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ABSTRACT

We describe in this work an exploratory analysis of fMRI data. We
regard the fMRI dataset as a set of spatiotemporal signalssx in-
dexed by their positionx. The analysis is performed on the wavelet
packet coefficients of the fMRI signalssx, and we show that we
can characterize the coefficients in terms of a mixture model of
multivariate Gaussian distributions.

1. INTRODUCTION

Functional Magnetic Resonance Imaging (fMRI) can quantify he-
modynamic changes induced by neuronal activity. The goal of the
analysis is to detect the “activated” voxelsx where the dynamic
changes in the fMRI signalsx(t), t = 0, · · · , T−1 can be consid-
ered to be triggered by the (sensory or cognitive) stimulus. Statis-
tical techniques are commonly used for the detection of activated
voxels. Unfortunately, these techniques often rely on oversimpli-
fied assumptions. We describe in this work an exploratory analysis
of the fMRI data. We regard the fMRI dataset as a set of spatiotem-
poral signalssx, indexed by their positionx. Our analysis is not
performed directly on the raw fMRI signal. Instead, the raw data
are projected on a set of basis functions conveniently chosen for
their ability to reveal the structure of the dataset. Several studies
indicate that one finds dynamic changes of the fMRI signal in time
and in frequency [1]. Wavelet packets are time-frequency “atoms”
that are localized in time and in frequency. We favor therefore the
use of wavelet packets to perform the analysis of fMRI data.

2. MULTISCALE ANALYSIS AND WAVELET PACKETS

A wavelet packet is given byψj,k,l(t) = ψk(2jt− l), where

• j = 0, . . . , J represents the scale :ψj,k,l has a support of
size2−j . J is the maximum scale (2J ≤ T ).

• k = 0, . . . , 2j − 1 represent the frequency index at a given
scalej : ψj,k,l has roughlyk oscillations.

• l = 0, . . . , 2J0−j−1 represents the translation index within
a node(j, k) : ψj,k,l is located atl 2−j .

The library of wavelet packets can be constructed iteratively start-
ing from the scaling functionψ0, and the waveletψ1. As shown in
Fig. 1 the library of wavelet packets organizes itself into a binary
tree, where the nodes of the tree represent subspaces with different
time-frequency localization characteristics. We define the index
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Fig. 1. Top: wavelet packet tree. Bottom : wavelet packet basis
functionsψγ = ψj,k,l of the subset of nodesWl. The wavelet
packets at each node of the tree are shown on the corresponding
row in an enclosed box.

γ = (j, k, l), and we considerψγ = ψj,k,l to be aT × 1 vector.
The wavelet packet coefficient

αx(γ) = ψT
γ sx (1)

can be computed with a fast algorithm at each node of the tree.
We denoteWl the set of basis functions from each node of the
subtree that is enclosed in a box shown in the top of Fig. 1. These
basis functions have lost their temporal localization, but are more
precisely located in the frequency domain : they roughly behave
as sinusoidal functions oscillating at low frequencies. One wavelet
packet,ψγ0

is of particular interest to us (the third from the right
on the last row, with a bold frame), because its frequency and phase
match the frequency and the phase of the periodic stimulus that
will be described in the next section.

3. GLOBAL STATISTICS OF THE COEFFICIENTS

We consider an fMRI dataset that demonstrates activation of the vi-
sual cortex [2]. A visual stimulus composed of a flashing checker-
board was presented to a subject for 30s, and a blank image was
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Fig. 2. Histogram of the wavelet packet coefficients (forψγ ∈ Wl)
of the background time series. The mean (top) and the variance
(bottom) is shown for each distribution.

presented for the next 30 seconds. Images were acquired every 3s,
for a total of 80 images. The voxel size was1.88× 1.88× 3mm,
and the image size was128 × 128. We used SPM [3] to deter-
mine the status : activated/non activated of each time seriessx.
The background time series had ap-value greater than 0.1, the
activated time series had ap-value smaller than10−3. We com-
puted the wavelet packet coefficientαx(γ) of each time seriessx.
We want to estimate the probability distribution of the coefficients
αx(γ), for differentγ. We first observe that the stochastic pro-
cessαx is not stationary (with regard to shifts inx). Indeed, we
know that the activated voxels are not randomly scattered through-
out the whole brain (activated voxels tend to be clustered spatially)
and therefore the distribution of the coefficientsαx is not transla-
tion invariant. A more detailed analysis of the distribution of the
coefficients requires to partition the time series into two classes,
(1) activated and (2) background (non activated). We can assume
that within each class, the distribution of the time series will be the
same. We can then use all the values ofαx for all the voxels within
each class to estimate the distribution ofαx (ergodicity argument).
Fig. 2 shows the histogram of the wavelet packets (forψγ ∈ Wl)
of the background time series. The empirical distributions appear
to be zero-mean Gaussian distributions, with a standard deviation
of about 20. Figure 3 shows the histogram of the wavelet packets
(forψγ ∈ Wl) of the activated time series. Because there are much
fewer activated time series than background time series (from five
to ten percent of the whole brain is activated) the histograms are
coarser than the corresponding histograms for the background time
series. The stimulus is periodic, and we expect the energy of the
activated time series to be distributed over only a small number of
coefficients in the Fourier domain [1,4]. Most of the energy of the
activated time series will be at the stimulus frequency. Unfortu-
nately, the wavelet packet library does not include true sinusoidal
functions. However, as noted in the previous section there exists
one basis function,ψγ0

, with a frequency and a phase that match
the frequency and the phase of the periodic stimulus. Most distri-
butions have a small mean. The distribution with the largest mean
is obtained with the wavelet packet whose frequency match exactly
the frequency of the stimulus. In fact, a close inspection of
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Fig. 3. Histogram of the wavelet packet coefficients (forψγ ∈
Wl) of the activated time series. The mean (top) and the variance
(bottom) is shown for each distribution.

Fig. 3 reveals that other nodes also have a large mean (albeit rel-
atively smaller). As shown in Fig. 1 the wavelet packets at these
nodes also oscillate at the frequency of the stimulus, but have a
smaller support (they have local oscillations), and thus contribute
to a smaller correlation withsx. The variance at these nodes is
much larger (1500-3000) than at the other nodes (400). Also, the
distribution at these nodes appears to be skewed and less Gaus-
sian than at the other nodes. The empirical distributions appear to
be zero-mean Gaussian distributions at all other nodes. As indi-
cated in [4], there is very little energy at harmonics of the stimulus
frequency, and therefore the histograms of the wavelet packet co-
efficients for the other nodes of the tree (not shown here) also have
a zero mean. We finally considered a three dimensional neigh-
borhoodN (x0) that was placed around an activated region and
included a mixture of activated and background time series.
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Fig. 4. Histogram of the wavelet packet coefficients (forψγ ∈
Wl) of the mixture time series. The mean (top) and the variance
(bottom) is shown for each distribution.
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Fig. 5. Histogram of theW statistic computed from activated time
series only. The mean (top), the variance (center), and theχ2 score
(bottom) are displayed for each distribution.

Figure 4 shows the histogram of the coefficients (forψγ ∈ Wl)
of all the time series inN (x0). Most projections appear to be
Gaussian with a small mean and a variance around 400. The same
wavelet packetψγ0 gives rise to a multimodal distribution that is
clearly non Gaussian.

4. LOCAL STATISTICS OF THE COEFFICIENTS

In the previous section we studied the empirical distribution of the
wavelet packet coefficients computed over the entire brain. While
we expect the background signal to be constant (except for a pos-
sible slowly varying drift), the strength of the signalsx may vary
from one activated voxelx to another. We can interpret the empiri-
cal distribution ofαx(γ0) in Fig. 4 as follows : the activated region
is composed of a small number of subregions whereinαx(γ) is
Gaussian distributed ; and the mean is different for each subregion.
The distribution ofαx(γ0) can be thus described by a mixture of
Gaussian distributions. We can test this hypothesis by performing
a local analysis of the distribution ofαx(γ). For each position of
the neighborhoodN (x0) we test the hypothesis that the distribu-
tion of the coefficients{αx(γ),x ∈ N (x0)} is Gaussian. Several
test for normality exist, and we use theW Shapiro-Wilk test [5]
because of its ability to detect non Gaussian distributions. Asx0

is moved throughout the brain we collect many samples for theW
statistic. We can compute the empirical distribution ofW (for all
values ofx0), as is shown in Fig. 5 and Fig. 6. In order to quan-
tify non-normality, we compare this empirical distribution with the
distribution ofW obtained under the normality assumption. The
comparison is performed using theχ2 distance. A largeχ2 score
indicates that the distribution of the wavelet packet coefficient is
non Gaussian. Fig. 5 shows the empirical distribution of theW
statistic computed locally from activated time series only (we use
αx in the computation ofW only if x is activated). Because all
theχ2 distances are small, the hypothesis thatαx is Gaussian can
be accepted.
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Fig. 6. Histogram of theW statistic computed from a mixture of
activated and background time series. The mean (top), the vari-
ance (center), and theχ2 score (bottom) are displayed for each
distribution.

A similar experiment was conducted, and the results (not shown
here) indicate that the distribution ofαx(γ) is Gaussian for allγ if
sx is a background time-series. Fig. 6 shows the empirical distri-
bution of theW statistic computed locally whenN (x0) contains a
part of an activated region as well as background voxels. While al-
most all distributions appear to be Gaussian (smallχ2), there exists
a few non Gaussian distributions. The most non-Gaussian distri-
bution is obtained again for the wavelet packet whose frequency
match exactly the frequency of the stimulus.

5. MIXTURE OF GAUSSIAN DENSITIES

Our experimental results indicate that it is possible to find a small
number of interesting projections that reveal the presence of ac-
tivated time series. Because most one dimensional projections
of high dimensional data are approximatively Gaussian [6], bi-
modal or more generally non Gaussian, distributions of the wavelet
packet coefficients are likely to reveal the presence of non back-
ground time series. A natural model for the joint distribution of
the wavelet packet coefficientsαx = [αx(γ1), · · · , αx(γT )]T is
a finite mixture of multivariate Gaussian densities,

p(α) =

MX
m=1

πmφ(α, µm,Σm). (2)

The mixing parameters are positive weights that add up to 1. The
densityφ is the normal density function. This assumption is in
perfect agreement with our experimental findings. Indeed, since
the marginals of a mixture of multivariate Gaussian densities are
mixture of Gaussian densities, we expect the distribution of the
αx(γ) to be mixtures of Gaussian densities. This is exactly what
we observed in our experiments. We note that the model (2) is
global, and we need more than one activated component in order
to describe different levels of activation. This model can be inter-
preted in the temporal domain. The signalsx can be decomposed
as follows

sx(t) = θx(t) + ax(t) + νx(t) (3)
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Fig. 7. Mixture model with three components superimposed on
the empirical distribution of the wavelet packets.

whereθx(t) is a baseline drift, andax(t) is the stimulus-induced
response. The noiseνx(t) is correlated with a1/f spectral be-
havior associated with long memory processes [7–9]. The wavelet
coefficients of the driftθ(t) correspond to low frequencies, and
should be zero forγ = γ0. The wavelet coefficients of the noise
will be uncorrelated [8, 9], and will be Gaussian distributed. The
noise coefficients will contribute to the zero-mean component of
the mixture. The wavelet coefficients of the activated component
will be non zero forγ = γ0, and Gaussian distributed. The mean
of the distribution will vary with the strength of the activation at
the voxelx. Voxels with similar activation strength will contribute
to a common component in the mixture. The maximum likelihood
estimates ofµm andΣm given the observations can be computed
with the Expectation Minimization (EM) algorithm. Figures 7 and
8 show the mixture model superimposed on the empirical distribu-
tion of the wavelet packetsαx(γ0), wherex are taken in a neigh-
borhoodN (x0) that overlap with an activated region. In order to
capture the tail on the right side of the distribution we used several
activated components. Tables 1 and 2 show the mixture parameters
for all the components.

m 1 2 3
πm 0.74 0.15 0.11
µm 10 77 114
σm 27 38 100

Table 1. Parameters of the mixture for a 3 component model.

m 1 2 3 4 5
πm 0.84 0.08 0.05 0.02 0.002
µm 13 91 139 224 377
σm 30 23 33 48 26

Table 2. Parameters of the mixture for a 5 component model.
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Fig. 8. Mixture model with five components superimposed on the
empirical distribution of the wavelet packets.
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