressed with R ... = 1Q are said to be expressed in dBQ. So 5Q is equivalent to 14dBQ.
Current switching harmonics at the input port of a converter are often expressed in dBUA,
or dB using a base current of 1uA: 60dBUA is equivalent to 1000pA, or ImA.

The magnitude Bode plots of functions equal to powers of f are linear. For
example, suppose that the magnitude of adimensionless quantity G(f) is

lol=[{) 5

where f, and n are constants. The magnitude in decibelsis

f\" f
" G ||dB =20 IOgm(fo) =20n |091o(f0) @
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60dB 7

This equation is plotted in Fig.
1, for several values of n. The  40dB |
magnitudes have value 1 J 0dB

—40dB/decade

20dB
—20dB/deca

1 = > e
20 dB/decad :

a frequency f = f,. They ae
linear functions of log,y(f). The
dope is the change in || G ||;g  —20dB 1
arising from a unit change in
log,o(); a unit increase in

log,o(f) corresponds to a factor ~ ~°%%° 0.1¢ i 101
of 10, or decade, increase in f. log scale

From Eq. (4), a decade increase Fig. 1. Magnitude Bode plots of functions which vary
asf" arelinear, with slope n dB per decade.

—400dB 1
40dB/decade

in f leads to an increase in
[| G [l4g Of 20n dB. Hence, the
dopeis20n dB per decade. Equivalently, we can say that the slope is 20n log,,(2) = 6n dB
per octave, where an octave is a factor of 2 change in frequency. In practice, the
magnitudes of most frequency-dependent functions can usualy be approximated over a
limited range of frequencies by functions of the form (3); over this range of frequencies,
the magnitude Bode plot is approximately linear with slope 20n dB/decade.

1.1. Single pole response

Consider the simple R-C low-passfilter illustrated in )
Fig. 2. Thetransfer function is given by the voltage divider :
ratio vy(s) C= W)
Vy(S =
G(s) = ViES; - 18(_:'_ R Fig. 2. Simple R-C low-
sC (5 pass filter example.

Thistransfer function isaratio of voltages, and hence is dimensionless. By multiplying the
numerator and denominator by sC, we can express the transfer function as a rational
fraction:

G(g=- 1+

The transfer function now coincides with the following standard normalized form for a
single pole:
- 1
G(s) =
* (7)




Supplementary notes on Bode diagrams
ECEN2260 R. W. Erickson

The parameter w, = 211, is found by equating the coefficients of s in the denominators of
Egs. (6) and (7). Theresult is

1
Wy = ==
8

Since Rand C arerea positive quantities, wy, is also real and positive. The denominator of

Eq. (7) contains aroot at s = —wy, and hence G(s) containsarea Im(G(jw)) 4
o
polein the left half of the complex plane. N 0
To find the magnitude and phase of the transfer function, o@
we let s =jw, wherej isthe square root of — 1. We then find the \\D &)
magnitude and phase of the resulting complex-vaued function. Re(G(i))
With s=jw, Eq. (7) becomes
1-j % Fig. 3. Magnitude and
G(jw) = 1 = 5 phase of the
(l + %) 1+ (%) complex-valued
) function G(j ).

The complex-valued G(jw) isillustrated in Fig. 3, for one value of w. The magnitudeis

|aw) | =/ [Re(G(jw)] + [Im (G(jw)]|’
1

1+(Q)
(‘*’0) (10)
Here, we have assumed that wy, isreal. In decibels, the magnitudeis

69 | ==2010g, |\ /1+ Q| B
ot @) .

The easy way to sketch the magnitude Bode plot of G is to investigate the asymptotic

behavior for large and small frequency.
For small frequency, w << wy, and f << f, it istrue that

W) <<q
(wo) (12)
The (oo/mo)2 term of Eq. (10) istherefore much smaller than 1, and hence Eq. (10) becomes
: 1 _
Glw|l=—===1
In decibels, the magnitude is approximately
“ G(jw) “dB ~0dB (14)

Thus, asillustrated in Fig. 4, at low frequency || G(j o) ||y 1S asymptotic to OdB.
At high frequency, w >> w, and f >> f,. In this case, it istrue that
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1G() Ik
0dB

0dB

—20dB 1

—20dB/decade
—40dB

—-60dB t ; t
0.1f, fy 10f,

Fig. 4.  Magnitude asymptotes for the single real pole
transfer function.

) >>1 (15)
We can then say that
1+ (@) = (&) (16)
Hence, EQ. (10) now becomes
Jste)|=— L =(¢]
1 .

This expression coincides with Eq. (3), withn =—1. So at high frequency, || G(jc) ||z has
slope — 20dB per decade, as illustrated in Fig. 4. Thus, the asymptotes of || G(jw) || are
equal to 1 at low frequency, and (f / fo)‘l at high frequency. The asymptotes intersect ét f,.
The actual magnitude tends towards these asymptotes at very low frequency and very high
frequency. In the vicinity of the corner frequency f,, the actua curve deviates somewhat
from the asymptotes.

The deviation of the exact curve from the asymptotes can be found by simply
evaluating Eq. (10). At the corner frequency f = f,, Eq. (10) becomes

S| =— =%
Vaislal 0

In decibels, the magnitudeis

Gjwy) dB:—ZOIoglo( 1+4[ 2 2)=—3dB
H H (&) 9

So the actud curve deviates from the asymptotes by —3dB a the corner frequency, as
illustrated in Fig. 5. Similar arguments show that the actua curve deviates from the
asymptotes by —1dB at f = f/2 and at f = 2f,
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I1G(w) ke T R 0° asymptote
O0G(jw)
15
0dB
-30° 4+
-10dB + o [
_45 —+
—20dB + —20dB/decade 0T
757
-30dB ! [ —90° asymptote
. 90" ey ;
0.01, 0.1, fo 10, 100,

Fig. 5.  Deviation of the actual curve
from the asymptotes, for the
transfer functions of the single
real pole.

The phase of G(jw) is

Fig. 6. Exact phase plot, single real pole.

Im {G(jw,
0G(jw) =tan! 7( (J_ ))
Re(G(jw))
(20)
Insertion of the real and imaginary parts of EQ. (9) into Eq. (20) leadsto
0G(jw) = —tan™ (‘“)
* (20)

This function is plotted in Fig. 6. It tends to 0° at low frequency, and to —90° at high
frequency. At the corner frequency f = f,,, the phaseis—45’.

Since the high-frequency and low-frequency phase asymptotes do not intersect, we
need athird asymptote to approximate the phase in the vicinity of the corner frequency f,.
Oneway to do thisisillustrated in Fig. 7, where the dope of the asymptote is chosen to be
identical to the slope of the actual curve at f = f,. It can be shown that, with this choice, the
asymptote intersection frequencies f, and f, are given by

f=fem2=f/481

fb = fO eT[/2 =4.81 fO (22)
A simpler choice, which better approximates the actual curve, is

f,=1,/10

fb =10 fO (23)



This asymptote is compared to
the actua curve in Fig. 8. The
pole causes the phase to change
over a frequency span of
approximately two decades,
centered a the corner
frequency. The dope of the
asymptote in this frequency
span is—45" per decade. At the
break frequencies f, and f,, the
actual phase deviates from the

asymptotes by tan(0.1) =
5.7°.

The magnitude
phase asymptotes for the single-
pole response are summarized
in Fig. 9.

It is good practice to
consistently express single-pole
transfer functions in the
normaized form of EQ. (7).
Both terms in the denominator
of Eg. (7) are dimensionless,
and the coefficient of & is
unity. Equation (7) is easy to
interpret, because of i
normaized form. At low
frequencies, where the (S/wy)

and

Its

term is smal in magnitude, the
transfer function IS
approximately equal to 1. At
high frequencies, where the
(S/wy,) term has magnitude much
greater than 1,
function is

the transfer
approximately
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f =1,/ 481
0
OG(jw) :
-15°+
30
_45°A;
-60° -
757
290 At % |
0.01, 0.1f, f, f,=481% 100,
f
Fig. 7. Onechoicefor the midfrequency phase asymptote,

which correctly predicts the actual slope at f = f,

. O I
O0G(jw)
-15°
30"
-45°
-60°1
75
-90°—— - ;
0.0%f, 0.1f, fo f,=10f 100,
f
Fig. 8. A simpler choice for the midfrequency phase

asymptote, which better approximates the curve over the
entire frequency range.

16Ge) lhy — gt

0.5f,

fO

66y — Ll

Iy

5.7° ' -90°
10§,
Fig. 9.  Summary of the magnitude and phase Bode

plot for the single real pole.
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(s/wy)™. This leads to a magnitude of (f/f,)™. The corner frequency is f, = wy/2m So the
transfer function iswritten directly in terms of its saient features, i.e., its asymptotes and
its corner frequency.

1.2. Single zero response
A single zero response contains a root in the numerator of the transfer function, and
can be written in the following normalized form:

G(s) =(1+%)

Thistransfer function has magnitude

|Ge]=y/1+(&) (25)

At low frequency, f << f, = wy/2m, the transfer function magnitude tendsto 1 [ 0dB. At

(24)

high frequency, f >> f,, the transfer function magnitude tends to (f/f,). As illustrated in
Fig. 10, the high frequency asymptote
has slope +20dB/decade.

The phaseis given by

+20dB/decade

OG(jw) =tan™" () gy
(26) |ogw ), %% MBE. T ads

With the exception of a minus sign,
the phase is identicd to Eq. (21).
Hence, suitable asymptotes are as
illustrated in Fig. 10. The phase tends
to 0° at low frequency, and to +90° &
high frequency. Over the interval . R
follo <f< 10f0, the phase asymptote Fig. 10. Summary of the magnitude and phase
has aslope of + 45° /decade. Bode plot for the single real zero.

OG(jw) ©°
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1.3. Frequency inversion
Two other forms arise, from ' 0dB

_ , , 3B Yy 1dB

inversion of the frequency axis. The

inverted pole has the transfer function

G(s) = 71(00 16669 I
1+
(27)
As illustrated in Fig. 11, the inverted
pole has a high-frequency gain of 1, 5, _*
and a low frequency asymptote having
a +20dB/decade slope. This form is
useful for describing the gain of high-

+20dB/decade

pass filters, and of other transfer STy 0
functions where it is desred tO Fig. 11.  Inversion of the frequency axis: summary
emphasize the high frequency gain, pf the magnitude and phase Bode plot for the

. . ] inverted real pole.
with attenuation of low freguencies.

Equation (27) isequivalent to
(&)
1G] @

However, Eq. (27) more directly emphasizes that the high frequency gainis 1.
The inverted zero has the form

G(s) =

G(io) Iys —20dB/decade
G(s):(1+%) 9 G (w) Il
As illustrated in Fig. 12, the inverted
zero has a high-freqguency gan
asymptote equa to 1, and a low-
frequency asymptote having a sope
equal to —20dB/decade. An example of
the use of this type of transfer function
is the  proportiona-plus-integral
controller, discussed in connection FG0® _-90°
with feedback loop design in the next Fig. 12. Inversion of the frequency axis:

chapter. Equation (29) is equivalent to summary of the magnitude and phase
Bode plot for the inverted real zero.

0dB
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1+ >
G(s) = ( Swo)
(@) (30)
However, Eqg. (29) is the preferred form when it is desired to emphasize the value of the
high-frequency gain asymptote.

The use of frequency inversionisillustrated by example in the next section.

1.4. Combinations

The Bode diagram of a transfer function containing several pole, zero, and gain
terms, can be constructed by smple addition. At any given frequency, the magnitude (in
decibels) of the composite transfer function is equal to the sum of the decibel magnitudes of
the individual terms. Likewise, a a given frequency the phase of the composite transfer
function is equal to the sum of the phases of the individual terms.

For example, suppose that we have aready constructed the Bode diagrams of two
complex-valued functions of w, G;(w) and G,(w). These functions have magnitudes R, (w)
and R,(w), and phases 8,(w) and 6,(w), respectively. It is desired to construct the Bode
diagram of the product G;(w) = G;(w) G,(w). Let G;(w) have magnitude Ry(w), and phase
6;(w). To find this magnitude and phase, we can express G,(w), G,(w), and G;(w) in

polar form:

Gy(0) = Ry(w) €%

G,(w) = Ry(w) €%

G3(w) = Ry(w) €% (31)
The product G;(w) can then be expressed as

Gy(0) = Gy(0) G(6) = R(w) 1) Ry(w) €2 (32)

Simplification leads to
Gy(w) = (Rl(w) Rz(oo)) I1() +85()

(33)
Hence, the composite phase is
8(c) = 8,(c) + 8(0) (3
Thetotal magnitudeis
Ry(®) = R(c) Ry(w) (35)
When expressed in decibels, Eq. (35) becomes
|R(0) | = | Ru) | + | R(@) | (36)

10
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So the composite phase is the sum of the individual phases, and when expressed in
decibels, the composite magnitude is the sum of the individual magnitudes. The composite
magnitude slope, in dB per decade, is therefore also the sum of the individual slopes in dB
per decade.

For example, consider congtruction of the Bode plot of the following transfer
function:

G,

) )
(1+W)(1+@) (37)
where G, =40 0 32dB, f; = w,/2rt= 100Hz, f, = w,/21t = 2kHz. This transfer function
contains three terms: the gain G, and the poles at frequencies f, and f,. The asymptotes for
each of these terms are illustrated in Fig. 13. The gain G, is a positive real number, and
therefore contributes zero phase shift with the gain 32dB. The poles a 100Hz and 2kHz
each contribute asymptotes asin Fig. 9.

At frequencies less than 100Hz, the G, term contributes a gain magnitude of 32dB,
while the two poles each contribute magnitude asymptotes of 0dB. So the low-frequency
composite magnitude asymptote is 32dB + 0dB + 0dB = 32dB. For frequencies between
100Hz and 2kHz, the G, gain again contributes 32dB, and the pole a 2kHz continues to
contribute a 0dB magnitude asymptote. However, the pole & 100Hz now contributes a
magnitude asymptote that decreases with a —20dB/decade slope. The composite magnitude
asymptote therefore also decreases with a —20dB/decade slope, as illustrated in Fig. 13.
For frequencies greater than 2kHz, the poles at 100Hz and 2kHz each contribute decreasing

G(s) =

4081 G, =400 32dB

. | i
Gl KX f —20 dB/dec UG
2008 1 100Hz
0dB
OdB B H ‘ """"""""""""""" I
—20dB A

240 dB/dec | ©°

—400dB - -45°
~60dB + —90°
10f,
101, 20kHz | _135°
1kHz —45°/dec
} } t } } -180°
1Hz 10Hz 100Hz 1kHz 10kHz 100kHz

f

Fig. 13. Construction of magnitude and phase asymptotes for the transfer
function of Eq. (37). Dashed lines: asymptotes for individual terms. Solid
lines: composite asymptotes.

11
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asymptotes having slopes of —20dB/decade. The composite asymptote therefore decreases
with a dope of —20dB/decade —20dB/decade = —40dB/decade, asillustrated.

The composite phase asymptote is aso constructed in Fig. 13. Below 10Hz, dl
terms contribute 0° asymptotes. For frequencies between f,/10 = 10Hz, and f,/10 = 200Hz,
the pole at f, contributes a decreasing phase asymptote having a dope of —45’/decade.
Between 200Hz and 10f, = 1kHz, both poles contribute decreasing asymptotes with—
45°/decade dopes; the composite dope is therefore
—90°/decade. Between 1kHz and 10f, = 20kHz, the pole at f, contributes a constant —90°
phase asymptote, while the pole a f, contributes a decreasing asymptote with —45°/decade
slope. The composite slope is then—45°/decade. For frequencies greater than 20kHz, both
poles contribute constant —90° asymptotes, leading to a composite phase asymptote of —

180°.
f

As a second example, consider | a | : 1A T
the transfer function A(s) represented 1A T f, 720 dB/dec
by the magnitude and phase asymptotes '
of Fig. 14. Let us write the transfer 10, 1,10

function that corresponds to these . +Wec—
asymptotes. The dc asymptoteis A,. At o ‘ o
Comer, frequency fl’ the asymptote Fig. 14. l\f/i;?litudeand phaseawmpto::szof
dope increases from OdB/decade to example transfer function A(S).
+20dB/decade. Hence, there must be a

zero at frequency f;. At frequency f,, the asymptote slope decreases from +20dB/decade to
OdB/decade. Therefore the transfer function contains a pole a frequency f,. So we can

express the transfer function as
)

1

A=A, —+
)
2 (39)
where w, and w, are equal to 21, and 21tf,, respectively.

We can use Eq. (38) to derive analytical expressions for the asymptotes. For f < f,,
and letting s = jw, we can see that the (S/wy,) and (Jw,) terms each have magnitude less than

1. The asymptote is derived by neglecting these terms. Hence, the low-frequency
magnitude asymptoteis

A0(1+J§)
(1+%)

I
&

R
Il
>

o

s=io (39)

12
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For f, < f < f,, the numerator term (S/w,) has magnitude greater than 1, while the
denominator term (Sw,) has magnitude lessthan 1. The asymptote is derived by neglecting
the smaller terms:

S )
A0(+u)l) :,A\O“(D1 Szjw:AOQ:AOi
(1 + %) 1 W, f
s=jo (40)
Thisis the expression for the midfrequency magnitude asymptote of A(s). For f > f,, the
(Slw,) and (Jw,) terms each have magnitude greater than 1. The expression for the high-

iy

frequency asymptote istherefore:
@8] _, I

s=jw _ W, _ fz
Ao g =Aorsy TR A
0)2 ('02 s=jw
s=jo (41)
We can conclude that the high-frequency gain is
A, = AO]EZ
1 (42)

Thus, we can derive analytical expressionsfor the asymptotes.

The transfer function A(s) can also be written in a second form, using inverted
poles and zeroes. Suppose that A(s) represents the transfer function of a high frequency
amplifier, whose dc gain is not important. We are then interested in expressing A(S)
directly in terms of the high-frequency gain A,. We can view the transfer function as
having an inverted pole a frequency f,, which introduces attenuation at frequencies less
than f,. In addition, there is an inverted zero at f = f,. So A(S) could also be written

142
A(S) = A,
%)
(43)
It can be verified that Egs. (43) and (38) are equivalent.
1.5. Double pole response: resonance
L
Consider next the transfer function G(s) of the 21T .
two-pole low-passfilter of Fig. 15. One can show that
the transfer function of this network is Vi(®) c= Rz v
G(S) - VZ(S) - 1 -
V.(S L, Fig. 15. Two-pole low-pass filter
(9 1+sg+siLC (a4 xample

13
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This transfer function contains a second-order denominator polynomial, and is of the form

— 1

witha, = L/Rand a, = LC.
To construct the Bode plot of this transfer function, we might try to factor the
denominator into its two roots:

— 1
gy
' (46)
Use of the quadratic formula leads to the following expressions for the roots:
__al, %
S, = 2a, 1 a2 n
__a| 48,

If 4a, < a,”, then the roots are real. Each real pole then exhibits a Bode diagram as derived
in section 1.1, and the composite Bode diagram can be constructed as described in section
1.4 (but a better approach is described in section 1.6).

If 4a, > alz, then the roots (47) and (48) are complex. In section 1.1, the
assumption was made that wy, is real; hence, the results of that section cannot be applied to
this case. We need to do some additional work, to determine the magnitude and phase for
the case when the roots are complex.

The transfer functions of Egs. (44) and (45) can be written in the following
standard normalized form:

- 1
G(s) = 2
1+20 S +(>
Cw, (wo) (49)
If the coefficients a, and a, are real and positive, then the parameters  and wy, are also redl

and positive. The parameter w, is again the angular corner frequency, and we can define f,
= Wy / 21t The parameter ( is called the damping factor: ¢ controls the shape of the transfer

function in the vicinity of f = f,. An alternative standard normalized formis
- 1
Quy (@

(50)
where

_1
O7 % (51)

14
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The parameter Q is called the quality factor of the circuit, and is a measure of the dissipation
in the system. A more general definition of Q, for sinusoidal excitation of a passive eement
or network, is

(peak stored energy)

Q=am (energy dissipated per cycle) (52)

For a second-order passive system, Egs. (51) and (52) are equivalent. We will see that the
Q-factor has a very smple interpretation in the magnitude Bode diagrams of second-order
transfer functions.

Analytica expressions for the parameters Q and wy, can be found by equating like
powers of s in the original transfer function, Eq. (44), and in the normalized form, Eq.
(50). Theresultis

1
2WLC

Q=R (53)

Theroots s, and s, of Egs. (47) and (48) arereal when Q < 0.5, and are complex when Q
> 0.5.
The magnitude of G is

|Glioy | = ¢ - ((%,0)21)2+ Ligf .

Asymptotes of ||G || areillustrated in Fig. 16. At low frequencies, (w/wy,) << 1, and hence

foz%[:

|G| -1 for w<<ay, (55)

At high frequencies, (wwy,) >> 1, the (m/wo)4 term dominates the expression inside the
radical of Eq. (54). Hence, the high-frequency asymptoteis
6] - [{] for >

0 (56)
This expression coincides with Eq. (3), with n = —2. Therefore, the high-frequency
asymptote has slope —40dB/decade. IG(jw) |z ¢

The asymptotes intersect a f = f, o 0dB
and are independent of Q. f)-2
—20dB T —
The parameter Q affects the (fo)

deviation of the actud curve from —40dB 1

the asymptotes, in the neighborhood -60dB
of the corner frequency f,. The exact
magnitude a f = f, is found by

—40dB/decade

0.1 f, 10f,

Fig. 16. Magnitude asymptotes for the two-pole
transfer function.

15
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substitution of w = wy, into Eq. (8-57): e o
0dB ldB
|Gliw|=Q (57) f
So the exact transfer function has magnitude Q at the
corner frequency f,,. In decibels, Eq. (57) is —40dB/dec
“ G(jox) “ & | Q |dB (58) Fig. 17.  Important features
. _ of the magnitude Bode plot,
So if, for example, Q = 2 0 6dB, then the actua curve for the two-pole transfer
deviates from the asymptotes by 6dB at the corner function.

frequency f = f,. Sdient features of the magnitude Bode plot of the second-order transfer
function are summarized in Fig. 17.
Thephaseof Gis

1 (Q)
0 G(je) = — tan |- ((3)0)2
“ (59)
The phase tends to 0° at low frequency, ]
increasingQ

and to—180" at high frequency. At f = f,, 1
the phase is —90°. As illustrated in Fig. |
18, increasing the value of Q causes a
sharper phase change between the 0° and
—180° asymptotes. We again need a
midfrequency asymptote, to approximate 180 ‘
the phase trangition in the vicinity of the o1 f/lf 10
corner frequency f,, as illustrated in Fig. g 18 phaseplot, w:ond_grder poles.

19. As in the case of the rea single pole, Increasing Q causes a sharper phase change.

we could choose the dope of this
asymptote to be identica to the sope of

the actual curveat f = f,. It can be shown 0G
that this choice leads to the following |
asymptote break frequencies: 90"

0G  gpdl

0°

f = (enlz)—% f)

f = (en/z)% f

(60) -180° A ! :
. . . . 0.1 1 f, 10
A better choice, which is consistent with ‘1
0
the approximation (23) used for the real Fig. 19.  Onechoice for the midfrequency
singlepole, is phase asymptote of the two-pole

response, which correctly predictsthe
actual slope at f = f,.

16



f,=10""% f,
fb = 101/2Q fO (61)
With this choice, the midfrequency

asymptote has slope —180Q degrees per
decade. The phase asymptotes are
summarized in Fig. 20. WithQ = 0.5, the
phase changes from 0° to —180° over a
frequency span of approximately two
decades, centered at the corner frequency
fo- Increasing the Q causes this frequency
gpan to decrease rapidly.

Second-order response magnitude
curves, Eg. (54), and phase curves, Eq.
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0°
aG
-00°
-180° : : i
0.1 1 f, 10
f1,
Fig. 20. A simpler choice for the

midfrequency phase asymptote, which

better approximates the curve over the
entire frequency range and is consi stent
with the asymptote used for real poles.

(59), are plotted in Figs. 21 and 22 for several values of Q.
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f/1,
Fig. 21. Exact magnitude curves, two-pole response, for several values of Q.

/

7
a4
Z

0° _Q\\fxtt\\ ~—0 : ©
SN 0 = 16
N \§<\\\\\\ : 8 :52
-45° \‘ \E\; Y L—Q i 1
Q=07
N \5( _____ Q=05
0-02 N\
=0.1 \:\\
oG -9 s
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ANANL
\\ OO\ N
NN
-180° =
0.1 1 10

f/f,
Fig. 22. Exact phase curves, two-pole response, for several values of Q.
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1.6. The low-Q approximation

As mentioned in section 1.5, when the roots of second-order denominator
polynomia of Eq. (45) are real, then we can factor the denominator, and construct the
Bode diagram using the asymptotes for red poles. We would then use the following
normalized form:

G(s) = 1

S o

This is a particularly desirable approach when the corner frequencies w, and w, are well-

separated in value.

The difficulty in this procedure liesin the complexity of the quadratic formula used
to find the corner frequencies. Expressing the corner frequencies w, and w, in terms of the
circuit elements R, L, C, etc., invariably leads to complicated and unilluminating
expressions, especially when the circuit contains many elements. Even in the case of the
smple circuit of Fig. 15, whose transfer function is given by Eqg. (44), the conventiona
quadratic formulaleads to the following complicated formulafor the corner frequencies:

_ L/R#,/(L/R]*~4LC
0y, 0, = 2LC (62)
This equation yields essentialy no insight regarding how the corner frequencies depend on
the eement values. For example, it can be shown that when the corner frequencies are
well-separated in value, they can be expressed with high accuracy by the much smpler
relations

R g1
L' 2 Rc (63)

In this case, w, is essentialy independent of the value of C, and w, is essentidly

0w,

independent of L, yet Eq. (62) apparently predicts that both corner frequencies are
dependent on al dement values. The simple expressions of Eq. (63) are far preferable to
Eq. (62), and can be easily derived using the low-Q approximation [2].

Let us assume that the transfer function has been expressed in the standard
normalized form of Eq. (50), reproduced bel ow:

— 1
G©‘1+f§+(sf
Quy, (% (64)
For Q < 0.5, let us use the quadratic formula to write the rea roots of the denominator

polynomial of Eq. (64) as

19



Supplementary notes on Bode diagrams
ECEN2260 R. W. Erickson

2 1
W, = % 1-v1-4Q° V12‘4Q FQ ]
(65) 075+
_ 0y 1+4/1-4Q° ]
Q2 057
Q (66)
The corner frequency w, can be 025+
expressed ]
0 t t -
_ Wy 0 0.1 0.2 0.3 0.4 0.5
w, =5 F(Q
Q (67) Q
where F(Q) is defined as Fig. 23.  F(Q) vs Q, asgiven by Eq. (872). The

approximation F(Q) = 1 iswithin 10% of the
F(Q) = % (1 +y1- 4Q2) (68) exact value for Q < 0.3.
Note that, when Q << 0.5, then 4Q2 << 1, and F(Q) is approximately equal to 1. We then
obtain
~ W 1
w,== for Q<<
Q 2 (69)
The function F(Q) is plotted in Fig. 23. It can be seen that F(Q) approaches 1 very rapidly
as Q decreases below 0.5.
To derive a smilar approximation for w,, we can multiply and divide Eq. (65) by

F(Q), Eq. (68). Upon simplification of the numerator, we obtain

o = QW
(®) (70)
Again, F(Q) tendsto 1 for small Q. Hence, w, can be approximated as

o=Qa forQw}

Magnitude asymptotes for the low-Q G lke fﬁ%
case are summarized in Fig. 24. For Q < 0.5, o0dB
the two poles a wy, split into real poles. One

real pole occurs at corner frequency w; < wy,

while the other occurs at corner frequency w, >

W, The corner frequencies are easly

approximated, using Egs. (69) and (71). Fig. 24. Magnitude asymptotes predicted
For the filter circuit of Fig. 15, the ggl;e;ivrve'q%;pgzxg; a;'n?];;s_aj poles

parameters Q and wy, are given by Eq. (53). For

the case when Q << 0.5, we can derive the following anaytica expressions for the corner

frequencies, using Egs. (70) and (71):
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Jic L
Q JVICR /C RC
L (72)

So the low-Q approximation allows us to derive smple design-oriented andytical
expressions for the corner frequencies.

1.7. Approximate roots of an arbitrary-degree polynomial
The low-Q approximation can be generalized, to find approximate analytica
expressions for the roots of the n"-order polynomial
P =1+a;s+a,s*+ - +a,s" 73)
It is desired to factor the polynomial P(s) into the form

P9 =(1+T,8)(1+T,8) -~ (1+71,5] (74)

Inareal circuit, the coefficients a,...,a, are real, while the time constants 1,,...,T,, may be
either red or complex. Very often, some or dl of the time constants are well separated in
value, and depend in avery simple way on the circuit element values. In such cases, smple
approximate analytical expressions for the time constants can be derived.

The time constants t4,...,T,, can be related to the original coefficients a,...,a, by

multiplying out EQ. (74). Theresultis
Q=T +T,+ -+ T,
a,= -[1(-[2+ e + -[n) + -[2(-[3+ cee + -[n) + ...

a; = '[1'[2('[3+ e t '[n) + '[2'[3('[4+ e t '[n) + ...

a, = Tl 1, (75)
General solution of this system of equations amounts to exact factoring of the arbitrary
degree polynomial, a hopeless task. Nonetheless, Eq. (75) does suggest a way to
approximate the roots.
Suppose that all of the time constants 1,,...,T,, are real and well separated in value.
We can further assume, without loss of generality, that the time constants are arranged in
decreasing order of magnitude:

T[> ]| >> - >> [ (76)

When the inequalities of Eq. (76) are satisfied, then the expressions for a,,...,a, of EQ.
(75) are each dominated by their first terms:
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(77)
These expressions can now be solved for the time constants, with the result
,=a
a2
T,=—%
2 al
a3
T,=—
3 8.2
an
1,=
a1 (78)
Hence, if
|a1|>> Blss|Bos . >
a, a, (79)
then the polynomial P(s) given by Eq. (73) has the approximate factorization
P(9)=(1+a,s) (1+:Zs) (1+:3s) (1+ aa” s)
1 2 n—-1 (80)

Note that if the original coefficientsin Eq. (73) are smple functions of the circuit elements,
then the approximate roots given by Eq. (80) are smilar smple functions of the circuit
elements. So approximate analytical expressions for the roots can be obtained. Numerical
values are subgtituted into Eq. (79) to justify the approximation.

In the case where two of the roots are not well separated, then one of the
inequalities of Eq. (79) isviolated. We can then leave the corresponding terms in quadratic

form. For example, suppose that inequality k is not satisfied:

a
Q1

g
A

a
|a,|>>| 22]>> . >> b33 >> .. >>

1

not
satisfied (81)

Then an approximate factorizationis
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P(9=(1+a,s) 1+ %) (14 H g1 Big) (14 B g
a; A1 A1 an_g (82)
The conditions for accuracy of this approximation are
|al| >> % >> 0 >> A >> ak—zzak” >> 0 >> G
1 ak—l a‘k—l an—l (83)
Complex conjugate roots can be approximated in this manner.
When the first inequality of Eq. (79) isviolated, i.e.,
|al| > 255|855 . 5|
al a2 a'n—l
;
not
satisfied (84)
then the first two roots should be left in quadratic form:
P(s)=(1+als+a252) 1+38g.. 1+ 2 g
a2 an—l 85
(85)
This approximation isjustified provided that
“2|>>|q,|>> L PN L) O
a3 a3 an—l (86)

If none of the above approximationsis justified, then there are three or more roots that are
close in magnitude. One must then resort to cubic or higher-order forms.
As an example, consider the following transfer function:

G
G(s) = °
L,+L L,L.C
1+ 1 2 + 2L C+ 3 =1=2
s—Rr tSLCHS —g— (87)
Thistransfer function contains a third-order denominator, with the following coefficients:
L,+L
a, = 1R 2
a,=L,C
Q= L,L.C
° R (88)

It is desired to factor the denominator, to obtain anaytica expressions for the poles. The
correct way to do this depends on the numerical values of R, L4, L,, and C. When the

roots are rea and well separated, then Eq. (80) predicts that the denominator can be
factored asfollows:
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L,+L, L, Lz)
(l+SR) (1+SRCL1+L2) (1+SR

(89)
According to Eqg. (79), this approximation is justified provided that
L,+L, L, L,
>>RC—1 >>—2
R L,+L, R (90)

These inequalities cannot be satisfied unless L, >> L,. When L, >> L, then Eq. (90) can
be further smplified to

L, L,

ﬁ >> RC >> ﬁ (91)
The approximate factorization, Eq. (89), can then be further smplified to

(1+sLR1 (1+sRc)

L
14st) o

Thus, in this case the transfer function contains three well separated real poles.
When the second inequality of Eg. (90) isviolated,

Ll-I;LZ > RC Llile ﬁ> %
1
not
satisfied (93)

then the second and third roots should be left in quadratic form:

L, +L, L, 2
(1+sR) (1+SRC L *S L,lL,C

(94)
This expression follows from Eqg. (82), with k = 2. Equation (83) predicts that this
approximation is justified provided that

L,+L, L L,||L

>> RC 1> 2 RC
R L1+ L2 L1+ L2 (95)

In application of Eq. (83), we take a, to be equal to 1. The inequalities of Eq. (95) can be
simplified to obtain

L,
>> —1>>
L,>L, and R RC (96)

Notethat it isno longer required that RC >> L, / R. Equation (96) implies that factorization
(94) can be further smplified to

(1 + sLRl) (1 +SRC+s2L,C
(97)

Thus, for this case, the transfer function contains a low-frequency pole that is well
separated from a high-frequency quadratic pole pair.
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In the case where the first inequality of EQ. (90) is violated:

L,+L, L, L,
R P LR
T

not
satisfied (98)

then the first and second roots should be left in quadratic form:

L,+L L
1+is2+52L1C) (1+SR2)

(99)
This expression follows directly from Eq. (85). Equation (86) predicts that this
approximation is justified provided that

LRC _Li+L, L,
L, R R (100)
i.e.,
L,>L, and RC>> L
R (101)

For this case, the transfer function contains a low-frequency quadratic pole pair that is well-
separated from a high-frequency red pole. If none of the above approximations are
justified, then all three of the roots are similar in magnitude. We must then find other means
of dealing with the original cubic polynomial.

2. Analysis of transfer functions —example

Let us next derive analytical expressions for the poles, zeroes, and asymptote gains
in the transfer functions of a given example.

The differential equations of the a certain given system are:

L d;(tt) = —Dy(t) + (1-D)v(t) + (vg - v) V(1)
C dg(tt) =—1-D) i) - O + 1y

io(t) = Di(t) + v (1) (102)

The system contains two independent ac inputs: the control input v(t) and the input voltage
Vy(t). The capitalized quantities are given constants. In the Laplace transform domain, the
ac output voltage v(s) can be expressed as the superposition of terms arising from the two
inputs:

V(S) = Gu(S) Ve(S) + Gig(9) Vy(9) (103)
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Hence, the transfer functions G,(s) and G(s) can be defined as

G(9) = 1S Gy = 1Y
ve(S) vg(8)=0 g(S) ve(s) =0 (104)

An agebraic approach to deriving these transfer functions begins by taking the Laplace
transform of Eq. (102), letting the initial conditions be zero:

sLi(s) =—Dv,(s) +(1-D) «(9) + (vg -v) v,(9)

v(s)

sSCv(s)=—(1-D)i(s) — +1 v /(s

(105)
To solve for the output voltage v(s), we can use the top equation to eliminatei(s):
_ —DV,(9 +(1-D) v(s) + (vg —v) V()
(9= s (106)
Substitution of this expression into the lower equation of (105) leads to

SCV(9) = — (1s_LD) —Dvy(9) + (1-D) V(9) + (V, =V V() | - ( e
(107)
Solution for v(s) resultsin
_ V,—V—sll
v(s) = [z (1 LD) vy(S) — LS V(s)
(1-D) +S§+SZLC (1-D)* +Sﬁ+52|-c (108)

We aren’t done yet —the next step is to manipulate these expressions into normalized form,
such that the coefficients of s° in the numerator and denominator polynomials are equa to
one:

_( D 1
v(S)—(l—D) 1+S(1—IE))2R+52 (15%)2 Vy(9)

LI
Vg_v (1 SV V)
S P e
(1-D’R ~ (1-D)’ (109)

Thisresultissimilar in form to Eq. (103). The transfer function from v,(s) to v(s) is

v(s) _( D ) 1
Ve® |, o, \1-DJ14sg L 4 LC
< (1-D)*R "~ (1-D)*  (110)

Thus, this transfer function contains adc gain Gy, and a quadratic pole pair:

Gy (s =
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— 1
G5 =G
Quyp (o (111)
Analytical expressions for the salient features of the transfer function from v(s) tov(s) are

found by equating like termsin Egs. (110) and (111). Thedc gainis

G =7 2 D (112)
By equating the coefficients of < in the denominators of Egs. (110) and (111), one obtains

1_LC

W D (113)
Hence, the angular corner frequency is

- D

e (114)
By equating coefficients of sin the denominators of Egs. (110) and (111), one obtains

1 _ L

Qw, DR (115)

Elimination of wy, using Eq. (114) and solution for Q leads to

a— 1 C
Q_DR\/? (116)

Equations (114), (112), and (116) are the desired results in the analysis of the voltage
transfer function from v(s) to v(s). These expressions are useful not only in analysis
situations, whereit is desired to find numerical values of the sdient features G, w,, and
Q, but also in design situations, where it is desired to select numerical values for R, L, and
C such that given values of the salient features are obtai ned.

Having found analytical expressions for the salient features of the transfer function,
we can now plug in numerical vaues and construct the Bode plot. Suppose that we are
given the following values:

D=0.6

R=10Q

Vy =30V

L = 160pH

C = 160uF (117)
We can evaluate Egs. (112), (114), and (116), to determine numerical values of the sdient
features of the transfer functions. The results are:
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20dB -

” Gvg ” O C:"vg
0dB -
—20dB -
—40dB
—60dB 0°
—-80dB + + —90°
. ~180 -180°
10/ %0 £,
533Hz o
} } t =270
10Hz 100Hz 1kHz 10kHz 100kHz

f
Fig. 25. Bode plot of the transfer function G,

Gyl=+P- =150 3.5dB
| Geo|

%)0— D
== DI =
b= on = 5 = 400HZ

_np /C
Q=DR/ T =40 12d8 119

The Bode plot of the magnitude and phase of the transfer function G4 is
constructed in Fig. 25. This transfer function contains a dc gain of 3.5dB and resonant
poles at 400Hz having aQ of 4 0 12dB. The resonant poles contribute —180° to the high

frequency phase asymptote.

3. Graphical construction of transfer functions

Often, we can draw approximate Bode diagrams by inspection, without large
amounts of messy algebra and the inevitable associated algebra mistakes. A great deal of
insight can be gained into the operation of the circuit using this method. It becomes clear
which components dominate the circuit response at various frequencies, and so suitable
approximations become obvious. Analyticad expressions for the approximate corner
frequencies and asymptotes can be obtained directly. Impedances and transfer functions of
quite complicated networks can be constructed. Thus insight can be gained, so that the
design engineer can modify the circuit to obtain a desired frequency response.

The graphical construction method, also known as “doing algebra on the graph”,
involves use of afew ssimple rulesfor combining the magnitude Bode plots of impedances
and transfer functions.
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3.1. Series impedances. addition of asymptotes

A series connection represents the addition of impedances. If the Bode diagrams of
the individual impedance magnitudes are known, then the asymptotes of the series
combination are found by simply taking the largest of the individual impedance asymptotes.
In many cases, theresult is exact. In other cases, such as when the individual asymptotes
have the same slope, then the result is an approximation; nonetheless, the accuracy of the

approximation can be quite good.
R

Consider the series-connected R-C network of Fig. 26. It 10Q
is desired to construct the magnitude asymptotes of the total series " |
impedance Z(s), where Z(s) 1 c
Z(9=R+-L (119) — T
sC

Let us first sketch the magnitudes of the individual impedances.
The 10Q resistor has an impedance magnitude of 10Q [0 20dBQ.
This value is independent of frequency, and is given in Fig. 27.
The capacitor has an impedance magnitude of 1/wC. This quantity varies inversely with w,
and hence its magnitude Bode plot is a line with slope —20dB/decade. The line passes
through 1Q [0 0dBQ at the angular frequency w where

Fig. 26.  SeriesR-C
network example.

1
e 1Q (120)
i.e., at
W= A = 1 =10° rad/sec (121)
1QC (1) (10°F)
In terms of frequency f, this occurs at
_w _10° _
= 3% = 5 = 150kHz (122)
So the capacitor impedance .o - PN
magnitude is a line with dope — 1
. 60dBQ T wC T 1kQ
20dB/dec, and which passes o0dB/decade
through 0dBQ a 159kHz, as 097 [ 100
shown in Fig. 27. It should be 20d8Q r=—m T 50am 100
noted that, for simplicity, the ;40 > 10
asymptotes in Fig. 27 have been ‘ &zl‘?a‘ﬁg"“z ‘ 10
labeled R and 1/wC. But to draw 100Hz 1KHzZ 10kHz ~ 100kHz  1MHz

the Bode plot, we must actudly  Fig. 27.  Impedance magnitudes of the individual
plot dBQ; e.g., 20 logio (R/1Q) elements in the network of Fig. 26.

and 20 logyo ((YwC)/1Q).
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Let us now construct the magnitude of Z(s), given by Eq. (119). The magnitude of
Z can be approximated as follows:

~f R forR>>1/wC

“Z(jw)“:“R+.l
\1 forR<<1/wC

JwC

wC (123)

The asymptotes of the series combination are smply the larger of the individual resistor and
capacitor asymptotes, asillustrated by the heavy linesin Fig 28. For this example, these are
in fact the exact asymptotes of || Z ||. In the limiting case of zero frequency (dc), then the

capacitor tends to an open circuit. 8098 ] Nzl 7 10k
The series combination is then  eode | 1 1kQ
dominated by the capacitor, and ;o | 1 10m
the exact function tends R
_ _ 20dBQ 100
asymptotically to the capacitor . fo 1
. . i =16kH T — ]
impedance magnitude. In the %%° aiRe =T e 110
limiting case of infinite frequency, -20dx % % % -+ 0.10
. 100Hz 1kHz 10kHz 100kHz 1MHz
then the capacitor tends to ashort  Fig 23 construction of the composite asymptotes of
circuit, and the total impedance |l Z ||. The asymptotes of the series combination can
) be approximated by simply selecting the larger of the
becomes smply R. So the R and individual resistor and capacitor asymptotes.

VwC lines ae the exact
asymptotes for this example.

The corner frequency fp, where the asymptotes intersect, can now be easly
deduced. At angular frequency wy = 211, the two asymptotes are equal in value:

& =R (124)
Solution for wg and fg leads to:

-1 _ 1 -10° 125
%= Re = 100) 10D 10° rad/sec (125)

~W_ 1 _
f°_2n_72T[RC 16kHz

So if we can write andytica expressions for the asymptotes, then we can equate the
expressions to find analytical expressions for the corner frequencies where the asymptotes
intersect.

The deviation of the exact curve from the asymptotes follows al of the usual rules.
The dope of the asymptotes changes by +20dB/decade a the corner frequency fg (i.e.,
from —20dBQ/decade to 0dBQ/decade), and hence there isa zero a f = fy. So the exact
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curve deviates from the asymptotes by +3dBQ at f = fo, and by +1dBQ
at f=2fgand at f = fo/2. R

Asasecond example, let us construct the magnitude asymptotes  z(s)
for the series R-L-C circuit of Fig. 29. The seriesimpedance Z(s) is _>

Z(s):R+sL+% (126 c
The magnitudes of the individual resistor, inductor, and capacitor ;I
asymptotes are plotted in Fig. 30, for the values Fig-L _Zg-n etvs\'gf R-

R=1kQ example.

L=1mH

C=0.1uF (127)

The seriesimpedance Z(s) is dominated by the capacitor at low frequency, by the resistor a
mid frequencies, and by the inductor at high frequencies, as illustrated by the bold line in
Fig. 30. The impedance Z(s) contains a zero a angular frequency w;, where the capacitor
and resistor asymptotes intersect. By equating the expressions for the resistor and capacitor
asymptotes, we can find w,:

_ 1 _ 1
R= 0 o=
®, C 1= RC (128)

A second zero occurs at angular frequency w,, where the inductor and resistor asymptotes
intersect. Upon equating the expressions for the resistor and inductor asymptotes a w,, we

obtain the following:

R=wl O w,=R

(129)
So simple expressions for al important features of the magnitude Bode plot of Z(s) can be
obtained directly. It should be ,o4m - Al - 100KQ
noted that Eqs. (128) and (129)
_ 80dEQ 1 T 10kQ
are approximate, rather than
: 60dBQ 1kQ
exact, expressions for the corner R f T,
frequencies w, and w,. Equations  40de 1 1 1000
(128) and (129) coincide with the  204m0 | o & ! 100
results obtained via the low-Q 0dEO T # # 19

Next, suppose that the Fig. 30.  Graphical construction of || Z || of the series R-
. L-C network of Fig. 29, for the element values
value of R is decreased to 10Q. specified by Eq, (127).
As R is reduced in value, the

approximate corner frequencies w, and w, move closer together until, & R = 100Q, they
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are both 100krad/sec. Reducing 0™ | izl [ tooke
R further in value causes the 80dE7 ;10
asymptotes to become  sode | 1k
independent of the value of R, as o, | SR 1 10m
illugrated in Fig. 31 for R = R
20dBQ 100

10Q. The || Z || asymptotes now i &

: : 0dBQ +—=" ; ; 110
switch dlreCtIy from wl to V/wC. 100Hz 1kHz 10kHz 100kHz 1MHz

So now there are two Fig. 31.  Graphica construction of impedance asymptotes
zeroes @ w = w, At corner for the series R-L-C network example, with R

frequency w,, the inductor and decreased to 10Q.
capacitor asymptotes are equal in value. Hence,

-1 _
wl=—t =R,
WG (130)
Solution for the angular corner frequency wy, leads to
-1
W, =
JLC (131)

At w = w, the inductor and

100dEQ T 1 100kQ

capacitor impedances both have
magnitude R,  cdled the
characteristic impedance. 60dEQ

Since there are two zeroes  40dEQ 4
at w= Wy, thereisa possibility that g,

80dBQ T T 10kQ
T 1kQ

+ 100Q

= 10Q
the two poles could be complex | o ‘ _oc g
Conj ugates, and that peaki ng could 100Hz 1kHz 10kHz 100kHz 1MHz

Fig. 32.  Actud impedance magnitude (solid line) for the
series R-L-C example. The inductor and capacitor

let us investigate what the actual impedances cancel out at f = f,, and hence Z(jay) = R
curve does a w = w, The actua

value of the seriesimpedance Z(jwy) is

occur inthevicinity of w = w,. So

Z(jox) = R+ jopL + - <
J0C (132)
Substitution of Eq. (130) into Eq. (132) leadsto
Z(ja) =R+ |Ry+ 2 =R+ |R,— jR,= R
j (133)

At w = w,, the inductor and capacitor impedances are equal in magnitude but opposite in
phase. Hence, they exactly cancel out in the seriesimpedance, and we are left with Z(jowy) =
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R, asillustrated in Fig. 32. The actual curve in the vicinity of the resonance a w = wy, can
deviate significantly from the asymptotes, because its value is determined by R rather than
wL or V/wC.

We know from section 1.5 that the deviation of the actua curve from the
asymptotes at w = wy, isequal to Q. From Fig. 32, one can see that

|Q|dB:|R0|dBQ_|R|dBQ' or
Q="

R (134)
Equations (130) - (134) are exact results for the series resonant circuit.

The practice of adding asymptotes by simply selecting the larger asymptote can be
applied to transfer functions as well as impedances. For example, suppose that we have
aready constructed the magnitude asymptotes of two transfer functions, G; and G,, and
we wish to find the asymptotes of G = G; + G,. At each frequency, the asymptote for G
can be approximated by simply selecting the larger of the asymptotes for G, and G,

e, |a>>]cl

|6 lel>>[e (135)

Corner frequencies can be found by equating expressions for asymptotes as illustrated in
the preceeding examples. In the next chapter, we will see that this approach yields a smple
and powerful method for determining the closed-loop transfer functions of feedback
systems. The accuracy of the result is discussed in section 3.3.

3.2. Parallel impedances. inverse addition of asymptotes
A parallel combination represents inverse addition of impedances:

_ 1
Rl (130)
2.*z,

If the asymptotes of the individual impedances Z;, Z, ..., are known, then the asymptotes
of the parallel combination Zy,r can be found by simply selecting the smallest individual
impedance asymptote. This is true because the smallest impedance will have the largest
inverse, and will dominate the inverse sum. Asin the case of the series impedances, this

procedure will often yield the exact asymptotes of Zp,.

Let us construct the magnitude asymptotes for the ;5 . s L é c ==
parallel R-L-C network of Fig. 33, using the following element  —>
values.

R=10Q Fig. 33. Parallel R-L-C

network example.
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L=1mH

C=0.1uF (137)
Impedance magnitudes of the
individual elements are illustrated
in Fig. 34. The asymptotes for the
total pardld impedance Z ae
approximated by simply selecting
the smallest individual eement
impedance, as shown by the heavy
line in Fig. 34. So the parald
impedance is dominated by the
inductor at low frequency, by the
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80dEQ T - T 10
6000 §  WC e el ke
40dEQ | 1 100
20dBQ R 100
fl f2
0dBQ | 110
Iz
—20dBEQ + + + 0.1Q
100Hz 1kHz 10kHz ~ 100kHz  1MHz

Fig. 34. Construction of the composite asymptotes of || Z ||,
for the parallel R-L-C example. The asymptotes of the
parallel combination can be approximated by simply
selecting the smallest of the individua resistor, inductor,
and capacitor asymptotes.

resistor a& mid frequencies, and by the capacitor a high frequency. Approximate
expressions for the angular corner frequencies are again found by equating asymptotes:

aw=w, R=w,lL U w=

atw=w, szic

low-Q approximation of section 1.6.

Figure 35 illustrates what
happens when the value of R is
increased to 1kQ. The asymptotes
for || Z || then become independent of
R, and change directly from wL to
VwC a angular frequency w,. The
corner frequency wy, is now the
frequency where the inductor and
capacitor asymptotes have equa
vaue

-1 _
L=—*_ =
@l=p==Ry
which impliesthat
-1
%= e

0 w,=gs

R
L
1

(138)
These expressions could have been obtained by conventional analysis, combined with the

80dBQ T 1 T 10kQ
60dBQ T . 1kQ
40dEQ | TowdlR 1 1000
20dBQ T+ 10Q
0dBQ - [1Z1] T 10
—-20dRm + + + 0.1Q
100Hz 1kHz 10kHz 100kHz 1MHz
Fig. 35.  Graphical construction of impedance asymptotes

for the paralle R-L-C example, with R increased to 1kQ.

(139)

(140)
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80dBQ T . 7 10k
At w = w, the slope of the

60dBQ T o 1kQ
asymptotes of || Z || changes from

40dBQ 1 actual curve— S/ i\ Yo 1 100Q
+20dB/decade to —20dB/decade, and
hence there are two poles. We 20dE7 1100
should investigate whether peaking  odso | -~ Nz || 15 10
occurs, by determining the exact .., 010

Val ue Of ” Z ” aw= (L)O’ $follows 100Hz lk'HZ lOi(HZ 106kHz 1MHz
Fig. 36.  Actua impedance magnitude (solid line) for the
paralel R-L-C example. The inductor and capacitor

impedances cancel out at f = f,, and hence Z(jay) = R.

. _ . 1 _ 1
Z =R|joL [ —===
) =RIE N e =11
Jopl (141)
Substitution of Eq. (139) into (141) yields
LY = 1 - 1 —
z = _ = L _-R
e T I S I
R R R R R R (142)

So at w = wy, the impedances of the inductor and capacitor again cancel out, and we are left
with Z(juy,) = R. The values of L and C determine the values of the asymptotes, but R
determines the value of the actual curve at w = wy,.

The actual curveisillustrated in Fig. 36. The deviation of the actual curve from the
asymptotesat w = wy, is

|Q|dB:|R|dBQ_|RO|dBQ’ or

- R
°TR, (143)

Equations (139) - (143) are exact results for the parallel resonant circuit.
3.3. Another example

Now let us consider a dightly more complicated R, J_ c,
example, Fig. 37. This example illustrates the multiple 29) 20kQ 33nF
application of the series and parale rules, and it dso —™
illustrates why the algebra-on-the-graph approach in general SFEZQ —|— 3,(3:,2np

yields approximate, rather than exact, asymptotes.
For this circuit, the impedance Z consists of the series-
parallel combination,

29=(RI1,

Fig. 37.  Series-pardld
network example.

+

Rl 3(1;2) (144)
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Asusual, wefirst sketch the plots
of the impedances of the
individual elements. The result is
given in Fig. 38. Next, we
construct the asymptotes of the
paralel combinations
Rillgs ad Rl

As  before, the  padld
combinations are constructed by
sdecting the smaler of the
individual asymptotes. The result
is illustrated in Fig. 39. The
parallel combination of Ry and C;
contains a pole at frequency f1,
the R1 and 1/00(:1
asymptotes intersect. By equating

these two asymptotes a
frequency f1, we obtain

where

Ri= GC, (145)
Solve for f1 = wy /21T
f=5 nF%lCl = 240HzZ
(146)
Likewise, the pardle
combination of R, and C,

contains a pole a frequency f5,
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120dE2 7 1~ 1 T 1MQ
0 33anC233nF
100dRD 1 100kQ
R, 20kQ - )
80dBQ R, 5kQ T 10kQ
60dBQ + 1kQ
40dBQ | e 1 1000
20dBQ } } } 10Q
10Hz 100Hz 1kHz 10kHz 100kHz
Fig. 38.  Impedance magnitudes of the individua elements
in the network of Fig. 37.
120dE2 7 1 1 7 1IMQ
100dE e T 100K2
80dEQ - f, R, T 10kQ
f2
60dBQ + 1 1k0
1
Rilegs —
40de01 7 <1 1 1000
R L —
2 ” g:z
20dBEQ , ’ , 100
10Hz 100Hz 1kHz 10kHz 100kHz
Fig. 39. Graphical construction of asymptotes for
parallel combinations (solid and shaded lines).
120dE2 7 1 - 1 T 1MQ
100dEQ 1 100kQ
80dBQ + 10kQ
60dBEQ + + 1kQ
40dEQ | [1Z1] e 1 10m
20dBQ g g g 100
10Hz 100Hz 1kHz 10kHz 100kHz
Fig. 40. Graphical construction of composite asymptotes
for || Z |I.

where the R, and 1/wC, asymptotes intersect. By equating these two asymptotes a
frequency f, and proceeding in asimilar manner, we obtain

f= 5ot
*7 2R ,C,

= 9.6kHz

(147)

Finally, the impedance magnitude || Z || is constructed as the series combination given by
Eq. (144). Thisis done by selecting the larger of the two sets of asymptotes of Fig. 39, as
illustrated in Fig. 40. Note that there is athird corner frequency: a zero occurs at frequency
f3, where the Ry and 1/wC; asymptotes intersect. Hence, at this corner frequency we have
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_ 1

R= e (148)
or,

-1

b= o, = 965H (149)

The actua curve deviates from the asymptotes, according to the usual rules. For example,
at f,, the actual curve deviates from the asymptotes by — 3dB.

The asymptotes derived in this example are approximate rather than exact. For
example, the actual dc asymptoteis Ry + Ry = 25kQ, rather than smply Ry = 20kQ. This
can be seen from the original circuit, letting the two capacitors become open circuits. On a
dB scale, 25kQ represents 28dBkQ while 20kQ represents 26dBkQ, so the approximate
dc asymptote deviates by 2dB from the exact value. Likewise, the high-frequency
asymptote should be

1

=3

CtCe (150)
rather than smply 1/wC,. The actual corner frequencies may in general also be dightly
displaced from the values shown. For this example, the pole frequencies f; and f, given

above are the exact values, while the exact zero frequency f3 is 1096 Hz rather than 965
Hz.

When adding asymptotes having the same slopes, such as R; and R in this
example, the actua asymptote is the sum (R; + Ry) rather than smply the largest.
Likewise, the paralel combination of two asymptotes having the same slope is actualy
given by the inverse addition formula, rather than simply the smaller asymptote. So the
“agebraon the graph” method is an approximation. The worst case, having least accuracy,
occurs when the asymptotes having the same dope also have the same magnitude —the
approximate asymptote will then differ by 6dB. When the two impedances have different
values, then the deviation will be less than 6dB. Also implicit in the “algebra on the graph”
method is the approximate factorization of the numerator and denominator polynomials of
the impedance or transfer function. The accuracy of the result is high when the corner
frequencies are well separated in magnitude.

The fact that the graphical construction method yields an approximate answer
should not be viewed as a disadvantage. Indeed, this is a great advantage of the method:
Bode diagrams of reasonable accuracy can be obtained very quickly. Much physica
understanding of the circuit can be gained, because simple anaytical expressions are found
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for how the salient features (corner frequencies and asymptote values) depend on the
component values. Suitable approximations become obvious.

In the majority of design situations, absolute accuracy is not so important. Instead,
it ismore important for the design engineer to gain insight into how the circuit works, so
that he or she can figure out how to make the circuit behave as desired. Simple
approximations are the key to obtaining this insight; more exact (and more complicated)
equations may remain as enigmatic as the origina circuit. In those cases where more
accuracy is needed, and where it is judged worthwhile to expend the effort, a less
approximate analysis can still be performed.

The graphical construction method for impedance magnitudes is well known, and
“impedance graph” paper can be purchased commercidly. As illustrated in Fig. 41, the
magnitudes of  the

. . 80dEQ 1 I 10kQ
impedances of various
inductances, 60dBQ = [ 1kQ
capacitances, and o4 B L 100
resistances are plotted
. . . 20dBQ 1= L 100
on semilogarithmic
axes. Asymptotes for  0dBO p>X 10
the impedances of R-L- o, i L 00D
C networks can be
. —40dR > L 10mQ
sketched directly on
these axes, and -60dEQ = , , ; 1mo
10Hz 100Hz 1kHz 10kHz 100kHz 1MHz

numerical  values of

. Fig. 41. *“Impedance graph”: an aid for graphical construction of
corner frequenCIGS can impedances, with the magnitudes of various inductive,
then be graphically capacitive, and resistive impedances pre-plotted.

determined.

3.4. Voltage divider transfer functions: division of asymptotes

Usually, we can express transfer functions in terms of impedances —for example,
as the ratio of two impedances. If we can construct these impedances as described in the
previous section, then we can also construct the transfer function. In this section, the
transfer function H,(s) of asingle-section two-pole filter example, Fig. 42, is constructed
using the voltage divider formula.

The familiar voltage divider formula shows that the transfer function of this circuit
can be expressed astheratio of impedances Z, / Z;,, where Z;, = Z; + Z is the network
input impedance:
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3 b)
He(s)
s
sl +
o ) usez= v gR Lol L. co= SR D
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
Z,(s) Z,(s) Z Z,

Fig. 42. Transfer function H(s) and output impedance Z,, ,(s) of asingle-section L-C filter: (a) circuit,
with Hg and Z, , identified; (b) determination of Z, ;, by setting independent sources to zero.

W) _ 4, _Z,
WS - 242, Z, (151)

For the example of Fig. 42, Z,(s) = sL,, and Z,(s) is the parallel combination of R and

1/sC. Hence, we can find the transfer function asymptotes by constructing the asymptotes
of Z, and of the series combination represented by Z;,, and then dividing. Another

approach, which is easier to apply in this example, is to multiply the numerator and
denominator of Eq. (151) by Z;:

V(S) — Zzzl l: Zout
V() ZitZ, 7, Z4

(152)
where Zoyt = Z1 || Z2 is the output impedance of the voltage divider. So another way to
construct the voltage divider transfer function isto first construct the asymptotesfor Z, and
for the parallel combination represented by Z,,;, and then divide. This method is useful
when the parallel combination Z; || Z, is easier to construct than the series combination Z;
+ Z,. It often gives a different approximate result, which may be more (or sometimes |ess)
accurate than the result obtained using Z,,,.
The output impedance Z,,; in Fig. 42(b) is

Zan(®) = RIS IS, (153)

The impedance of the pardle R-L-C network is constructed in section 3.2, and is
illustrated in Fig. 43(a) for the high-Q case.

According to Eqg. (152), the voltage divider transfer function magnitude is
HHe =1l Zout I/ || Z1 |- This quantity is constructed in Fig. 43(b). For w < w,, the
asymptote of || Z,, || coincides with || Z; ||: both are equal to wL.. Hence, the ratio is
| Zout Il /|| Z1 || = 1. For w > wy, the asymptote of || Z || is YwC, while || Z, || is equal
to wL,. Theratio then becomes || Zoyt || / || Z1 || = 1/w2LeC, and hence the high-frequency
asymptote has a-40dB/decade slope. At w = wy, || Z,,; || has exact value R, while || Z; || has
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d b)
12, Il =el,

(] =1%ol
| 2]

I1Z

out |

Fig. 43.  Graphical construction of Hg and Z,,,: (a) output impedance Z;; (b) transfer function He.

exact value R, Theratio is then || H(e) [I = | Zouiwy) I/ | Zu(ox) [| = R/ Ry = Q. So the
filter transfer function H, has the same wy, and Q as the impedance Z.

It now becomes obvious how
variations in dement vaues affect the ‘Qrfjs'”g wle
salient features of the transfer function and o

output impedance. For example, the effect AT X

Py %"‘

of increasing the inductance value L, on
the output impedance is illustrated in Fig.
44. It can be seen that increasing L, causes

Fig. 44.  Variation of output impedance

the angular resonant frequency 0 10 be asymptotes, corner frequency, and Q-factor
reduced, and also reduces the Q-factor. with increasing inductance L..

”Zout”

4. Measurement of ac transfer functions and impedances

It is good engineering practice to measure the transfer functions of prototype
systems. Such an exercise can verify that the system has been correctly modeled and
designed. Also, it is often useful to characterize individua circuit eements through
measurement  of  their

. . Network Analyzer
terminal impedances. — : Y
. Injection source Measured inputs Data
Small-signd aC vz_t e v, 0 Data bus
. magnitude frequency
magnitude and  phase W X o 10 compuler
) ) g =
measurements can  be N v, 9,
made using an instrument output input input
; O T
known as a network 1 ul 1] "
analyzer, or frequency ' < <
response analyzer. The A4 A4
key inputs and outputs of ¥ M
a basic network anayzer Fig.45. Key features and functions of a network analyzer: sinusoidal
. ) ; source of controllable amplitude and frequency, two analog inputs,
are illugtrated in Fig. 45. and determination of relative magnitude and phase of the input

components at the injection frequency.
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The network analyzer provides a sinusoidal output voltage v, of controllable amplitude and

frequency. This signal can be injected into the system to be measured, a any desired
location. The network analyzer dso has two (or more) inputs, v, and v, . The return

electrodes of v, , v, and Vv, areinternally connected to earth ground. The network analyzer
performs the function of a narrowband tracking voltmeter: it measures the components of
v, and v, at theinjection frequency, and displays the magnitude and phase of the quantity
v, /v, . The narrowband tracking voltmeter feature is essential for measurements over a

wide range of magnitudes; otherwise, noise and interference from neighboring circuits

corrupt the desired sinusoidal signals and make accurate measurements impossible [3].

Modern network analyzers can automatically sweep the frequency of the injection source
v, to generate magnitude and phase Bode plots of the transfer function v, / v, .

A typical test setup for

Network Analyzer
mesasuring the transfer function Injection source | Measured inputs Data
of an amplifier is iIIust'rated in m,@é;d ffegg)ﬁgmcv % ‘Dl=i‘.
Fig. 46. A potentiometer, 0 9, v
connected between a dc supply _5; R /3
voltage V. and ground, is used 1 1 1
to bias the amplifier input to
atan the correct quiescent block?r% —
operating point. The injection capacitor
source voltage v, is coupled to y
the amplifier input terminals via ¢
a dc blocking capacitor. This inDaCS g i i i
blocking capacitor prevents the adjust T [ [ 5 oo & [
injection voltage source from = E
upsetting the dc bias. The _l_
network analyzer inputs v, and ] evice
Vy are connected to the input Fig. 46. Measurement of atransfer function.
and output terminals of the amplifier. Hence, the measured transfer function is
9 a9
V,(s) (154)

Note that the blocking capacitance, bias potentiometer, and v, amplitude have no effect on
the measured transfer function.
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(155)

can be measured by treating the impedance as a transfer function from current to voltage.
For example, measurement of the output impedance of an amplifier isillustrated in Fig. 47.
The quiescent operating condition is again established by a potentiometer which biases the

amplifier input. The injection source v,

is coupled to the amplifier output through a dc

blocking capacitor. The injection source voltage ¥, excites a current i, in impedance Z.

This current flows into the output of the amplifier, and excites a voltage across the amplifier

output impedance:

Zo(9) = =

Y(s)

out(s) amplifier _

acinput ~

A current probeis used to measure i,
to i, ;thisvoltageis connected to the network analyzer input v, . A voltage probe is used

to measure the amplifier
output voltage Vv, . The
network analyzer displays
the transfer  function
v,/ , which is
proportional to Z,,. Note
that the value of Z, and
the amplitude of v, do
not affect the
measurement of Z,

VC C

DC
bias
adjust

Fig. 47.

(156)

. The current probe produces a voltage proportiona

Device %
under test DC blocking
P capacitor R
out I source
B u I
» ° current
5 el Z
E oo Ja| T H?p
voltage 5
probe
+ -—

+ -

\7 X
Measurement of the output i mpedance of asystem.

It is sometimes necessary to measure impedances that are very small in magnitude.
Grounding problems cause the test setup of Fig. 47 to fall in such cases. The reason is
illustrated in Fig. 48(a). Since the return connections of the injection source v, and the
analyzer input v, are both connected to earth ground, the injected current I, Canreturn to

the source through the return connections of either the injection source or the voltage probe.
In practice, i,, divides between the two paths according to their relative impedances.

Hence, asignificant current (1 — k) i, flows through the return connection of the voltage
probe. If the voltage probe return connection has some total contact and wiring impedance

Zyoner then the current induces avoltage drop (1 —K)

in the voltage probe wiring,

out probe

as illustrated in Fig. 48(a). Hence, the network analyzer does not correctly measure the
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injection Network Analyzer
Impedance source
under test return Injection source
. connection
|0Lﬂ RSOUI'CE
<G V. =N H l l
ey
Z(S) . . Zrz v,
lout kIOUI‘ L
—>- —> T NA+—> _L(v
A-K Y
out Measured
inputs
voltage |
probe <P °* 4
X
voltage . ° -
probe .-~ -—L
return Zrobe o +
connection ——
L LAY o — Y
o s
(1_k) lout Zprobe
b)
injection Network Analyzer
Impedance source
under test return Injection source
) connection
fou ; 1:n Reource
G V. =N H ll
R llLLI ; 1] . .
2(s) f oz, q
lou [ | is "
—>——> ﬁ*m
0y '
Measured
inputs
voltage |
probe °ty
X
voltage . ° -
probe .- -—L
return Zorobe o +
connection — v
—W—I\/\, o — Yy
L
+ oV — =

Fig. 48.  Measurement of asmall impedance Z(s): (a) current flowing in the return connection of the
voltage probe induces a voltage drop which corrupts the measurement; (b) an improved experiment,

incorporating isolation of the injection source.

voltage drop across the impedance Z. If the internal ground connections of the network
anayzer have negligible impedance, then the network anayzer will display the following

impedance:
Z+(1-K) Zyoe=Z+ Zpoe | Z,, (157)
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Here, Z, is the impedance of the injection source return connection. So to obtain an
accurate measurement, the following condition must be satisfied:

|| Z || >> (Zprobe ” Zrz)

(158)
A typical lower limit on || Z || isafew tens or hundreds of milliohms.

Animproved test setup for measurement of small impedances is illustrated in Fig.
48(b). Anisolation transformer isinserted between the injection source and the dc blocking
capacitor. The return connections of the voltage probe and injection source are no longer in
parallel, and the injected current i, must now return entirely through the injection source
return connection. An added benefit is that the transformer turns ratio n can be increased,
to better match the injection source impedance to the impedance under test. Note that the
impedances of the transformer, of the blocking capacitor, and of the probe and injection
source return connections, do not affect the measurement. Much smaler impedances can
therefore be measured using this improved approach.

5. Summary of key points

1. The magnitude Bode diagrams of functionswhich vary as (f / f,)" have slopes equa to
20n dB per decade, and pass through 0dB at f = f,,.

. Itisgood practice to express transfer functions in normalized pole-zero form; this form

N

directly exposes expressions for the salient features of the responsg, i.e., the corner
frequencies, reference gain, etc.

3. Poles and zeroes can be expressed in frequency-inverted form, when it is desirable to
refer the gain to a high-frequency asymptote.

. A two-pole response can be written in the standard normalized form of Eq. (50). When
Q > 0.5, the poles are complex conjugates. The magnitude response then exhibits
peaking in the vicinity of the corner frequency, with an exact value of Q a f = f,.
High Q also causes the phase to change sharply near the corner frequency.

5. When the Q isless than 0.5, the two pole response can be plotted as two real poles. The

low-Q approximation predicts that the two poles occur at frequenciesf,/ Q and Qf,.
These frequencies are within 10% of the exact valuesfor Q < 0.3.
6. The low-Q approximation can be extended to find approximate roots of an arbitrary

N

degree polynomial. Approximate analytical expressions for the salient features can
be derived. Numerical values are used to justify the approximations.

\‘

. Approximate magnitude asymptotes of impedances and transfer functions can be easly
derived by graphica construction. This approach is a useful supplement to
conventional analysis, because it yields physical insight into the circuit behavior,
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and because it exposes suitable approximations. Several examples, including the
impedances of basic series and paralld resonant circuits and the transfer function
H.(s) of asingle-section filter circuit, are worked in section 3.

8. Measurement of transfer functions and impedances using a network anayzer is
discussed in section 4. Careful attention to ground connections is important when
measuring small impedances.

REFERENCES

[1] R.D. Middlebrook, “Low Entropy Expressions: The Key to Design-Oriented Analysis,” |IEEE Frontiers
in Education Conference, 1991 Proceedings, pp. 399-403, Sept. 1991.

[2] R.D. Middlebrook, “Methods of Design-Oriented Analysis: The Quadratic Equation Revisited,” IEEE
Frontiersin Education Conference, 1992 Proceedings, pp. 95-102, Nov. 1991.

[3] F. Barzegar, S. Cuk, and R. D. Middlebrook, “Using Small Computers to Model and Measure
Magnitude and Phase of Regulator Transfer Functions and Loop Gain,” Proceedings of Powercon
8, April 1981. Also in Advances in Switched-Mode Power Conversion, Irvine: Tedaco, vol. 1,
pp. 251-278, 1981.

PROBLEMS
1. Express the gains represented by the asymptotes of Figs. 49(a)-(c) in factored pole-zero form. You
may assume that all poles and zeroes have negative real parts.
2. Derive analytical expressions for the low-frequency asymptotes of the magnitude Bode plots shown
in Fig. 50(a)-(c).
3 3
G

+20dB/decade —20dB/decad
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Express the gains represented by the asymptotes of Figs. 50(a)-(c) in factored pole-zero form. You
may assume that all poles and zeroes have negative real parts.

Derive analytical expressions for the three magnitude asymptotes of Fig. 14.

An experimentally-measured transfer function. Figure 51 contains experimentally-measured
magnitude and phase data for the gain function A(s) of a certain amplifier. The object of this
problem isto find an expression for A(s). Overlay asymptotes as appropriate on the magnitude ad
phase data, and hence deduce numerical values for the gain asymptotes and corner frequencies of
A(s). Your magnitude and phase asymptotes must, of course, follow all of the rules. magnitude
slopes must be multiples of +20dB/decade, phase slopes for real poles must be multiples of
+45’/decade, etc. The phase and magnitude asymptotes must be consistent with each other.

It is suggested that you start by guessing A(s) based on the magnitude data. Then construct the
phase asymptotes for your guess, and compare them with the given data. If there are discrepancies,
then modify your guess accordingly and re-do your magnitude and phase asymptotes. Y ou should

40dB
Pt ~
30dB +— ~
..... A5 N
20dB o0
10dB 45°
oA —
0dB - 0°
NGO .
X L 45°
N N
N
\ 5
N L o0
e S
N - 135
R o
- 1808
10Hz 100Hz 1kHz 10kHz 100kHz 1MHz
Fig. 51.

turn in: (1) your analytical expression for A(s), with numerical values given, and (2) a copy of
Fig. 51, with your magnitude and phase asymptotes superimposed and with all break frequencies
and dopes clearly labeled.

An experimentally-measured impedance. Figure 52 contains experimentally-measured magnitude
and phase data for the driving-point impedance Z(s) of a passive network. The object of this
problem is the find an expression for Z(s). Overlay asymptotes as appropriate on the magnitude
and phase data, and hence deduce numerical values for the salient features of the impedance
function. Y ou should turnin: (1) your analytical expression for Z(s), with numerical values given,
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and (2) a copy of Fig. 52, 30dBEQ
with your magnitude ad
phase asymptotes 5,40 /
superimposed and with all Tzl V4
sdlient features and asymptote i A
slopes clearly labeled. 10dBQ N yé
Magnitude Bode diagram of \\ //
an R-L-C filter circuit. For 0dBQ N/
the filter circuit of Fig. 53, /[
construct th_e Bode plots for _104m0 {— L oo
the magnitudes of the 7 B
Thevenin-equivalent  output :
impedance Z,; and the . - 45°
transfer function H(s) = v, / : :
v,. Plot your results on semi- E o
. —— I F
log graph paper. Give [ Z e g
approximate analytical <
expressions and numerical » [ -45
values for the important
corner frequencies ad o0
asymptotes. Do al of the 0 00 ‘ ok
elements significantly affect 10Hz 100Hz 1kHz 10kHz
Zoy and H? Fig. 52.
Rl I‘1
10Q 10mH
AA——TTE .
c, L
220uF c R, Zout
V. O — -« V.
! R, 47nF 0o 3 ?
100Q

Fig. 53.

Operational amplifier filter circuit. The op amp circuit shown in Fig. 54 is a practical realization
of what is known as a PID controller, and is sometimes used to modify the loop gain of feedback
circuits to improve their performance. Using semilog graph paper, sketch the Bode diagram of the
magnitude of the transfer function v,(s) / v4(s) of the circuit shown. Label al corner frequencies,

flat asymptote gains, and asymptote slopes, as appropriate, giving both analytical expressions ad

numerical values. You may assume that R, C,
the op amp isideal. 2kQ  8uF
Phase asymptotes. Construct the phase R, ZOkQI I—
asymptotes for the transfer function R, AN
Vo(S) / vq(s) of problem 8. Label all 1kQ C, 800pF
break frequencies, flat asymptotes, and W H

P —

100Q 24nF V2

asymptote slopes. I _i>
Vi 5 R ¢ g

Fig. 54.
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11.

12.
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Construct the Bode diagram for the M— T ——————
magnitude of the output impedance
Zout of the network shown in Fig. i R S i Zout
55. Give suitable analytica '
expressions for each asymptote,
corner frequency, and Q-factor, as
appropriate. Justify any Fig. 55.
approximations that you use.

!

The component values are:
Ly =100uH Lo =16mH
C1 = 1000pF Co = 10pF
R1 =5Q Ro =50Q
The two section filter in the circuit of Fig.

56 should be designed such that its output
impedance Zs|vg = 0 Mmeets certain filter

design criteria, and hence it is desirable to
construct the Bode plot for the magnitude
of Zg. Although this filter contains six
reactive elements, || Zs || can nonetheless v, C_’
be constructed in a rdatively
straightforward manner using graphical
congtruction techniques. The element

N4
(@)
K
[
1
O
N
[
1
B

vauesare: Fig. 56.
L1 = 32mH C1 = 32uF
Lo = 400uH C2 = 6.8uF
L3 = 800uH R1 = 10Q
Lg = 1uH R2 = 1Q

(a) Construct || Zg || using the “algebra on the graph” method. Give simple approximate
analytical expressions for all asymptotes and corner frequencies.

(b) It is dedred that || Zg || be approximately equal to 5Q at 500Hz and 2.5Q at 1kHz.
Suggest a simple way to accomplish this by changing the value of one component.

A two-section L-C filter has the following transfer function:

G(s = LTl - L,L,C
R B A e MR s P
The element values are;
R 50mQ
C1 680UF C2 4.7uF
L1 500uH L2 S0uH
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14.

(a)

(b)
(c)
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Factor G(s) into approximate real and quadratic poles, as appropriate. Give analytical
expressions for the salient features. Justify your approximation using the numerica
element values.

Construct the magnitude and phase asymptotes of G(s).

It is desired to reduce the Q to 2, without significantly changing the corner frequencies or
other features of the response. It is possible to do this by changing only two eement
values. Specify how to accomplish this.

Output impedance of a two-section
input  filter.  Construct  the
asymptotes for the magnitude of the
output impedance, || Zoyt || of the
damped two-section input filter
shown in Fig. 57. You may use
suitable approximations. Label all
corner frequencies, asymptotes, ad
any Q-factors, with approximate
analytical expressions. No credit
will be given for computer-generated
plots. The component values are:

= O

0

<
|

1

out

Fig. 57.

R1 2Q R> 10Q
C1 10uF Co 1uF
L1 32uH Lo 8uH

L3  3.2mH Ly  320pH

A resonant LCC circuit contains the following transfer function:

C,R

H = T3 R(C,7C) + S2LC, + SLCCR

When C, is sufficiently large, this transfer function can be expressed as an inverted pole
and a quadretic pole pair. Derive analytical expressions for the corner frequencies and Q-
factor in this case, and sketch typical magnitude asymptotes. Determine analytical

When C, is sufficiently large, the transfer function can be also expressed as an inverted
pole and a quadratic pole pair. Derive analytical expressions for the corner frequencies and
Q-factor in this case, and sketch typical magnitude asymptotes. Determine analytical

(a)

conditions for validity of your approximation.
(b)

conditions for validity of your approximation in this case.
(c)

When C; = C, and when the quadratic poles have sufficiently high Q, then the transfer
function can again be expressed as an inverted pole and a quadratic pole pair. Derive
analytical expressions for the corner frequencies and Q-factor in this case, and sketch
typical magnitude asymptotes. Determine analytical conditions for validity of your
approximation in this case.
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