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ABSTRACT

We address the problem of the analysis of event-related functional Magnetic Resonance Images (fMRI). We
propose to separate the fMRI time series into ”activated” and ”non-activated” clusters. The fMRI time series
are projected onto a basis, and the clustering is performed using the coefficients in that basis. We developed a
new algorithm to select that basis which provides the optimal clustering of the time series. Our approach does
not require any training datasets or any model of the hemodynamic response. The basis is constructed using a
dictionary of wavelet packets. We search for the optimal basis in this dictionary using a new cost function that
measures the clustering power of a set of wavelet packets. Our approach can be easily extended to classification
problems. We have conducted several experiments with synthetic and in-vivo event-related fMRI data. Our
method is capable of discovering the structures of the synthetic data. The method also successfully detected
activated voxels in the in-vivo fMRI.

1. INTRODUCTION

Functional Magnetic Resonance Imaging (fMRI), utilizes the fact that oxygenated blood and deoxygenated blood
have different magnetic susceptibility to create maps of changes in cerebral venous oxygen concentration that
correlate with neuronal activity. There are currently two types of experimental designs: the periodic stimulus
design (block design) and the event-related stimulus design (odd-ball design). The detection of activation using
event-related fMRI data is the more difficult problem and will be the focus of this work. The analysis of event-
related fMRI data commonly relies on the assumption that the fMRI signal xi = [xi(0), · · · , xi(T − 1)]

t
at a

voxel i inside the brain is obtained by convolving the stimulus waveform si = [si(0), · · · , si(T − 1)]
t

with some
unknown hemodynamic response function hi.

1 Unfortunately, it has become clear that there is a nonlinear
relationship between the variation in the fMRI signal and the stimulus presentation.2 In the absence of any
detailed substantive understanding of the mechanism of the fMRI response, we advocate a non parametric
data-driven approach that can better account for all important features present in the data.
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Figure 1. We partition the time series inside a small window Wi0
into two clusters. The clustering is performed on the

wavelet packet coefficients (feature space)
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Fig. 1 shows a block diagram that illustrates the principle of our approach. We consider a group of voxels, and
the corresponding time series, from a small window Wi0 inside the brain. We partition these time series into two
clusters. If Wi0 is located in a part of the brain that is activated, then one of the two clusters encompasses the
activated voxels, or activated time series. The other cluster contains time series that correspond to background
activity. If the window is in a part of the brain with no activity correlated to the stimulus, then all time series
are considered to be background activity. As Wi0 is moved throughout the brain, local decision (activation/non
activation) are computed for each voxel i ∈ Wi0 . This principle exploits the intrinsic spatial correlation that
is present in the data. Indeed, truly activated voxels tend to be spatially clustered, while falsely activated
voxels will tend to be scattered. One can then increase the sensitivity of the detection by using the fact that
real activation should be more clustered than artifactual activation caused by noise. These local decisions are
combined to generate a more robust global activation score, which can be presented in the form of an activation
map. Unlike global clustering methods,3 our local clustering approach only partitions the time series in a small
region of the brain. Furthermore, the clustering of the time series is not performed directly on the raw fMRI
signal. Instead, the raw data are projected on a set of basis functions conveniently chosen for their discriminating
power, and their robustness to noise. If the stimulus is periodic, the Fourier basis provide the most interesting
projection of the data.4 If the stimulus is not periodic, then we need to replace the Fourier transform with
a transform that can efficiently represent the nonlinear and non-stationary structures present in event-related
data. Several studies indicate that one finds dynamic changes of the fMRI signal in time, frequency, and in
space.5, 6 Wavelet packets are time-frequency “atoms” that are localized in time and in frequency. Wavelet
packets have been used quite successfully to analyze transients in evoked potentials or electroencephalograms.7

We favor therefore the use of wavelet packets to perform the analysis of the event-related hemodynamic response
xi. Instead of using a fixed basis we will select a basis among a very large and highly redundant dictionary of
wavelet packets, B = {ψγ}. Because the dictionary is highly redundant, one can select those wavelet packets

ψγ = [ψγ(0), · · · , ψγ(T − 1)]
t

(where γ is a parameter indexing the functions) on which the projection of event-
related fMRI data reveals the organization of the time-series into “activated”, and “non-activated” clusters. The
representation of an event-related signal xi in such a basis is defined by xi =

∑

γ αγ(xi)ψγ . This approach
does not assume any particular model of the hemodynamic response, but rather tries to “let the data speak for
themselves”. The paper is organized as follows. In Section 2 we provide a brief review of the wavelet packets
and the best-basis algorithm.8 In Section 3 we describe the new best clustering basis algorithm. Results of
experiments conducted on synthetic and in-vivo fMRI data are presented in Section 4. Finally, a conclusion and
a discussion can be found in Section 5.
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Figure 2. Wavelet packets tree shows the index γ = (j, k, l) at each node.

2. WAVELET PACKETS, BEST-BASIS

Let ψ0(t) be the scaling function and let ψ1(t) be the wavelet associated with a multiresolution analysis.9 Let
{hn} be the lowpass filter, and let {gn} be the high pass filter associated with this wavelet transform. The basic
wavelet packets are given by

ψ2n(t) =
∑

k

hk ψ
n(2t− k) , ψ2n+1(t) =

∑

k

gk ψ
n(2t− k). (1)

A multiscale wavelet packet is defined by ψj,k,l(t) = ψk(2jt − l). The index γ = (j, k, l) can be interpreted as
follows :



• j = 0, . . . , J ≤ J0 is the scale : ψj,k,l has a support of size 2−j .

• k = 0, . . . , 2j − 1 is the frequency index at a given scale j : ψj,k,l has roughly k oscillations.

• l = 0, . . . , 2J0−j − 1 is the translation index within a node (j, k) : ψj,k,l is located at l 2−j .

As shown in Fig. 2 the library of wavelet packets organizes itself into a binary tree, where the nodes of the
tree represent subspaces with different time-frequency localization characteristics. The 2J0 × 1 discrete wavelet
packet basis vector ψj,k,l is sometimes written as ψγ . We define the 2J0 × 2J0−j matrix

Ψj,k =
[

ψj,k,0| · · · |ψj,k,2J0−j
−1

]

(2)

to be the collection of wavelet packets at node (j, k) stacked together. The wavelet packet coefficients αj,k,l, l =
0, · · · , 2J0−j of the vector x at the node (j, k) are given by the projections of x on the 2J0−j wavelet packets
stacked inside the matrix Ψj,k,

[

αj,k,0 · · ·αj,k,2J0−j
−1

]t
= Ψt

j,kx. (3)

Let us associate the dyadic frequency interval [2jk, 2j(k + 1) ) to the wavelet packet node Ψj,k. If a collection
of intervals [2jk, 2j(k + 1)) provides a cover of the time-frequency plane, then the corresponding set of Ψj,k

forms an orthonormal basis.8 If we perform a dyadic subdivision at each level, we get 22J

bases for J levels.
Clearly, we have an extremely large amount of freedom for the construction of orthogonal bases from the wavelet
packet library {ψj,k,l}. This greater flexibility can be exploited to increase the efficiency of the representation.
Coifman and Wickerhauser8 suggested to use a dynamic programming algorithm with order T log(T ) to search
for that best basis which is optimal according to a given cost function M. These dictionaries have been used
recently in the context of supervised classification.10 In this work we intend to address a more general and
deeper problem, where one wants to determine the best clustering basis without having access to a training set
containing activated and non activated signals.

3. BEST CLUSTERING BASES

In our problem we need a cost functional M that measures how well a basis function ψγ can partition a set of
signals into meaningful clusters. We illustrate our idea with a simple geometric example shown in Fig. 3. We
consider two sets of points distributed respectively inside the two circles A and B (see Fig. 3). We consider two
different bases: (a1, a2), and (b1,b2). One could imagine that the bases (a1, a2) and (b1,b2) correspond to two
different wavelet packet bases. In order to discover the two clusters A and B, we can partition the points using
a clustering algorithm. We can use either one of the two bases to perform the clustering. However, to simplify
the clustering process and to avoid the curse of dimensionality, one should use the basis that concentrates its
discriminatory power onto a small number of basis functions. Let us consider a vector v, and let us project the
dataset on this vector. If we cluster the projections into two partitions, we can define the discriminatory power
of v as the distance between the two centroids. according to this definition, the vectors a1 and a2 have the

b2
b1

a1

a2

A

B
+

+

+

+

B

A

δ
δ

∆

Figure 3. The basis (b1,b2) concentrates its discriminatory power on a single vector b1, whereas the basis (a1, a2)
distributes the power equally on the vectors a1 and a2.



same discriminatory power δ (see Fig. 3). However, the vector b1 has a discriminatory power ∆, that is larger
than δ. The vector b2 on the other hand does not discriminate one cluster from another. Therefore, if we use
the basis (b1,b2) the discriminatory power is only concentrated on the vector b1. We should choose the basis
(b1,b2) and perform the clustering using only the vector b1. Our clustering cost functional reflects this principle
and selects the basis that concentrates most discriminatory power on a small number of basis functions. In order
to define a cost functional adapted to our clustering problem, we need to define a measure of the separation
between two clusters of wavelet packet coefficient αγ(xi) , for a given basis vector ψγ . We partition the set
of coefficients {αγ(xi), i = 0, · · · , N − 1} into 2 clusters, and we define µi,c to be the membership value of the
wavelet packet coefficient αγ(xi) in the cluster c. µi,c is a real number in [0, 1] that measures the likelihood that

αγ(xi) belongs to the cluster c, ( µi,1 +µi,2 = 1). We first compute the centroid αγ(c) =
∑N−1

i=0 µi,cαγ(xi) of the

cluster c. We then calculate the in-class variance s2γ(c) =
∑N−1

i=0 µi,c (αγ(xi) − αγ(c))
2
/(N −1) of each cluster c.

A good separation will be achieved if the distance between the cluster centroids is large relative to the in-class
variance of each cluster. For a given wavelet packet ψγ , γ = (j, k, l), the normalized distance between the two
clusters, D(γ) , is defined by

D(γ) =
|αγ(c1) − αγ(c2)|
√

s2γ(c1)s2γ(c2)
. (4)

Our definition of the normalized variance is similar to the definition of the Fisher linear discriminant. As
explained in the previous section, we are interested in finding a basis where a small number of basis functions
ψγ are capable of clustering the wavelet packets coefficients αγ(xi) into two clusters with a large distance D(γ).
In other words, we favor a sparse distribution of the distances {D(γ)}γ . To characterize the sparsity of the
distribution we compute its entropy. Given a wavelet packet node (j, k), we define the cost function for the
subspace Ψj,k by

M(Ψj,k) = −

2J0−j
−1

∑

l=0

D2(j, k, l)

‖D(j, k, ·)‖2
log

D2(j, k, l)

‖D(j, k, ·)‖2
, (5)

where ‖D(j, k, ·)‖2 =
∑2J0−j

−1
l=0 D2(j, k, l). M(j, k) will be maximum if all the wavelet packets ψj,k,l at the node

(j, k) have the same distance D(j, k, l). Such a subspace of wavelet packets will be of no interest for our purpose.

3.1. Local Clustering Basis Selection

We are now ready to define the best clustering basis algorithm. This algorithm searches for the optimal basis
according to the criterion defined in (5). The wavelet packet tree (see Fig. 2) is explored from the bottom up,
and the optimal combination of the Ψj,k is kept. The search proceeds as follows. Given a set of N time-series
vectors {xi}

N−1
i=0 , indexed by their position i,

1. Wavelet packet expansion.
For each vector xi, compute the wavelet packet coefficients αγ(xi) at each node (j, k) of the wavelet packet
tree.

2. Clustering.
For each wavelet packet index (j, k, l), cluster the set {αj,k,l(xi), i = 0, · · · , N − 1} into two clusters, and
compute the distance D(j, k, l).
For each wavelet packet node node (j, k), compute the cost function M(Ψj,k).

3. Divide and conquer.
For the coarsest scale J , initialize the best basis with BJ,k = ΨJ,k, k = 0, . . . , 2J − 1.
For the scales J − 1 until 0, choose the best subspace Bj,k according to

Bj,k =

{

Ψj,k if M(Ψj,k) ≤ M(Bj+1,2k) + M(Bj+1,2k+1)

Bj+1,2k ⊕Bj+1,2k+1 otherwise.
(6)

The output of the algorithm is the best basis B0,0 = {bγ} , γ ∈ Γ0. We have noticed in our experiments
that the basis vectors that provide the best clustering power will generate a set of coefficients with a large



variance. Because we want to retain only the basis vectors with the largest clustering power, we rank the basis
vectors according to their variance σ2(γ), and keep the first Tr vectors bγl

contribute to a percentage r of the
total variance. These Tr basis vectors constitute the “clustering” space. The wavelet packet expansion has a
complexity of T logT , and the complexity of the search is also T logT .

3.2. Interpretation of the clusters

If the region Wi0 is located in a part of the brain that is activated, then one of the two clusters contains activated
voxels, and the other cluster is composed of time series that describe background activity. According to our
experimental findings the cluster with the largest in-class variance s2γ(c) corresponds to the activated cluster. If
the window is in a part of the brain with no activity correlated to the stimulus, then all time series correspond
to background activity, and the partition of the time series into two clusters is artificial. In this latter case both
the normalized distance Dγ between the two clusters and the total variance of the wavelet packet coefficients
are much smaller than when the region Wi0 contains a mixture of activated and background time series. We use
this observation to discriminate between the two situations : (1) the two clusters come from background activity
(unrelated to the stimulus), and (2) one cluster contains the activated time series, and the other the background
time series.

4. EXPERIMENTS

4.1. Synthetic Event-Related Data

We describe in this section experiments conducted on artificial data sets of event-related fMRI time series. The
BOLD signal was modeled using the parametric model proposed by Glover.11 The BOLD signal y(t) is zero
before the stimulus onset ts. If t > ts, y(t) given by

y(t) = a1(t− ts)
d1e−(t−ts)/t1 − 0.4a2(t− ts)

d2e−(t−ts)/t2 (7)

The normalization constants are given by ai = max((t − ts)
die−(t−ts)/ti)−1. We take ts = 22.5s. We consider

32 time samples : t = [0, 1.5, 3, . . . , 46.5]. We assume that the parameters of the model are random variables
normally distributed: d1 ∼ N(5, 0.1), d2 ∼ N(12, 0.5), t1 ∼ N(1, 0.2), and t2 ∼ N(0.9, 0.1). We have chosen the
mean of the random variables to be equal to the values estimated by Glover11 for a motor response. Fig. 4–A
shows the mean realization of the event-related signals. We generate four different realizations of y(t) according
to (7). We add white Gaussian noise to these time series. The variance of the noise is increased for each
experiment. Finally, we generate 16 other time series that are realizations of white Gaussian noise. The ratio
of the number of non-activated time series to the number of activated time series is 4 to 1. Six datasets with
average SNR=0.1, 0.2, 0.5, 0.8, 1, and 1.5 are generated. We apply the best clustering algorithm and obtain the
best clustering basis for each dataset.
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Figure 4. A : mean hemodynamic response time series defined by (7). B : the best two basis vectors obtained with an
SNR=0.5. C : scatter plot obtained by projecting all the time series onto the first two best clustering basis vectors.

Fig. 4–B shows the first 2 best clustering basis vectors bγ0
, and bγ1

obtained with the data with a SNR equal
to 0.5. These two vectors capture 40% of the total wavelet packet coefficient variance. These vectors resemble
the hemodynamic response function at different delay times and different positive response widths. Fig. 4–C



shows the scatter plot obtained by projecting a dataset onto the two best clustering basis vectors for SNR =
0.5. The two clusters are well separated. We now compare the performance of our approach with two other
standard methods: the t-test4 and the correlation analysis.12 The comparison will be based on the number of
true and false positives for each value of the SNR. The true activation rate is the ratio between the number of
true positives detected by the algorithm and the total number of true positives. The false activation rate is the
ratio between the number of false positives detected by the algorithm and the total number of true negatives.
For each value of the SNR, we generate 10 independent datasets. We analyze each dataset, and compute the
average true and false activation rates. We describe in the following the details of each method of analysis.
Best clustering basis algorithm. We apply the best clustering algorithm to the data and obtain the reduced
feature space by retaining the first Tr vectors bγl

that capture r = 40% of the total variance of the wavelet
packet coefficients. We then project the time series onto this reduced subspace. Finally, we use the fuzzy C-
means clustering algorithm to cluster the projected data into two clusters. The cluster ca with the centroid
with the higher energy will be assigned to be the activated cluster. The membership value µi,ca

measures the
likelihood that the time series xi is activated. An activation map can be obtained by thresholding µi,ca

. In our
experiments, we use a threshold equal to 0.8.
T -test. The t-test assumes that each fMRI time series corresponds to the realization of an identically independent
stochastic process and divides the data into two groups, obtained during on (post-stimulus) and off (pre-stimulus)
periods. We calculate a t statistic by computing the difference of the sample means of each group normalized by
the pooled standard deviation.4 We then threshold the p-value map at p = 0.05.
Correlation analysis (gold standard). We compute the correlation between the time series and the model
(7) using the mean values of the random parameters : d1 = 5, d2 = 12, t1 = 1, and t2 = 0.9. The correlation
threshold is 0.5. We note that the correlation analysis has the perfect knowledge of the (average) true fMRI
signal. Because this method represents an ideal situation that cannot be implemented in practice, it provides a
challenging gold standard for our algorithm. Fig. 5 shows the average true and false activation rates as a function
of the SNR. As expected, the best performance is obtained with the correlation analysis. When the SNR becomes
greater than 0.4, the performance of our approach is comparable to the correlation analysis without requiring
any knowledge about the hemodynamic
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Figure 5. True activation rate (left) and false activation rate (right) obtained with the best clustering basis algorithm
(*), the t-test (+), and the correlation method (o).

response. Indeed, as shown in Fig. 4–right, our method can discover automatically the relevant structure of the
hemodynamic response. Both the correlation analysis and the best clustering basis algorithm outperform the
t-test by achieving a higher true activation rate and a lower false activation rate.

4.2. In-Vivo Event-Related fMRI Data

We present here the results of experiments conducted with event-related fMRI data. The data, provided by
Dr. Gregory McCarthy (Brain Imaging and Analysis Center, Duke University), demonstrate prefrontal cortex
activation in the presence of infrequent events.13 Visual stimuli were presented to the subjects: most of the



images were squares. Infrequent events (targets) consisted in the appearance of circles at random time. A picture
was displayed every 1.5 seconds. The subject was asked to mentally count the number of occurrences of the
circles and report that number at the end of each run for a total of 10 runs. The experiment was designed to
study whether the processes that elicit P300, an event-related potential caused by infrequent target events whose
amplitude is dependent on the preceding sequence of stimuli, could also be measured by fMRI.13 The data was
acquired with a gradient echoplanar EPI sequence (TR = 1500 ms, TE = 45 ms, NEX = 1, FOV = 40 × 20
cm, slice thickness = 7 mm, and imaging matrix 128 × 64). More details about the experiments are available
in.13 We extract 16-image segments consisting of the 8 images preceding and the 8 images following each target.
We have in each run about 5 to 6 targets for a total of about 52 targets. We average the 52 segments in order
to increase the SNR. This average signal constitutes the time series xi. We correct for baseline differences by
subtracting from xi the pre-stimulus mean value. We place a 4 × 4
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Figure 6. A : two 4 × 4 windows are placed in a region (A) where we expect activation, and in (B) where we expect
no response related to the stimulus. B : two most discriminating basis vectors (γ = (1, 0, 1), (1, 0, 2)) for region (A). C :
Scatter plot obtained by projecting the fMRI time series from region A onto the first and the second basis vectors. The
class membership is determined using the fuzzy C-mean clustering algorithm with the membership value threshold of 0.8.
D : most discriminating basis vector for region (B). E :Scatter plot obtained by projecting the fMRI time series from
region (B) onto the first and the second basis vectors. F : time series extracted from the two voxels detected as activated
by both the best clustering algorithm and the t-test.

window Wi0 into two different regions: (A) a region where we expect to see activation, and (B) a region where
we expect no activation (see Fig. 6–A). For each position we compute the best clustering basis based on the 16
time series inside the window. Fig. 6–B shows the first two basis vectors (γ = (1, 0, 1), and (1, 0, 2)) that capture
40% of the total variance for region A. We note that these two vectors, that were discovered automatically by
the algorithm, behave as some delayed hemodynamic responses. Figure 6–D shows the first best basis vector
for region B. This function has no specific features. A scatter plot obtained by projecting the 16 time series on
the two best clustering vectors is shown for each region A and B in Fig. 6–C and E. As expected, the scatter
plot of the region with no activation (B) is fairly compact, whereas the scatter plot of region A is elongated and
shows two well defined clusters. We confirm this visual impression by measuring the distance between the cluster
centroids for both regions. Obviously, the clusters in region B are not meaningful but the distance between
the centroids provides a quantitative measurement of the spread of the coefficients. The distance between the
centroid is 2.01 for region A and 0.9 for region B. The total variance of the wavelet packets coefficients is 55 for
region A and 20.5 for region B. This clearly demonstrates that both the distance between the cluster



A B

Figure 7. Left: activation map obtained by clustering wavelet packet coefficients of the two basis vectors. The membership
value threshold is 0.8. Right: activation map obtained using the t-test with p-value threshold = 0.005.

centroids as well as the total variance within the window Wi0 can be used to discriminate between activated and
non-activated regions. The activated time series xi were detected by thresholding the membership value µi,ca

at a level of 0.8. For comparison purposes, we also computed an activation map using the t-test. The p-value
threshold was 0.005. The two activation maps shown in Fig. 7 are identical. The two time series detected as
activated by the clustering algorithm and by the t-test are shown in Fig. 6–F. They have the shape expected
for hemodynamic responses. We also notice that the two best clustering vectors shown in Fig. 6–B perform as
matched filters to detect these time series.

5. CONCLUSION

We have presented an algorithm that constructs a clustering basis that best separates activated time series
from background noise using a small number of basis functions. Unlike most fMRI data analysis methods our
approach does not require any model of the hemodynamic response or any a priori information. We have shown
with several experiments conducted on synthetic data that our approach was capable of finding the basis that
best concentrated its discriminatory power on the fewest number of its vectors. The projection of the original
data on the first few basis vectors always revealed the organization of the data. We also applied our method to
an in-vivo event-related fMRI dataset. The best clustering basis included a small number of vectors that had the
characteristic features of an hemodynamic response. We have also shown that when the spatial window is placed
inside a non-activated region, the best basis could not separate the time series into meaningful clusters. In this
case, the basis functions resembled noise and did not possess any relevant structures. We have assumed in all
the synthetic experiments that the noise was white and Gaussian. This is clearly not the case for experimental
fMRI data. It has been noticed by several authors that data collected under the null-hypothesis condition exhibit
the 1/f spectrum associated with long memory processes.14, 15 The colored noise can be uncorrelated by the
wavelet transform. It has been shown16 that the wavelet transform approximates the Karhunen-Loève transform
for processes with 1/f spectrum. We can therefore assume that the noise in the wavelet domain is uncorrelated
and Gaussian.
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