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Essentially Non-Oscillatory (ENO) schemes are nonlinear multiresolution decomposi-

tions designed to efficiently represent piecewise smooth data. ENO schemes are usually

applied with either point-value or cell-average discretization. Aràndiga, Donat, and

Harten provide another choice of discretization in SIAM J. Scientific Computing, vol.

20, no. 3, pp. 1053-1093, where they develop ENO schemes with weighted averages of

the hat function as the discretization.

This paper shows how to construct ENO and Harten schemes consistent with Harten’s

framework for a variety of discretizations. The construction here begins with the discrete

operators and deduces the corresponding continuous operators, reversing the order of

the usual approach. As a special case of this construction, ENO for any order of spline

discretization is developed. This approach also has the flexibility to define schemes with

non-spline discretizations, allowing for an extension to a variety of ENO schemes.
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Chapter 1

Introduction

A data sequence is a ordered set of values, a list of numbers. Physical processes produce

data sequences where the index indicates position in time or space and the values are

samples of temperature, luminance, or some other physical measurement. A data se-

quence sampled from a continuous physical process is called a discrete or digital signal.

Digital signal processing is the analysis and manipulation of such data sequences.

Why do we need signal processing? Consider these examples:

• Prediction and extrapolation. The value per share of a stock over time is a

discrete signal. The question is how to anticipate changes in the stock value.

• Noise removal. Signals are often damaged by dust, imperfections in the medium

and other random effects. Recovering significant information requires an estimate

of the underlying signal.

• Compression and approximation. The Federal Bureau of Investigation stores

over 200 million digital fingerprint images at about 10 MB of raw data per image.

Compression is a key interest.
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Figure 1.1: Which representation of this audio signal is most effective?

How do we do it? The key to interpreting and processing data is a useful represen-

tation. No one representation is best for all data. On the contrary, multiple represen-

tations of the same data can collectively yield a more useful analysis than each would

individually. An effective representation reveals meaningful structure in the data. The

essence of data analysis is representation.

1.1 The Z-transform

Let v = (v[n])n∈Z be a sequence. Define its bilateral Z-transform v(z),

v(z)
∆
= Z{v}(z) =

+∞∑

n=−∞
v[n]z−n, z ∈ C. (1.1)

We denote the sequence as v[n] with square brackets around the argument and its Z-

transform as v(z) with parenthesis. The discrete-time Fourier transform (DTFT) of

v[n] is v(eiω). The Z-transform and DTFT share many properties.

The motivation for using the Z-transform is its convolution-multiplication property. For

z such that v(z) and w(z) are convergent, the Z-transform of the convolution (v ∗w)[n]
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is the product v(z)w(z):

Z{v ∗ w}(z) =

∞∑

k=−∞

( ∞∑

n=−∞
v[n]w[k − n]

)

z−k =

∞∑

n=−∞

∞∑

k=−∞
v[n]w[k − n]z−k

=

∞∑

n=−∞

∞∑

m=−∞
v[n]w[m]z−n−m

=

( ∞∑

n=−∞
v[n]z−n

)( ∞∑

m=−∞
w[m]z−m

)

= v(z)w(z).

The convolution-multiplication property is essentially the same as the property that

Fourier representation diagonalizes linear shift-invariant operators.

Define dyadic downsampling and upsampling on v[n] as

(↓v)[n] = v[2n], (↑v)[n] =







v[n/2], if n even,

0, if n odd.

The Z-transform of (↑↓v)[n] is

1
2 (v(z) + v(−z)) . (1.2)

Let f be a function defined on R. Define its Fourier transform f̂ ,

f̂(ω) =

∫ +∞

−∞
f(x) e−iωx dx.

1.2 Multiresolution

A natural approach to data representation is to decompose data into different resolution

scales. Coarse-scale information describes smooth, slowly-varying features while finer-

scale information describes more localized features. As we shall see, multiresolution

representations are particularly appropriate for piecewise-smooth signals.

Multiresolution can be described by two operators: a decimation operator D and a

prediction operator P . The decimation operator D reduces a discrete signal to a lower

resolution. For example, (Dv)[n] = 1
2v[2n] + 1

2v[2n+ 1]:
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The prediction operator P estimates a signal at a higher resolution. For example,
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The hope is that the prediction operator accurately restores the information lost by

decimation, at least for most of the signal. Repeated applications of the decimation and

prediction operators D and P enable transitions between multiple resolutions, hence

the name “multiresolution.”

Given decimation and prediction operators D and P , a signal v can be represented

by the decimated signal Dv and the prediction error v − PDv. The original signal is

recovered by P (Dv) + (v − PDv) = v. This decomposition can be repeated on Dv,

yielding DDv and Dv− PDDv, and so on. Such a decomposition is called a Laplacian

Pyramid [6]. With the data from the previous example,
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A strength of the Laplacian Pyramid is its simplicity, providing a method of mul-

tiresolution representation given any decimation and prediction operators. Its main

disadvantage is that the decomposed data has more elements than the original data;

the representation is redundant. Redundancy is especially undesirable in compression,
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where the goal is to decrease, not increase the amount of significant data.

1.3 Wavelets

Wavelet transforms [13, 27] are a class of nonredundant multiresolution representations.

In a wavelet transform, D and P have the form

(Dv)[n] =↓(h ∗ v)[n], (Pv)[n] = (h̃ ∗↑v)[n],

where the filters h and h̃ are called the lowpass and dual lowpass filters of the transform,

and are required to satisfy the perfect reconstruction condition, h(z)h̃(z)+h(−z)h̃(−z) =

2. Define the highpass and dual highpass filters, g(z) = z2k−1h̃(−z) and g̃(z) =

z1−2kh(−z), where k is some integer. Figure 1.2 shows one stage of wavelet decom-

position and reconstruction.

v
-

- h

g

↓

↓

-

-

s

d

↑

↑

h̃

g̃ 6

?- v+i

Figure 1.2: The signal v is nonredundantly represented by s =↓(h ∗ v) and d =↓(g ∗ v).

The decomposition is iterated on s for a multiresolution decomposition.

The lowpass and highpass filters h and g separate the signal into a low-frequency

subband and a high-frequency subband. Further stages of decomposition divide the

low-frequency subband into lower-frequency and higher-frequency subbands, providing

localization simultaneously in time and frequency.

The example decomposition in the previous section is the lowpass branch of the Haar

wavelet. The decimation operator (Dv)[n] = 1
2v[2n]+1

2v[2n+1] is equivalently (Dv)[n] =↓

(h ∗ v)[n] with h(z) = 1
2z + 1

2 , and the prediction operator is (Pv)[n] = (h̃ ∗↑v)[n] with
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h̃(z) = 1 + z−1. The perfect reconstruction condition is satisfied,

h(z)h̃(z) + h(−z)h̃(−z) = (1
2z + 1

2)(1 + z−1) + (−1
2z + 1

2)(1 − z−1) = 2,

so there are highpass and dual highpass filters g(z) = z − 1 and g̃(z) = −1
2 + 1

2z
−1 for

a nonredundant transform. For example, with the same data as before,
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The original signal v can be recovered from s and d since h̃ ∗ ↑ s = PDv and g̃ ∗ ↑ d =

v − PDv; no information has been lost. The sequences s and d are called the wavelet

coefficients.

Since wavelet transforms are linear, they can be interpreted as a change of basis. Observe

that in the Haar wavelet example we have
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value with opposite sign. The basis for one stage of decomposition has translates of
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and with three stages,
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Considering the basis elements as samples from continuous-time signals, the Haar basis

consists of translates of a function φ(x) and translates and dilates of a function ψ(x):

1

φ(x)

� -

1

−1

ψ(x)

� -

This function φ is called the scaling function, and ψ is called the wavelet function.

In general, a biorthogonal wavelet has a primal basis and a dual basis. The dual basis

elements are translates and dilates of a dual scaling function φ̃ and dual wavelet function

ψ̃. For orthogonal wavelets like the Haar wavelet, these are the same basis. A wavelet

transform is uniquely determined by φ,ψ, φ̃, ψ̃ [27].

Daubechies 2 Symlet 6

Cohen-Daubechies-Fauraue 4.4 Spline 3.3

Figure 1.3: Scaling and wavelet functions.

There are many other wavelets, the Haar wavelet is just one example. In general, φ and

ψ are more complicated. The scaling and wavelet functions for some other wavelets are

shown in Figure 1.3.
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Figure 1.4: Compression with time-frequency localization. Left: Original signal. Cen-

ter: Reconstruction from 28 wavelet coefficients (Cohen-Daubechies-Fauraue 4.4) with

PSNR 30.8 dB. Right: Reconstruction from 28 Fourier coefficients with PSNR 22.6 dB.

With simultaneous time-frequency localization, wavelets provide an effective representa-

tion for signals of localized pulses. Figure 1.4 compares wavelet compression to Fourier

compression of a signal comprising four Gabor pulses. The reconstruction from 28

wavelet elements more closely approximates the original signal than 28 Fourier elements.

0 511
n

Original Signal

0 511
n

Wavelet Compression

0 511
n

Fourier Compression

Figure 1.5: Piecewise-smooth signal compression. Left: Original signal. Center: Re-

construction from 60 wavelet coefficients (Daubechies 3) with PSNR 51.0 dB. Right:

Reconstruction from 60 Fourier coefficients with PSNR 33.2 dB.

Furthermore, wavelets representations are effective on piecewise-smooth signals, as shown

in Figure 1.5. For a signal with jump discontinuities Fourier approximation does not

converge uniformly, which manifests as ripple artifacts around discontinuities (Gibbs

phenomenon).
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Figure 1.6: Coefficients decay of the wavelet and Fourier decompositions for the

piecewise-smooth signal example in Figure 1.5. The wavelet coefficients decay faster.

Multiresolution schemes are effective on piecewise-smooth signals in general. Provided

the prediction operator P acts locally, prediction is accurate in the smooth regions

between discontinuities, see Figure 1.7. Prediction error is only significant near discon-

tinuities, so the wavelet coefficients for a piecewise-smooth signal have fast decay. In

contrast, the decay of Fourier coefficients is limited by the lowest order discontinuity.

Figure 1.6 compares wavelet to Fourier coefficient decay for the example piecewise sig-

nal in Figure 1.5. Faster decay of transform coefficients suggests better performance in

compression, denoising, and feature extraction.

d4
d3

d2
d1

v0

Figure 1.7: Singularities produce “cones of influence” in the wavelet decomposition.

Wavelets are a diverse class of multiresolution representations with time-frequency lo-

calization and excellent performance on piecewise-smooth signals. The theory is well-

developed, with many approaches to wavelet construction and constructions achieving
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various optimalities. Practically, they are relatively easy to implement and computa-

tionally efficient. With these qualities, wavelets have become an all-purpose tool for

signal processing.

However, wavelets have limitations. Key difficulties are

• Uniform sampling. Wavelet transforms only make sense on uniformly sampling.

• Filter coefficient quantization. Wavelet filter coefficients are usually a set irra-

tional values solving some nonlinear system of equations. In practice, coefficients

must be quantized, damaging the properties of the transform.

• Data quantization. Like filter coefficient quantization, quantizing the wavelet

coefficients also damages information.

• Wavelets are not shift-invariant. Small translations of the original signal can

produce significant changes in the wavelet coefficients.

• Higher-order requires larger support. Smoother wavelets necessarily have

longer filters, increasing the size and spread of errors around discontinuities.

All of these issues have been addressed and to some degree satisfied by various wavelet

generalizations and adaptations. As we shall see, Sweldens’ wavelet lifting scheme [30]

resolves the first three difficulties. The unsubsampled or “a trou” wavelet transform,

cycle spinning methods [12], and complex wavelets [26] address shift-invariance.

Multiwavelets and nonlinear methods ameliorate the fifth difficulty of support vs. smooth-

ness: by constructing a basis from multiple φ and ψ functions, multiwavelets have the

flexibility to define high-order decompositions with smaller support. Nonlinear methods

enable another flexibility: by allowing a nonlinear prediction operator P , a nonlinear

transform can have edge-adaptive behavior.
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1.4 Nonlinear Multiresolution

Any compact support (FIR) wavelet transform can be expressed as a lifting scheme [14].

A lifting scheme decomposition is described with a sequence of “predict” and “update”

filters, p1, p2, . . . , pm and u1, u2, . . . , um. After the lifting steps, the transform may apply

scale factors Ks and Kd. For the inverse transform, undo the Ks and Kd scale factors,

change additions to subtractions, and perform the lifting steps in the reverse order.
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The useful generalization of the lifting scheme is that the transform has perfect recon-

struction, that is, an exact inverse, even when the lifting steps are nonlinear. Daubechies,

Guskov, Schröder, and Sweldens [15] use this flexibility to define wavelets on irregu-

lar sampling. Introducing a rounding operation after each filter in a wavelet lifting

scheme yields perfect reconstruction wavelet-like transforms that map integers to inte-

gers. Adams and Kossentini [2] do an exhaustive search among such rounded lifting-

scheme wavelets to produce effective wavelets with computationally efficient lifting fil-

ters. In [9], Claypoole, Davis, Sweldens, and Baraniuk construct a lifting scheme with

a nonlinear prediction stage to create an edge-adaptive transform.

Existing linear multiresolution transforms provide good starting points for construct-

ing nonlinear transforms. Inspired by the lifting scheme idea, Heijmans and Goutsias

[21] develop the general morphological wavelets framework for constructing nonlinear

wavelets. Swanson and Tewfik [29] define a binary wavelet transform using linear tech-

niques, and Kamstra [25] extends the construction to include nonlinear transforms and
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demonstrates their superior performance for lossless compression.

The focus of this thesis is Harten’s multiresolution framework [4, 19], a nonlinear gen-

eralization of wavelet transforms. The framework requires the decimation operator,

which maps signals from fine to coarser scales, to be linear. However, the prediction

operator, which predicts finer scales from a coarser scale, may be nonlinear. Essentially

Non-Oscillatory (ENO) schemes are a family of multiresolution transforms in Harten’s

framework that were originally developed to numerically solve hyperbolic conservation

laws. These schemes use an edge-adaptive prediction operator to avoid the oscillation

artifacts around edges that are characteristic of linear multiresolution schemes. They

are especially effective on piecewise-smooth functions, as shown by the numerical ex-

periments in [3].

Many have worked to develop and extend ENO schemes, including:

• Harten, Engquist, Osher, and Chakravarthy [18, 19, 20] develop the foundation of

Harten’s framework and ENO schemes.

• Cohen, Dyn, and Matëı [11] prove a number of properties about ENO schemes,

in particular, how an ENO approximation converges to the underlying function

under different norms.

• Sonar, Iske, Cecil, Qian, and Osher [28, 8, 24] propose extensions of ENO beyond

one dimension using radial basis functions. Cohen and Matëı [10] define ENO in

two dimensions with an interpolation strategy using polynomials and step func-

tions.

• Aràndiga, Donat, and Harten [5] construct an ENO transform satisfying Harten’s

framework using hat-based discretization.
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1.5 This Thesis’s Contribution

Harten’s framework has been developed with point-value, cell-average, and hat-based

discretizations. The goal of this thesis is to construct schemes consistent with Harten’s

framework for any given finite impulse response (FIR) decimation filter, thereby ex-

tending the possible choices of discretizations. Previously, Harten constructions start

in the continuous domain by defining a discretization operator Dk and a reconstruction

operator Rk. Approaching the construction from the discrete domain, however, many

operators can be defined without Dk and Rk. It is possible to use the decimation and

prediction operators to deduce Dk and a valid choice of Rk.

Section 2.1 reviews the construction of Harten’s framework. Section 2.2 describes ENO

interpolation (§2.2.1), point-value ENO schemes (§2.2.2), and cell-average and hat-based

ENO schemes (§2.2.3). Chapter 3 develops for any FIR decimation filter h,

• a valid prediction operator without Dk and Rk (§3.1),

• detail operators for a nonredundant scheme (§3.2),

• Dk and Rk consistent with Harten’s framework based on h (§3.3).

Section 3.4 develops two examples of this construction: schemes with any spline dis-

cretization (§3.4.1) and an example non-spline discretization (§3.4.2). Section 4.1 dis-

cusses approximation with the schemes developed in chapter 3, and §4.2 proposes a

computation approach to improve numerical precision of the prediction operator.



Chapter 2

Harten Schemes

2.1 Harten’s Framework

Harten’s framework [4] builds multiresolution analysis from two fundamental operators:

a discretization operator Dk and a reconstruction operator Rk. Let F be a space of

functions on a continuous domain and let Dk be a discretization operator that maps

f ∈ F to a discrete signal vk ∆
= Dkf . The index k denotes the resolution level, where

increasing k implies finer resolution, for example, vk = Dkf has finer resolution than

vk−1 = Dk−1f . Define V k as the range of Dk, Dk : F → V k.

The reconstruction operator Rk maps discrete signals to continuous signals, Rk : V k →

F . The framework requires that the discretization and reconstruction operators satisfy

a consistency relationship,

Consistency relationship: DkRk = IV k , (2.1)

where IV K denotes the identity operator on the discrete signal space V k. The recon-

struction Rkv
k then has the same discrete information as vk. The function RkDkf

approximates f . When RkDkf is a good approximation, the multiresolution scheme

14
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derived from Rk and Dk provides an efficient representation of f . Figure 2.1 shows an

example of discretization and reconstruction where Dk is point-value discretization and

Rk is cubic spline interpolation.

0 1
−0.3

−0.2

−0.1

0

0.1

x

Dk−→
0 1

−0.3

−0.2

−0.1

0

0.1

x

Rk−→
0 1

−0.3

−0.2

−0.1

0

0.1

x

Figure 2.1: Dk is point-value discretization (Dkf)[n] = f(n/6) and Rk is cubic spline

interpolation. Left: f(x) = e−25x2√
x− 1

4

√
1 − x. Center: Dkf . Right: RkDkf .

To construct a multiresolution scheme, define a decimation operator Dk−1
k and a pre-

diction operator P k
k−1,

Dk−1
k

∆
= Dk−1Rk, Dk−1

k : V k → V k−1, (2.2)

P k
k−1

∆
= DkRk−1, P k

k−1 : V k−1 → V k. (2.3)

Decimation reduces the discrete signal vk to vk−1; vk−1 = Dk−1
k vk. The prediction op-

erator predicts vk from vk−1; P k
k−1v

k−1 is an approximation of vk. Define the prediction

error as

ek
∆
= vk − P k

k−1D
k−1
k vk.

The prediction error is the discrete information lost after decimating vk. The opera-

tors Dk−1
k and P k

k−1 are sufficient to define a multiresolution pyramid (see Figure 2.2).

If vk is the input, one stage of decomposition outputs the decimated signal vk−1 and

the prediction error ek. Note that because ek is at the same sample rate as vk, the

decomposition is 50% oversampled; (vk−1, ek) redundantly represents vk. This single

decomposition stage is iterated on the decimated signal for a multiresolution represen-

tation (vk−L, ek−L+1, . . . , ek).
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vk

-

-

Dk−1

k
-

P k

k−1

?−
+ -

vk−1

ek

P k

k−1

?
+
6

- vk

j

j

Figure 2.2: Pyramid decomposition stage under Harten’s framework.

The decimation operator is independent of the reconstruction operators (Rk) if and only

if the discretization sequence (Dk) is nested, that is

Dkf = 0 ⇒ Dk−1f = 0, for all f ∈ F , k ∈ Z. (2.4)

If (Dk) is nested, Dk
k−1 has no dependence on Rk despite its definition (2.2), and it must

be a linear operator [4]. This property, along with the consistency requirement (2.1),

implies that DmRkDk = Dm for m ≤ k. Furthermore, this implies a discrete analogy of

the consistency relationship,

Dk−1
k P k

k−1 = Dk−1RkDkRk−1 = Dk−1Rk−1 = IV k−1. (2.5)

A consequence from (2.5) is that the prediction error ek is in the nullspace of the

decimation operator,

Dk−1
k ek = Dk−1

k

(

IV k − P k
k−1D

k−1
k

)

vk =
(

Dk−1
k −Dk−1

k (P k
k−1D

k−1
k )

)

vk

=
(

Dk−1
k −Dk−1

k

)

vk = 0.
(2.6)

Knowing (2.6), it is possible to design a nonredundant (critically sampled) multireso-

lution decomposition. Let Ek be a detail encoder such that dk = Eke
k is at half the

sample rate of ek and let Fk be the corresponding decoder such that FkEke
k = ek for

any ek in the nullspace of Dk−1
k . Then (vk−1, dk) is a nonredundant representation of vk.

This single stage is iterated on the decimated signal for a multiresolution representation

(vk−L, dk−L+1, . . . , dk).
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vk

-

-

Dk−1

k
-

P k

k−1

?−
+- Ek

-

vk−1

dk

P k

k−1

Fk

?
+
6

- vk

j

j

Figure 2.3: Nonredundant decomposition using detail encoding.

Encoding

for j = k, . . . , k − L+ 1

vj−1 := Dj−1
j vj

ej := vj − P j
j−1v

j−1

dj := Eje
j

end

Decoding

for j = k − L+ 1, . . . , k

ej := Fjd
j

vj := P j
j−1v

j−1 + ej

end

In summary, a Harten scheme involves six operators: the fundamental discretization

and reconstruction operators Dk and Rk, the decimation operator Dk−1
k , the prediction

operator P k
k−1, and the detail operators Ek and Fk. Section 2.2 defines ENO schemes

and shows how they fit into the Harten framework.

2.2 Essentially Non-Oscillatory Schemes

Essentially Non-Oscillatory (ENO) schemes are multiresolution schemes designed under

Harten’s framework to efficiently represent piecewise smooth signals. Their key feature

is an edge-adaptive interpolation strategy. This interpolation avoids the oscillation

artifacts formed by interpolating over discontinuities, hence the name “essentially non-

oscillatory.”
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2.2.1 ENO Interpolation

Suppose a signal f(x) is sampled, v[n] = f(xn). ENO interpolation approximately

recovers f from the point-values v by assuming that f is piecewise polynomial.

On each interval [xn−1, xn], a polynomial interpolant qn(x) is constructed using a set of

nearby sample points. Let stencil Sn be this set of sample points. Joining the subinterval

interpolants over all n yields a global interpolant I(x) = qn(x), x ∈ [xn−1, xn]. For

example, cubic interpolation finds the cubic polynomial satisfying the point-values at

Sn = {xn−2, xn−1, xn, xn+1} to interpolate [xn−1, xn]. In contrast, the choice of the Sn

in ENO interpolation depends on the data vk.

The accuracy of an interpolant depends heavily on the stencil. Let S be a stencil and

let S⌢ be its convex hull. If S has M + 1 points and f ∈ CM+1(S⌢), the interpolation

error is

f(x) − q(x) =
f (M+1)(ξ(x))

(M + 1)!

∏

xj∈S
(x− xj) (2.7)

for some ξ(x) ∈ S⌢. When f is locally M + 1 times continuously differentiable and

|f (M+1)| is locally small, the corresponding interpolation error is small. If the sampling

has uniform grid spacing h, the error is O(hM+1). However, when f is not locally M+1

times continuously differentiable, the error can be much greater [4].

Cubic Interpolation ENO Interpolation

Figure 2.4: Interpolation of piecewise smooth data. Cubic interpolation produces oscil-

lations around the discontinuity, but ENO interpolation does not.
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The idea behind ENO is to choose the stencil S with the minimum expected interpola-

tion error. Let M be the degree of the interpolating polynomial. To construct qn(x) on

[xn−1, xn], consider the stencils Sn = {xkn−1, . . . , xkn+M−1}, n−M +1 ≤ kn ≤ n. Each

stencil has M + 1 points and includes xn−1 and xn. The interpolation error associated

with a particular stencil can be estimated with the M th-order divided difference of the

stencil samples, f [S]:

|f [S]| =







0, f is locally polynomial,

O([f (p)])/hM−p, the stencil crosses a discontinuity in f (p),

O(||f (M)||), otherwise,

(2.8)

where [f (p)] is the size of the discontinuity and ||f (M)|| is the max-norm of f (M) over

S⌢. For example, if M = 2, (2.8) has the form

|f [Si]| = 1
2h2 |f(xk−1) − 2f(xk) + f(xk+1)|

for i−1 ≤ k ≤ i. This estimate distinguishes between intervals that are locally linear and

intervals containing jump or first derivative discontinuities. In general, the M th-order

error estimate can detect discontinuities in up to the M − 1 derivative.

In [18], Harten et al. consider two methods for choosing the stencil shifts kn:

Hierarchical stencil selection

For each n

kn := n

for j = 0, . . . ,M − 2

if |f [xkn−2, . . . , xkn+j| < |f [xkn−1, . . . , xkn+j+1]| then kn := kn − 1

end

Nonhierarchical stencil selection

For each n, choose kn such that

|f [xkn−1, . . . , xkn+M−1]| = min
n−M+1≤k≤n

|f [xk−1, . . . , xk+M−1]|.
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The hierarchical method has the disadvantage that it can produce singularity-crossing

stencils for discontinuities in f ′′′ or higher derivatives regardless of M . The nonhier-

archical method avoids this problem and has a simpler algorithm, but it is biased by

f (M) [4, 18]. The hierarchical method is usually preferred [4], however, for the schemes

developed in this thesis the nonhierarchical method is often the better choice. This will

be justified in §3.4.1.

ENO interpolation can be efficiently implemented with a Newton interpolation strategy.

First, precompute divided differences up to order M . The divided differences can then

be used in stencil selection and used again to construct the interval interpolants.

for m = 1, . . . ,M

For each n,

f [xn, xn+1, . . . , xn+m] :=
f [xn+1, . . . , xn+m] − f [xn, . . . , xn+m−1]

xn+m − xn

end

Determine kn with a stencil selection method.

For each n, define qn(x) on x ∈ [xn−1, xn] as

qn(x) := f(xkn−1) +
∑M

m=1 f [xkn−1, . . . , xkn+m−1]
∏m−1

j=0 (x− xj).

Define operator IENO
k as ENO interpolation. If sampling is uniform (for example, xn =

hn), define

(PENOv)[n] = (IENO
k v)(xn/2).

Since (PENOv)[2n] = (IENO
k v)(xn) = v[n], PENO has the property ↓ PENOv = v. An

operator with this property is an interpolatory prediction operator.

Theorem 2.2.1. Let p be a Kth-order polynomial. If IENO
k is M th-order ENO inter-

polation with nonhierarchical stencil selection and M > K, then for any signal f ,

(IENO
k (f + p))(x) = (IENO

k f)(x) + p(x)
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Proof. It is straightforward to show that divided differences have the property that for

any S, (f + p)[S] = f [S] + p[S]. By Newton interpolation,

p(x) = p(xkn−1) +
M−1∑

m=1

p[xkn−1, . . . , xkn+m−1]
m−1∏

j=0

(x− xj), p(M)(x) =
p[S]

M !
.

Since p has degree less than M , p(M) ≡ 0 and p[S] = 0. This implies that M th-order

divided differences, and thus the stencil shifts kn, are not affected by p.

In Newton form, the interval interpolant qn(x) on x ∈ [xn−1, xn] is

qn(x) = (f + p)(xkn−1) +

M∑

m=1

(f + p)[xkn−1, . . . , xkn+m−1]

m−1∏

j=0

(x− xj)

= (IENO
k f)(x) + p(x).

This holds for each interval, so (IENO
k (f + p))(x) = (IENO

k f)(x) + p(x).

Note that the result of Theorem 2.2.1 only holds in general for nonhierarchical stencil

selection. The logic in hierarchical selection involves divided differences of order 2 to

M , so it is affected if K > 1.

2.2.2 Point-Value Discretization

ENO schemes with point-value discretization use the ENO interpolation strategy as the

reconstruction operator. Let f be a function on a continuous domain. Let xk
n = 2−kn

and define the discretization operator

(Dkf)[n]
∆
= vk[n] = f(xk

n).

The interpolant Rkv
k = IENO

k vk is equal to f at the point-values f(xk
n), so the consis-

tency relationship DkRk = IV k is satisfied. The decimation operator is downsampling,

vk−1 = Dk
k−1v

k = ↓ vk. The prediction operator P k
k−1 = DkRk−1 is ENO interpolatory

prediction,

(P k
k−1v

k−1)[n] = (IENO
k vk−1)(xk

n) = (PENOvk−1)[n].
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As an interpolatory prediction operator, the prediction error ek = vk −P k
k−1v

k−1 is zero

for even n. Thus for a nonredundant representation, the detail is encoded by keeping

samples at odd n; dk[n] = ek[2n + 1].

vk[n] vk−1[n] P k
k−1v

k−1[n]

0 14
−1

0

1

n
0 7

−1

0

1

n
0 14

−1

0

1

n

vk vk−1 P k

k−1
vk−1 ek dk

0.8185 0.8185 0.8185 0

0.4603 0.4460 0.0143 0.0143

-0.0253 -0.0253 -0.0253 0

-0.5039 -0.5177 0.0138 0.0138

-0.8430 -0.8430 -0.8430 0

-0.9487 -0.9510 0.0024 0.0024

-0.7916 -0.7916 -0.7916 0

0.4000 -0.3146 0.7146 0.7146

0.5302 0.5302 0.5302 0

0.6345 0.6416 -0.0070 -0.0070

0.6925 0.6925 0.6925 0

0.6925 0.6883 0.0042 0.0042

0.6345 0.6345 0.6345 0

0.5302 0.5366 -0.0065 -0.0065

0.4000 0.4000 0.4000 0

Figure 2.5: Example point-value ENO decomposition with cubic interpolation. Left:

input signal vk. Center: vk after decimation. Right: prediction of vk from vk−1 using

ENO interpolation. The largest error, ek[7] ≈ 0.7146, occurs in the interval containing

the discontinuity.

2.2.3 Cell-Average and Hat-Based Discretizations

In most multiresolution schemes, the decimation operator performs smoothing on the

data before downsampling, thereby reducing the effects of noise and aliasing in the

coarser subbands. However, point-value ENO schemes do not perform smoothing, mak-
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ing them quite sensitive to both of these issues. Rather than point-value samples,

cell-average and hat-based discretizations use local averages of the continuous signal.

This leads to decimation operators that smooth before downsampling.

Given a scaling function φ, define the discretization operator

(Dkf)[n]
∆
= vk[n] =

∫ +∞

−∞
2kφ(n− 2kx) f(x) dx.

This is equivalently (Dkf)[n] = (φk ∗ f)(xk
n), where φk(x) = 2kφ(2kx). This form of

discretization defines sampling as a weighted integral of f . Typically, φ(x) is a pulse

with the most weight around x = 0. For cell-average discretization, φ is the Haar scaling

function

φ(x) =







1, 0 ≤ x < 1

0, otherwise. � -
?

6

1

1

Thus (Dkf)[n] is the average over the cell ckn = (2−k(n− 1), 2−k ),

(Dkf)[n] = 2k

∫

ck
n

f(x) dx,

hence the name “cell-average.” The dilation equation of the Haar scaling function

φ(x) = φ(2x) + φ(2x− 1) implies that vk−1[n] = 1
2v

k[2n] + 1
2v

k[2n − 1]. Therefore, the

decimation operator is

(Dk−1
k vk)[n] = 1

2v
k[2n] + 1

2v
k[2n− 1].

For hat-based discretization, φ is the hat function

φ(x) =







1 + x, −1 ≤ x ≤ 0,

1 − x, 0 ≤ x ≤ 1,

0, otherwise. � -
?

6

−1 1

1

�
�

�
��

@
@

@
@@

As with cell-average discretization, the dilation equation of φ determines Dk−1
k ,

φ(x) = 1
2φ(2x− 1) + φ(2x) + 1

2φ(2x+ 1),

(Dk−1
k vk)[n] = 1

4v
k[2n − 1] + 1

2v
k[2n] + 1

4v
k[2n + 1].
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Consider the reconstruction operators for these schemes. To satisfy the consistency

requirement DkRk = IV k , one approach is to modify the point-value ENO interpolation

described in §2.2.1 such that the reconstruction function attains averages rather than

point-values [1].

Harten’s approach to constructing Rk is “reconstruction via primitive-function” [5, 20].

The idea is to transform the reconstruction to a point-value reconstruction. The prim-

itive f̊ is related to f such that point-value reconstruction from v̊k, v̊k[n]
∆
= f̊(xk

n),

corresponds to a valid reconstruction from vk.

For cell-average discretization, the relationship between f and its primitive is

f̊(x) =

∫ x

0
f(y) dy, f(x) = d

dx f̊(x).

Set v̊k[0] = 0, then the relationship between vk and v̊k is

v̊k[n] = 2−k
n∑

m=1

vk[m], vk[n] = 2k (̊vk[n] − v̊k[n− 1]). (2.9)

Let Ik be any interpolatory operator, for example, ENO interpolation. Define the

reconstruction operator as

(Rkv
k)(x) = d

dxIkv̊
k(x). (2.10)

By (2.9), this Rk satisfies the consistency relationship: for any vk ∈ V k,

(DkRkv
k)[n] = 2k

∫ xk
n

xk
n−1

d
dx(Ikv̊

k) dx = 2k (̊vk[n] − v̊k[n− 1]) = vk[n].

Using (2.9) to obtain v̊k from vk, the prediction operator P k
k−1 = DkRk−1 is

(P k
k−1v

k−1)[n] = 2k
[

(Ik−1v̊
k−1)(xk

n) − (Ik−1v̊
k−1)(xk

n−1)
]

. (2.11)

The approach is similar for hat-based discretization. As developed in [5], the relationship

between f and its primitive is

f̊(x) =

∫ x

0

∫ y

0
f(z) dz dy, f(x) = d2

dx2 f̊(x).
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With appropriate boundary handling, there is a bijection between vk and v̊k,

v̊k[n] = 4−k
n∑

m=1

m∑

j=1

vk[j], vk[n] = 4k (̊vk[n+ 1] − 2̊vk[n] + v̊k[n− 1]).

Define the reconstruction operator analogously to (2.10),

(Rkv
k)(x) = d2

dx2Ikv̊
k(x). (2.12)

It is true that (2.12) satisfies DkRk = IV k , but verifying this is more cumbersome than

with the cell-average reconstruction, see [5]. The prediction operator is

(P k
k−1v

k−1)[n] = 4k
[
(Ik−1v̊

k−1)(xk
n+1) − 2(Ik−1v̊

k−1)(xk
n)

+(Ik−1v̊
k−1)(xk

n−1)
]
.

(2.13)

Detail encoder and decoder operators can be found using the property that Dk−1
k ek = 0.

For cell-average discretization, this implies ek[2n] = −ek[2n−1]. Thus a choice of detail

encoder and decoder operators is

dk[n] = (Eke
k)[n] = ek[2n − 1],







ek[2n − 1] = (Fkd
k)[2n − 1] = dk[n],

ek[2n] = (Fkd
k)[2n] = −dk[n].

For hat-based discretization, ek[2n] = −1
2(ek[2n− 1] + ek[2n+ 1]). The detail operators

can be

dk[n] = (Eke
k)[n] = ek[2n − 1],







ek[2n− 1] = (Fkd
k)[2n − 1] = dk[n],

ek[2n] = (Fkd
k)[2n] = −1

2(dk[n] + dk[n+ 1]).

Cell-average and hat-based discretizations are the first two members of a family of spline-

based discretizations. Denote the order of a spline discretization by N with cell-average

discretization asN = 1 and hat-based discretization asN = 2. For generalN , one would

expect that φ is the B-spline of order N − 1 and f̊ is related to f through an N th-order

integral. In chapter 3, Harten schemes are approached from another perspective. This

will lead to a construction of the framework operators for a variety of discretizations,

including spline-based discretization for general order.



Chapter 3

Generalizing ENO Discretizations

Harten’s framework is defined starting with a discretization operator Dk and a recon-

struction operator Rk in the continuous domain. These operators are then used to

define the decimation and prediction operators in the discrete domain. In this section,

the reverse is done: construction begins with the discrete operators.

Let h be any finite impulse response (FIR) filter and define the decimation operator

Dk−1
k vk = ↓(h∗vk). Corresponding prediction operators P k

k−1 (§3.1), the detail operators

Ek and Fk (§3.2), and the operators Dk and Rk (§3.3) are developed such that the scheme

satisfies Harten’s framework.

3.1 Prediction

The first necessity are prediction operators such that the discrete consistency relation-

ship (2.5) is satisfied. Let P̃ k
k−1 be an interpolatory prediction operator and let Tk

denote the conversion between vk and the primitive samples v̊k, v̊k = Tkv
k. Then both
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cell-average (2.11) and hat-based prediction (2.13) can be rewritten as

P k
k−1 = T −1

k P̃ k
k−1Tk−1.

For both discretizations, the relationship between vk and v̊k is linear shift-invariant

(LSI), that is, Tk is a convolution operator. This suggests in general the prediction

operator of the form P k
k−1v

k−1 = a ∗ P̃ k
k−1(b ∗ vk−1).

Theorem 3.1.1. Let h be the impulse response of an FIR filter and let P̃ k
k−1 be any

interpolatory prediction operator. Define the decimation operator Dk−1
k vk = ↓ (h ∗ vk),

where ↓(·) denotes dyadic downsampling. Define filters b and a,

b(z2) =
1

h(z)h(−z) , a(z) = h(−z),

then the prediction operator

P k
k−1v

k−1 = a ∗ P̃ k
k−1(b ∗ vk−1)

satisfies the discrete consistency relationship, Dk−1
k P k

k−1 = IV k−1.

Proof. The discrete consistency relationship can be written in the Z-domain using (1.2)

as

1
2

[

h(z)Z{P k
k−1v

k−1}(z) + h(−z)Z{P k
k−1v

k−1}(−z)
]

= vk−1(z2).

Substituting P k
k−1v

k−1 = a ∗ P̃ k
k−1(b ∗ vk−1) with a(z) = h(−z),

1
2

[

h(z)h(−z)Z{P̃ k
k−1(b ∗ vk−1)}(z) + h(−z)h(z)Z{P̃ k

k−1(b ∗ vk−1)}(−z)
]

= vk−1(z2)

h(z)h(−z)1
2

[

Z{P̃ k
k−1(b ∗ vk−1)}(z) + Z{P̃ k

k−1(b ∗ vk−1)}(−z)
]

= vk−1(z2).

Let ṽk−1 = b ∗ vk−1. Since P̃ k
k−1 is an interpolatory prediction operator,

1
2

[

Z{P̃ k
k−1ṽ

k−1}(z) + Z{P̃ k
k−1ṽ

k−1}(−z)
]

= Z{↑↓(P̃ k
k−1ṽ

k−1)}(z) = ṽk−1(z2).

Therefore,

h(z)h(−z)
[

b(z2)vk−1(z2)
]

= vk−1(z2)

b(z2) =
1

h(z)h(−z) . (3.1)
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The denominator h(z)h(−z) is an even function of z, so only even power coefficients are

nonzero. Therefore, there is a unique rational polynomial b(z) satisfying this expression.

Theorem 3.1.2. Let Dk−1
k vk = ↓ (h ∗ vk), where h is an FIR filter. Then for any

prediction operator P k
k−1 that satisfies Dk−1

k P k
k−1 = IV k−1 , an interpolatory prediction

operator P̃ k
k−1 can be formally defined such that

P k
k−1v

k−1 = a ∗ P̃ k
k−1(b ∗ vk−1),

where a(z) = h(−z) and b(z2) = 1/(h(z)h(−z)).

Proof. The property Dk−1
k P k

k−1 = IV k−1 implies ↓(h ∗P k
k−1v

k−1) = vk−1. Proceeding in

the Z-domain,

1
2

[

h(z)Z{P k
k−1v

k−1}(z) + h(−z)Z{P k
k−1v

k−1}(−z)
]

= vk−1(z2)

1
2

[

Z{P k
k−1v

k−1}(z)
h(−z) +

Z{P k
k−1v

k−1}(−z)
h(z)

]

=
vk−1(z2)

h(z)h(−z)
1
2

[

d(z)Z{P k
k−1v

k−1}(z) + d(−z)Z{P k
k−1v

k−1}(−z)
]

= b(z2) vk−1(z2),

where d(z) = 1/h(−z). So ↓(d ∗ P k
k−1v

k−1) = b ∗ vk−1.

Since b(z) has no zeros, the linear map vk−1 7→ b∗vk−1 is injective. Define P̃ k
k−1 formally

by

P̃ k
k−1(b ∗ vk−1) = d ∗ P k

k−1v
k−1

such that

a ∗ P̃ k
k−1(b ∗ vk−1) = a ∗ d ∗ P k

k−1v
k−1 = P k

k−1v
k−1.

Since ↓ P̃ k
k−1(b∗vk−1) = ↓(d∗P k

k−1v
k−1) = b∗vk−1, P̃ k

k−1 is an interpolatory operator.

Remark. If c satisfies c(z) = c(−z), the prediction operator P k
k−1v

k−1 = a∗P̃ k
k−1(b∗vk−1)

with filters

b(z2) =
1

c(z)h(z)h(−z) , a(z) = c(z)h(−z)
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satisfies (2.5). In particular, b and a can be rescaled by choosing c(z) = κ, κ ∈ C.

Remark. Letting c(z) = 1
h(z)h(−z) , the prediction operator

P k
k−1v

k−1 = g ∗ P̃ k
k−1v

k−1, g(z) =
1

h(z)

satisfies (2.5). Unfortunately, this form tends to produce oscillatory predictions. For

example, if h is a lowpass filter, it attenuates frequencies around the Nyquist frequency.

Since zeros of h are poles of g, g in turn severely amplifies these frequencies. The

prediction form in Theorem 3.1.1 avoids this problem.

Remark. Generally, b is an unstable filter. If h(z) has zeros at {zj}, then

b(z2) =
1

h(z)h(−z) ∝




∏

j

(z2 − z2
j )





−1

,

so b has poles at {z2
j }. If h is a lowpass filter with zeros at zj = eiθj , |θj − π| < π

4 , then

b is a lowpass filter with poles at z2
j = ei2θj , |∠z2

j | < π
2 .

Theorem 3.1.1 is a flexible result: for any decimation operator Dk−1
k vk = ↓ (h ∗ vk)

with FIR h and any interpolatory prediction operator P̃ k
k−1, the prediction operator

P k
k−1v

k−1 = a ∗ P̃ k
k−1(b ∗ vk−1) satisfies the discrete consistency requirement.

Moreover, all possible prediction operators can be constructed with this form. Theo-

rem 3.1.2 shows that for any valid prediction operator P k
k−1, there is an interpolatory

prediction operator P̃ k
k−1 such that P k

k−1v
k−1 = a ∗ P̃ k

k−1(b ∗ vk−1).

This construction is consistent with the cell-average and hat-based prediction operators

in §2.2.3. Let Ik be an interpolatory operator and define P̃ k
k−1 by (P̃ k

k−1v
k−1)[n] =

(Ik−1v
k−1)(xk

n). If h is the cell-average decimation filter h(z) = 1
2 + 1

2z
−1 and κ = 2k+1,

b(z2) =
1

κh(z)h(−z) =
21−k

1 − z−2
⇒ b(z) =

21−k

1 − z−1

a(z) = κh(−z) = 2k(1 − z−1)
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Convolution with b is cumulative summation and convolution with a is backward dif-

ferencing. Define

ṽk−1[n] = (b ∗ vk−1)[n] = 21−k
n∑

m=1

vk−1[m],

then the prediction operator is

(P k
k−1v

k−1)[n] = (a ∗ P̃ k
k−1ṽ

k−1)[n]

= 2k
[

(P̃ k
k−1ṽ

k−1)[n] − (P̃ k
k−1ṽ

k−1)[n − 1]
]

= 2k
[

(Ik−1ṽ
k−1)(xk

n) − (Ik−1ṽ
k−1)(xk

n−1)
]

.

Compare this to (2.11),

(P k
k−1v

k−1)[n] = 2k
[

(Ik−1v̊
k−1)(xk

n) − (Ik−1v̊
k−1)(xk

n−1)
]

,

v̊k−1[n] = 21−k
n∑

m=1

vk−1[m].

Notice that ṽk−1 = b∗vk−1 has the same role as the primitive samples v̊k−1[n] = f̊(xk−1
n ).

Section 3.3 generalizes the notion of primitive using this connection.

Similarly, the hat-based prediction operator is reproduced if h(z) = 1
4z + 1

2 + 1
4z

−1 and

κ = −4k+1,

b(z2) =
1

κh(z)h(−z) =
41−kz−2

(1 − z−2)2
⇒ b(z) =

41−kz−1

(1 − z−1)2

a(z) = κh(−z) = 4k(z − 2 + z−1)

3.2 Detail Encoding

To obtain a nonredundant representation, the prediction error ek must be encoded to a

detail signal dk with half the sample rate (see Figure 2.3). Let h, h̃, g, and g̃ respectively

be the lowpass, dual lowpass, highpass, and dual highpass filters of a biorthogonal

wavelet transform. Consider the wavelet transform of eK : if the lowpass filter h is also

the decimation filter, then by (2.6) the lowpass component is zero.
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ek

-

-

h

g

↓

↓

-

-

0

dk

↑

↑

h̃

g̃ - ?- ek+i

Figure 3.1: Error decomposition.

Thus the lowpass branch can be removed, yielding a nonredundant representation of ek.

vk

-

-

h ↓ -

P k

k−1

?−
+- g ↓ -

vk−1

dk

P k

k−1

↑ g̃

?
+
6

- vk

i

i

Dk−1
k

︷ ︸︸ ︷

︸ ︷︷ ︸

Ek

︸ ︷︷ ︸

Fk

Figure 3.2: ENO decomposition and reconstruction using wavelet filters.

Identifying the equivalent components between the wavelet and Harten frameworks,

decimation is Dk−1
k vk = ↓ (h ∗ vk), prediction P k

k−1v
k−1 is in the same subspace as

h̃ ∗ (↑vk−1), and a choice of detail operators is Eke
k = ↓(g ∗ ek) and Fkd

k = g̃ ∗ (↑dk).

To construct the detail operators for a given decimation filter h, a wavelet must be

constructed with this same filter h as its lowpass filter. Perfect reconstruction of the

wavelet scheme implies the conditions

h(z) h̃(z) + g(z) g̃(z) = 2,

h(z) h̃(−z) + g(z) g̃(−z) = 0.

If g(z) = z−1 h̃(−z) and g̃(z) = z h(−z), the second condition is satisfied. The first

condition then reduces to h(z) h̃(z) + h(−z) h̃(−z) = 2, which is true if (h ∗ h̃)[0] = 1

and (h ∗ h̃)[n] = 0 for nonzero even n. Thus h̃ must satisfy the linear system

∑

j

h̃[j]h[2n − j] =







1, if n = 0,

0, if n 6= 0,
for all j ∈ Z. (3.2)
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For example, consider h with the form h(z) = az2 +bz+c+dz−1+ez−2. If h̃ is assumed

to have the form h̃(z) = h̃[−1] z + h̃[0] + h̃[1] z−1, (3.2) becomes the matrix equation









b a 0

d c b

0 e d

















h̃[−1]

h̃[0]

h̃[1]









=









0

1

0









Provided κ = bcd− ad2 − b2e 6= 0, the solution is h̃(z) = 1
κ(−adz + bd− bez−1) and the

filters

h(z) = az2 + bz + c+ dz−1 + ez−2, g(z) = 1
κ

(
ad+ bdz−1 + bez−2

)
,

h̃(z) = 1
κ

(
−adz + bd− bez−1

)
, g̃(z) = az3 − bz2 + cz − d+ ez−1

(3.3)

satisfy the perfect reconstruction conditions.

Rather than constructing a wavelet, it is also possible to select from existing wavelet

families. If h is a spline filter, the spline wavelet family has wavelets with h as the

lowpass filter. Godavarthy [17] shows how to construct wavelets in this family given a

number of primal vanishing moments N and dual vanishing moments Ñ . Provided that

the sum N + Ñ is even,

h(z) = z⌊N/2⌋
(

1 + z−1

2

)N

, (3.4)

h̃(z) = 2z⌈Ñ/2⌉
(

1 + z−1

2

)Ñ M∑

n=0






M + n

n




 (−4)−n(z − 2 + z−1)n, (3.5)

where M = 1
2 (N + Ñ) − 1, ⌊·⌋ denotes the floor function, and ⌈·⌉ denotes the ceiling

function. (The scale factors, which are otherwise chosen so that h(1) = h̃(1) =
√

2, have

been changed such that h(1) = 1 and h̃(1) = 2.) The corresponding highpass filters are

g(z) = 1
2z

−1h̃(−z) and g̃(z) = 2zh(−z).

Independent of Ñ , the lowpass filter h is the normalized centered spline filter of order

N . The ENO prediction operator should remove any local polynomial component from

the error signal. Therefore, vanishing moments in g are unnecessary and Ñ should be
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set as small as possible to minimize the support of g. Since the method requires that

the sum N + Ñ be even, this is Ñ = 0 if N is even and Ñ = 1 if N is odd.

Selecting N = 2 and Ñ = 0 recovers the detail operators for hat-based ENO. The

wavelet filters are

h(z) = z
(

1+z−1

2

)2
= 1

4z + 1
2 + 1

4z
−1, g(z) = z−1,

h̃(z) = 2
∑0

n=0(−4)−n(z − 2 + z−1)n = 2, g̃(z) = −1
2z

2 + z − 1
2 .

These lead to the same encoding and decoding operators used in [5]:

Encoding dk = ↓(ek ∗ g) ⇔ dk[n] = ek[2n − 1],

Decoding ek = (↑ dk) ∗ g̃ ⇔







ek[2n − 1] = dk[n],

ek[2n] = −1
2(dk[n] + dk[n+ 1]).

Section 3.4.1 will expand upon this example to construct spline schemes for N > 2.

Remark. If h, h̃, g, and g̃ satisfy the perfect reconstruction conditions, then so do the

scaled and shifted filters

h′(z) = αz2jh(z), g′(z) = βz2kg(z),

h̃′(z) = 1
αz

−2j h̃(z), g̃′(z) = 1
β z

−2kg̃(z)

for any α, β ∈ C and j, k ∈ Z.

Notice that the detail encoding and decoding operators are not uniquely determined by

h. Consider the filter h(z) = 1
8z + 3

8 + 3
8z

−1 + 1
8z

−2. Using (3.4) and (3.5) with N = 3

and Ñ = 1, the filters g and g̃ are

g(z) = 1
4z + 3

4 − 3
4z

−1 − 1
4z

−2, g̃(z) = 1
4z

2 − 3
4z + 3

4 − 1
4z

−1.

But using (3.3), the filters are

g(z) = 3z−1 + z−2, g̃(z) = −1
8z

2 + 3
8z − 3

8 + 1
8z

−1.

This g has smaller support than the first, so it is the better choice. There is a lot of

flexibility in designing the detail operators. Ek and Fk need not even be linear; Harten’s

framework requires only that FkEke
k = ek for all ek ∈ N (Dk

k−1).
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3.3 Operators Dk and Rk

For digital applications, knowing only the discrete operators Dk−1
k , P k

k−1, Ek, and Fk

is enough to implement a multiresolution scheme. However, there is no notion of the

fundamental continuous operators Dk or Rk. For purposes of analysis and in the spirit

of Harten’s framework, it is useful to find operators Dk and Rk consistent with the

discrete operators.

Define xk
n = 2−kn. Given a discrete signal g, define its delta sequence at resolution level

k as

gδk
(x)

∆
=
∑

n∈Z

g[n] δ(x − xk
n).

Let h be the impulse response of an FIR filter with
∑
h[n] = 1 and define function φ

by the dilation equation

φ(x) = 2
∑

n

h[n]φ(2x − n). (3.6)

This determines φ̂ up to a scale factor [27], which is chosen such that φ̂(0) = 1. The

relationship between h and φ is the same as between the lowpass filter and the scaling

function in wavelets. Define the discretization operator

(Dkf)[n]
∆
= vk[n] = (φk ∗ f)(xk

n), φk(x) = 2kφ(2kx). (3.7)

Now consider the reconstruction operator Rk. Let Ik be any interpolatory opera-

tor and define the corresponding interpolatory prediction operator (P̃ k
k−1v

k−1)[n] =

(Ik−1v
k−1)(xk

n). Section 3.1 defines the prediction operator as

(P k
k−1v

k−1)[n] = (a ∗ P̃ k
k−1(b ∗ vk−1))[n]

= (aδk
∗ Ik−1(b ∗ vk−1))(xk

n),
(3.8)

where b(z2) = 1/(h(z)h(−z)) and a(z) = h(−z). Suppose that the reconstruction oper-

ator has the form Rkv
k = ξk ∗ Ik(p ∗ vk), then the prediction operator is fundamentally
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defined by the framework to be

(P k
k−1v

k−1)[n] = (DkRk−1v
k−1)[n]

= (φk ∗ ξk−1 ∗ Ik−1(p ∗ vk−1))(xk
n).

To construct prediction consistently with (3.8), p = b and ξk−1 is defined implicitly by

φk ∗ ξk−1 = aδk
. Define the reconstruction operator as

Rkv
k = ξk ∗ Ik(b ∗ vk), φk ∗ ξk−1 = aδk

. (3.9)

This approach to the reconstruction operator provides a general notion of primitive.

Let w(z) = 1/b(z), then since w = ↓(h ∗ a) and φk−1 = hδk
∗ φk,

φk ∗ ξk−1 = aδk
⇒ hδk

∗ φk ∗ ξk−1 = (h ∗ a)δk
⇒ φk−1 ∗ ξk−1 = wδk−1

.

So ξk is also implicitly defined by φk ∗ξk = wδk
. If the primitive samples are v̊k = b∗vk,

then

f̊k(xk
n) = v̊k[n] = (b ∗ vk)[n] = (bδk

∗ φk ∗ f)(xk
n),

(ξk ∗ f̊k)(xk
n) = (ξk ∗ bδk

∗ φk ∗ f)(xk
n) = (bδk

∗ wδk
∗ f)(xk

n) = f(xk
n),

which suggests defining a “generalized primitive” f̊k by

f̊k ∆
= bδk

∗ φk ∗ f, f = ξk ∗ f̊k.

Theorem 3.3.1. The discretization and reconstruction operators defined in (3.7) and

(3.9) satisfy the consistency relationship, and (Dk) is nested. Furthermore, the decima-

tion operator Dk−1
k = Dk−1Rk and prediction operator P k

k−1 = DkRk−1 are

Dk−1
k vk = ↓(h ∗ vk), P k

k−1v
k−1 = a ∗ P̃ k

k−1(b ∗ vk−1),

where (P̃ k
k−1v

k−1)[n] = (Ik−1v
k−1)(xk

n).
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Proof. For any vk, (DkRkv
k)[n] = (φk ∗ξk ∗Ikv̊

k)(xk
n) = (wδk

∗Ikv̊
k)(xk

n). Because Ik is

an interpolatory operator, (Ikv̊
k)(xk

n) = v̊k[n]. Also noting that wδk
is a delta sequence,

the convolution is equivalently written as the discrete convolution (w ∗ v̊k)[n]. Thus,

(DkRkv
k)[n] = (w ∗ v̊k)[n] = vk[n].

Therefore, the consistency relationship is satisfied, DkRk = IV k .

Because φk−1 = hδk
∗ φk,

vk−1[n] = (φk−1 ∗ f)(xk−1
n ) = (hδk

∗ φk ∗ f)(xk
2n) = ↓(h ∗ vk)[n].

This implies that if vk = Dkf = 0, then vk−1 = ↓(h∗vk) = 0. Therefore, {Dk} is nested.

The decimation operator is fundamentally defined by Dk−1
k = Dk−1Rk:

(Dk−1Rkv
k)[n] = (φk−1 ∗ ξk ∗ Ikv̊

k)(xk−1
n )

= (hδk
∗ wδk

∗ Ikv̊
k)(xk−1

n )

= (h ∗ w ∗ b ∗ vk)[2n]

= (h ∗ vk)[2n] = ↓(h ∗ vk)[n].

The prediction operator is fundamentally defined by P k
k−1 = DkRk−1:

(DkRk−1v
k−1)[n] = (φk ∗ ξk−1 ∗ Ik−1v̊

k−1)(xk
n)

= (aδk
∗ Ik−1(b ∗ vk−1))(xk

n)

= (a ∗ P̃ k
k−1(b ∗ vk−1))[n].

Remark. If c satisfies c(z) = −c(z), Theorem 3.3.1 also holds for filters

b(z2) =
1

c(z)h(z)h(−z) , a(z) = c(z)h(−z).

As an example of Theorem 3.3.1, consider cell-average ENO with h(z) = (1 + z−1).

Then if κ = 2k, a(z) = 2k−1(1 − z−1) and b(z) = 2−k(1 − z−1)−1. The discretization
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operator is

(Dkf)[n] = (φk ∗ f)(xk
n) =

∫ xk
n

xk
n−1

f(x) dx, φ(x) =







1, if 0 ≤ x < 1,

0, otherwise.

� -

6
bδk

q
0 3×2−k

Mass 2−k

∗
� -

6

0 2−k

2k

φk

=

� -

61

u

0 3×2−k

6 6 6 6

Figure 3.3: The cell-average primitive f̊ is related to f by convolution with the unit

step, f̊ = bδk
∗ φk ∗ f = u ∗ f .

The primitive f̊ is related to f by

f̊(x) = (bδk
∗ φk ∗ f)(x) = (u ∗ f)(x) =

∫ x

0
f(y) dy,

as illustrated in Figure 3.3. Since φk+1 ∗ ξk = aδk+1
,

ξ̂k(ω) =
âδk+1

(ω)

φ̂k+1(ω)
=

1 − e−iω2−(k+1)

1
iω

(
1 − e−iω2−(k+1)

) = iω.

That is, convolution with ξk is differentiation. Let Ik be an interpolatory operator.

Consistent with definition (2.10) in §2.2.3, the reconstruction operator is (Rkv
k)(x) =

(ξk ∗ Ikv̊
k)(x) = d

dx(Ikv̊
k)(x), where v̊k[n] = (b ∗ vk)[n] = f̊(xk

n).

3.4 Example Constructions

In this section, two families of Harten schemes are constructed using the approach

presented in the previous section. The first is the family of spline discretization schemes,

where cell-average discretization is order N = 1 and hat-based discretization is N = 2.

The second family is a simple example with non-spline decimation filters.
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3.4.1 Spline Discretizations

Let N be a positive integer. As in (3.4) let h(z) be

h(z) = z⌊N/2⌋
(

1 + z−1

2

)N

or h[n] = 2−N
( N
n+⌊N/2⌋

)
for −⌊N/2⌋ ≤ n ≤ ⌈N/2⌉ and define Dk−1

k vk = ↓ (h ∗ vk). The

prediction operator as in Theorem 3.1.1 rescaled with κ = 2N (−1)⌊N/2⌋ is P k
k−1v

k−1 =

a ∗ P̃ k
k−1(b ∗ vk−1) with

b(z) =
1

z⌊N/2⌋(1 − z−1)N
, a(z) = z⌊N/2⌋(1 − z−1)N .

Choose Ñ such that M = 1
2(N + Ñ) − 1 is integer, and define h̃, g, and g̃ as in (3.5),

h̃(z) = 2z⌈Ñ/2⌉
(

1 + z−1

2

)Ñ M∑

n=0






M + n

n




 (−4)−n(z − 2 + z−1)n,

g(z) = 1
2z

−1h̃(−z), g̃(z) = 2zh(−z).

The detail encoder operator is Eke
k = ↓(g ∗ ek) and the decoder is Fkd

k = g̃ ∗ (↑dk). At

this point, all the necessary operators for a discrete implementation of the scheme are

established.

Now consider the continuous operators Dk and Rk. The function φ(x) satisfying dilation

equation (3.6) is the B-spline function

φ(x) = 1
(N−1)!

N∑

n=0

(
N

n

)

(−1)n(x+ ⌊N
2 ⌋ − n)N−1u(x+ ⌊N

2 ⌋ − n). (3.10)

The B-spline φ satisfies the dilation equation in the Fourier domain. Let τ = 0 if N is
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even and τ = 1 if N is odd. Its Fourier transform is φ̂(ω) = e−iωτ/2
(

sin(ω/2)
ω/2

)N
, so

2
∑

n

h[n] 1
2 φ̂(ω/2)e−inω/2

= 2

⌈N/2⌉
∑

n=−⌊N/2⌋
2−N

(
N

n+ ⌊N
2 ⌋

)

1
2e−iω(τ+2n)/4

(
sin(ω/4)

ω/4

)N

= e−iω(τ−2⌊N/2⌋)/4

(
N∑

n=0

(
N

n

)

e−iωn/2

)(
sin(ω/4)

ω/2

)N

= e−iωτ/2

(
sin(ω/2)

ω/2

)N

= φ̂(ω).

As in §3.3, define the discretization operator as (Dkf)[n] = (φk ∗ f)(xk
n). The primitive

f̊k is related to f by f̊k = bδk
∗ φk ∗ f . In the Fourier domain,

b̂δk
(ω)φ̂k(ω) =

e−iωτ/2k+1
(

sin(ω/2k+1)
ω/2k+1

)N

eiω(2⌊N/2⌋−N)/2k+1 (2i sin(ω/2k+1))N
=
(

2k

iω

)N
. (3.11)

Thus the primitive f̊k is related to f by an N th-order integral with scale factor 2kN ,

f̊k(x) = 2kN

∫ x

0

∫ y1

0
· · ·
∫ yN−1

0
f(yN) dyN · · · dy2 dy1.

Let v̊k[n] = f̊k(xk
n) be samples of f̊k. In the Fourier domain, ξk is

âδk+1
(ω)

φ̂k+1(ω)
=

eiω(2⌊N/2⌋−N)/2k+2
(2i sin(ω/2k+2))N

e−iωτ/2k+2
(

sin(ω/2k+2)
ω/2k+2

)N
=
(

iω
2k

)N
. (3.12)

Convolution with ξk is N th-order differentiation with a scale factor 2−kN . Given an

interpolatory operator Ik, the reconstruction operator is

(Rkv
k)(x) = (ξk ∗ Ik(b ∗ vk))(x) = 2−kN dN

dxN (Ikv̊
k)(x).

If b is scaled by 2kN and a by 2−kN (that is, scale κ by 2kN ), then the 2kN scale factor

in (3.11) and (3.12) is canceled to define the reconstruction operator as

f̊(x) =

∫ x

0

∫ y1

0
· · ·
∫ yN−1

0
f(yN ) dyN · · · dy2 dy1,

(Rkv
k)(x) = dN

dxN (Ikv̊
k)(x), v̊k[n] = f̊(xk

n).
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This definition of the primitive does not depend on k, f̊ = f̊k. By Theorem 3.3.1,

Dk and Rk satisfy the consistency relationship and the discretization sequence {Dk}

is nested. Since the primitive f̊ is related to f by N th-order integration, predicting a

polynomial of degree K requires ENO interpolation order of at least K +N .

As an example, consider N = 4. The 4th-order spline decimation filter is

h(z) = 1
16 (z−2 + 4z−1 + 6 + 4z + z2).

The prediction operator rescaled with κ = 16 is

P k
k−1v

k−1 = a ∗ P̃ k
k−1(b ∗ vk−1),

b(z) =
1

z2 − 4z + 6 − 4z−1 + z−2
, a(z) = z2 − 4z + 6 − 4z−1 + z−2.

Possible filters for the encoding operator Ek = ↓ (g ∗ x) and decoding operator Fk =

g̃ ∗ (↑x) are

g(z) = 1
2 + 2z−1 + 1

2z
−2, g̃(z) = 1

8(z3 − 4z2 + 6z − 4 + z−1).

The scaling function φ is the cubic B-spline,

φ(x) =







2
3 − |x|2 + 1

2 |x|3, 0 ≤ |x| < 1,

1
6(2 − |x|)3, 1 ≤ |x| < 2,

0, otherwise.

The decimation operator is (Dkf)[n] = (φk∗f)(xk
n). Let Ik be an interpolatory operator

(for example, Ik = IENO
k ). With b scaled by 16k and a by 16−k, the primitive f̊ is related

to f by

f̊(x) =

∫ x

0

∫ y1

0

∫ y2

0

∫ y3

0
f(y4) dy4 dy3 dy2 dy1.

Let v̊k[n] = f̊(xk
n), then the reconstruction operator is (Rkv

k)(x) = d4

dx4 (Ikv̊
k)(x). See

appendix A for 4th-order spline ENO pseudocode.
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1st−Order Spline (Cell−Average ENO)

v0
d1

d2

2nd−Order Spline (Hat ENO)

v0
d1

d2

4th−Order Spline ENO

v0
d1

d2

Standard Deviation

1st-Order 2nd-Order 4th-Order

v0 21.3 16.7 12.4

d1 16.0 11.1 9.3

d2 10.6 11.7 11.8

Number of Significant Coefficients

1st-Order 2nd-Order 4th-Order

v0 171 135 97

d1 126 42 31

d2 115 72 58

Figure 3.4: Squared coefficient values from decomposing a chirp signal. The tables com-

pare the energy standard deviation and the number of coefficients over 5% of the max-

imum value. A higher-order scheme tends to have fewer large coefficients and grouped

closer together.

Higher-order spline schemes have better frequency localization. Figure 3.4 compares the

distribution of energy from decomposing a chirp signal with different spline discretiza-

tions. Increasing the spline order tends to group large coefficients closer together.

The hierarchical stencil selection method (described in §2.2.1) has the problem that it

may select singularity-crossing stencils for discontinuities in f̊ ′′′ and higher derivatives.

Consequently, if N ≥ 3, a jump discontinuity in f is not correctly handled. The jump

becomes a discontinuity in f̊ (N), hence hierarchical selection may produce singularity

crossing stencils. Nonhierarchical selection does not have this problem, so it is the better

method for N ≥ 3.
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3.4.2 A Non-Spline Scheme

Spline decimation filters have a number of useful properties, including all zeros at the

Nyquist frequency, dyadic rational filter coefficients, and smooth associated scaling func-

tions. However, in some applications, a non-spline filter with other properties may be

more desirable. This section constructs Harten schemes with 5-tap decimation filters

where at least two zeros are at the Nyquist frequency. Consider the decimation filter

h(z) =
1 − 2 cos θ

4(1 − cos θ)
+ 1

4(z + z−1) +
1

8(1 − cos θ)
(z2 + z−2)

where θ ∈ R, π
2 < θ ≤ π. Its frequency response is

h(eiω) =
(cos ω

2 )2(cosω − cos θ)

1 − cos θ
. (3.13)

The filter has zeros at ω = ±θ and another two zeros at ω = π. If θ = π, h is the

4th-order spline filter. Choosing θ < π yields a decimation filter with a faster transition

from passband to stopband. Figure 3.5 shows the frequency response for θ = 2.

0
−60

−40

−20

0

π
ω

G
ai

n 
(d

B
)

Figure 3.5: h(eiω) for θ = π (dashed line) and θ = 2 (solid line)

Define the decimation operator Dk−1
k vk = ↓ (h ∗ vk). Let P̃ k

k−1 be an interpolatory

prediction operator. The filters b and a for the prediction operator P k
k−1v

k−1 = a ∗

P̃ k
k−1(b ∗ vk−1) are

b(z) =

[

1 + 2 cos 2θ

32(1 − cos θ)2
− (cos θ)2

64(sin θ
2 )4

(z + z−1) +
1

64(1 − cos θ)2
(z2 + z−2)

]−1

,

a(z) =
1 − 2 cos θ

4(1 − cos θ)
− 1

4 (z + z−1) +
1

8(1 − cos θ)
(z2 + z−2).
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The filters for the detail operators Eke
k = ↓ (g ∗ ek) and Fkd

k = g̃ ∗ (↑ dk) can be

constructed with (3.3). The condition for using (3.3) is that bcd− ad2 − b2e 6= 0, where

h(z) = az2 + bz + c+ dz−1 + ez−2. Since

bcd− ad2 − b2e =
cos θ

32(cos θ − 1)
,

this is satisfied so long as π
2 < θ ≤ π. The detail filters (rescaled by κ

bd ) are

g(z) =
1

2(1 − cos θ)
(1 + z−2) + z−1, g̃(z) = 2(1 − sec θ)zh(−z).

−2  2
0

0.7

x

φ(
x)

Figure 3.6: Scaling function φ for θ = π (dashed line) and θ = 2 (solid line).

The scaling function φ can be expressed in the Fourier domain as

φ̂(ω) = 2

∞∏

k=1

h(eiω/2k

).

The discretization operator is (Dkf)[n] = (φk ∗ f)(xk
n) and the reconstruction operator

is defined as in §3.3. It is not clear if there is a closed-form expression for φ. As a

result of this difficulty, describing the continuous operators is not as simple as with the

spline filter family. Similarly, the scaling functions in most wavelet transforms have no

closed-form expression, so neither do the wavelet functions. It is possible, however, to

characterize the smoothness of φ.
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Theorem 3.4.1 (Tchamitchian [22]). If h(eiω) has p zeros at π, consider the factor-

ization

h(eiω) =

(
1 + eiω

2

)p

l(ω).

If B = supω∈R |l(ω)|, then φ is uniformly Lipschitz α for α < α0 = p− log2B − 1.

For (3.13) with π
2 < θ < π, the Lipschitz upper bound is α < α0 = 1. Figure 3.6 shows

φ for θ = 2 (approximated using the cascade algorithm), which indeed appears to be

quite smooth.



Chapter 4

Application

Chapter 3 develops the construction of Harten schemes with any FIR decimation filter.

This chapter investigates the application of such schemes: §4.1 presents an algorithm

for approximation and §4.2 develops a computational strategy to improve the numerical

precision of the unstable prediction filter.

4.1 Approximation

A useful application of multiresolution schemes is approximation. If a signal vL has

multiresolution representation m = {vL−n, dL−n+1, . . . , dL}, the most important in-

formation is mostly captured in vL−n and the detail signals dL−n+1, . . . , dL represent

progressively finer-scale features. If PL
L−1v

L−1 ≈ vL is a good approximation, then the

detail signal is approximately zero dL ≈ 0 and represents only minute finest-scale re-

finements. An approximation v̂L ≈ vL could be made by assuming dL = 0 and setting

m to m̂ = {vL−n, dL−n+1, . . . , dL−1, 0}.

Rather than throwing out an entire subband, the usual strategy in multiresolution ap-
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proximation is to find an “M -term approximation” v̂L ≈ vL. The goal is to find m̂

that approximately represents vL using no more than M nonzero coefficients. For a

linear transform with an orthogonal basis, the l2 (root mean squared) error incurred

by truncating a coefficient is proportional to the coefficient’s magnitude. Thus the l2

optimal M -term approximation is obtained by keeping the M largest coefficients. How-

ever, for non-orthogonal linear multiresolution, this choice is usually suboptimal. For

nonlinear multiresolution, which often have poor stability with respect to perturbations,

this choice can lead to terrible, chaotic approximations.

Original Wavelet Approximation ENO Approximation

Figure 4.1: Wavelet approximation vs. ENO approximation. Left: Original signal. Cen-

ter: Wavelet (spline 4.4) approximation with 30 coefficients. Right: ENO approximation

with 30 coefficients.

Harten proposed another approach to approximation in [19]. Rather than fixing the

maximum number of nonzero coefficients M , specify a maximum tolerable error ǫ (with

respect to some norm, e.g., l∞). A modified encoding procedure then produces m̂

representing v̂L such that ||vL − v̂L|| ≤ ǫ where m̂ is as sparse as possible. ENO

approximation is particularly effective on piecewise-smooth signals, as demonstrated in

Figure 4.1.

Define the operators P k
k−1x = a∗ P̃ k

k−1(b∗x), Ekx = ↓(g∗x), and Fkx = g̃ ∗↑(x). Define

the hard thresholding operator

tr(x, ǫ) =







0, if |x| ≤ ǫ,

x, if |x| > ǫ,
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and if v is a discrete signal, define v̂ = tr(v, ǫ) to be v̂[n] = tr(v[n], ǫ). Given a discrete

signal vL and a sequence of tolerances (ǫk), the modified encoding algorithm is

for k = L, . . . , 1

vk−1 = Dk
k−1v

k

end

v̂0 = v0

for k = 1, . . . , L

d̃k = Ek(v
k − P k

k−1v̂
k−1)

d̂k = tr(d̃k, ǫk)

v̂k = P k
k−1v̂

k−1 + Fkd̂
k

end

m̂ = (v̂0, d̂1, . . . , d̂L)

The truncation parameters (ǫk) control the error of the approximation. Larger ǫk set-

tings lead to sparser decompositions, but also larger error. Given a tolerance ǫ, the

truncation parameters (ǫk) can be selected such that the error is bounded:

J
−1/p
L ||vL − v̂L||p ≤ ǫ,

where Jk is the length of sequence vk.

Such error control has been developed for point-value, cell-average, and hat-based dis-

cretizations [4, 5]. For point-value discretization, if ǫk = ǫ, then

J
−1/p
L ||vL − v̂L||p ≤ ǫ for p = ∞, 1, 2. (4.1)

For cell-average discretization, if ǫk = ǫ qL−k with 0 < q < 1, then

J
−1/p
L ||vL − v̂L||p ≤







ǫ

1 − q
, for p = ∞, 1,

ǫ
√

1 − q2
, for p = 2.

(4.2)
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For hat-based discretization, if ǫk = ǫ qL−k with 0 < q ≤ 1
2 , then

J
−1/p
L ||vL − v̂L||p ≤







ǫ

1 − 2q
, if 0 < q < 1

2 ,

Lǫ, if q = 1
2 ,

for p = ∞, 1, 2. (4.3)

See [4, 5] for proofs. Theorem 4.1.2 provides error bounds for general discretizations.

Lemma 4.1.1. Let f and x be discrete signals and define the even and odd components

of f , fe[n] = f [2n] and fo[n] = f [2n+ 1]. Then

J
−1/p
k ||f ∗↑(x)||p ≤







2−1/p (||fe||p1 + ||fo||p1)
1/p

J
−1/p
k−1 ||x||p, for 1 ≤ p <∞, p 6= 2,

1√
2
||f ||2 J−1/2

k−1 ||x||2, for p = 2,

max{||fe||1, ||fo||1} ||x||∞, for p = ∞.

Proof. By Young’s inequality [23] for 1 ≤ p <∞,

J
−1/p
k ||f ∗↑(x)||p = J

−1/p
k

[
||fe ∗ x||pp + ||fo ∗ x||pp

]1/p

≤ J
−1/p
k

[
(||fe||p1 + ||fo||p1) ||x||pp

]1/p

= 2−1/p(||fe||p1 + ||fo||p1)1/pJ
−1/p
k−1 ||x||p.

Applying Young’s inequality similarly for p = ∞,

||f ∗↑(x)||∞ = max {||fe ∗ x||∞, ||fo ∗ x||∞} ≤ max {||fe||1, ||fo||1} ||x||∞.

For p = 2, Parseval’s equality yields a tighter bound,

J
−1/2
k ||f ∗↑(x)||2 = J

−1/2
k

[
(||fe||22 + ||fo||22) ||x||22

]1/2
= 1√

2
||f ||2 J−1/2

k−1 ||x||2.

Theorem 4.1.2. Let vL be a given discrete signal of length JL. Let h̃e[n] = h̃[2n] and

h̃o[n] = h̃[2n + 1] be the even and odd components of h̃ and similarly let g̃e and g̃o be

the even and odd components of g̃.
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Let p be the lp norm exponent, 1 ≤ p ≤ ∞. Define

α =
(
||h̃e||p1+||h̃o||p1

2

)1/p

, β =
(
||g̃e||p1+||g̃o||p1

2

)1/p
, for 1 ≤ p <∞, p 6= 2,

α = 1√
2
||h̃||2, β = 1√

2
||g̃||2, for p = 2,

α = max{||h̃e||1, ||h̃o||1}, β = max{||g̃e||1, ||g̃o||1}, for p = ∞.

(4.4)

If the truncation parameters ǫk in the modified encoding algorithm are chosen such that

ǫk = ǫ qL−k, 0 < q < α−1,

then the reconstruction error is bounded,

J
−1/p
L ||vL − v̂L||p <

βǫ

1 − αq
.

Proof. The first step is to find an expression for vk − v̂k.

vk − v̂k = (P k
k−1v

k−1 + Fkd
k) − (P k

k−1v̂
k−1 + Fkd̂

k)

= (P k
k−1v

k−1 − P k
k−1v̂

k−1) + Fk(d
k − d̂k). (4.5)

Since Ek is a linear operator,

dk − d̃k = Ek(v
k − P k

k−1v
k−1) − Ek(v

k − P k
k−1v̂

k−1)

dk − d̃k = Ek(−P k
k−1v

k−1 + P k
k−1v̂

k−1),

0 = −FkEk(P
k
k−1v

k−1 − P k
k−1v̂

k−1) + Fk(d̃
k − dk).

Adding this to (4.5) yields

vk − v̂k = (P k
k−1v

k−1 − P k
k−1v̂

k−1)− FkEk(P
k
k−1v

k−1 − P k
k−1v̂

k−1) + Fk(d̃
k − d̂k). (4.6)

Since h, h̃, g, g̃ are the filters of a biorthogonal wavelet, x− FkEkx = x− g̃ ∗↑↓(g ∗ x) =

h̃ ∗↑↓(h ∗ x). Along with the discrete consistency relationship, this implies

(P k
k−1v

k−1 − P k
k−1v̂

k−1) − FkEk(P
k
k−1v

k−1 − P k
k−1v̂

k−1) = h̃ ∗↑Dk−1
k (P k

k−1v
k−1 − P k

k−1v̂
k−1)

= h̃ ∗↑(vk−1 − v̂k−1),
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so (4.6) reduces to vk − v̂k = h̃ ∗↑(vk−1 − v̂k−1) + g̃ ∗↑(d̃k − d̂k).

The next step is to bound J
−1/p
k ||vk−v̂k||p. Notice that since d̂k = tr(d̃k, ǫk), J

−1/p
k ||d̃k−

d̂k||p ≤ ǫk. By Lemma 4.1.1,

J
−1/p
k ||vk − v̂k||p ≤ ||h̃ ∗↑(vk−1 − v̂k−1)||p + ||g̃ ∗↑(d̃k − d̂k)||p

≤ αJ
−1/p
k−1 ||vk−1 − v̂k−1||p + βJ

−1/p
k−1 ||d̃k − d̂k||p

≤ αJ
−1/p
k−1 ||vk−1 − v̂k−1||p + βek,

where α and β are defined by (4.4). Noting that v0 = v̂0 and applying this recursively

yields

J
−1/p
L ||vL − v̂L||p ≤ β

L∑

k=1

αL−kǫk =
βǫ(1 − (αq)L)

1 − αq
<

βǫ

1 − αq
.

Remark. In general, the relationship between ǫ and (ǫk) depends on the dual filters h̃,

g̃ and the choice of norm. Notice that the bounds in Theorem 4.1.2 are independent of

P k
k−1. The only requirement is that Dk−1

k P k
k−1 = IV k−1 .

Since Theorem 4.1.2 considers schemes generally, it cannot as closely estimate the error

bounds as those developed for a specific discretization (4.1), (4.2), (4.3). For the cell-

average discretization and ǫk = ǫ qL−k, Theorem 4.1.2 yields

J
−1/p
L ||vL − v̂L||p ≤ ǫ

1 − q
, for 1 ≤ p ≤ ∞.

Compare this to (4.2). For the hat-based discretization, Theorem 4.1.2 yields bounds

that are slightly better than (4.3):

J
−1/p
L ||vL − v̂L||p ≤







1
2ǫ

1 − q
, for p = 1,

√
3
4 ǫ

1 −
√

2q
, for p = 2,

ǫ

1 − 2q
, for p = ∞.
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4.2 Instability

Let zi be the zeros of ĥ(z). Since

ĥ(z)ĥ(−z) ∝
∏

i

(z2 − z2
i ),

the poles of b(z) are z2
i . Therefore, if ĥ(z) has any zeros |zi| ≥ 1, b is unstable.

Consider ENO using the N th-order spline filter for h as defined by (3.4). The filters for

the prediction operator (rescaled with κ = 2N (−1)⌊N/2⌋) are

b(z) =
1

z⌊N/2⌋(1 − z−1)N
, a(z) = z⌊N/2⌋(1 − z−1)N .

Convolution with b is an N th-order cumulative summation. Computing the unstable

convolution (b ∗ x) will break finite numerical range and precision for too long of a

signal x. However, for short lengths and reasonable sample values, (b ∗ x) is accurately

computed. This observation motivates reconsidering the prediction evaluation. The rest

of this section applies specifically to schemes where h is a spline filter and P̃ k
k−1 is ENO

interpolation.

Theorem 4.2.1. Let x be a discrete signal, let h be a spline filter as defined in (3.4),

and let P̃ k
k−1 = PENO be ENO point-value prediction with nonhierarchical selection of

order M ≥ N . Fix n and define

vn[m] =







x[m], if n− r < m ≤ n+ r,

0, otherwise.
(4.7)

where r = max{M, N + ⌊N+1
4 ⌋} and t = ⌈N/2⌉. Then

(a ∗ PENO(b ∗ vn))[2n + 1] = (a ∗ PENO(b ∗ x))[2n + 1].

Proof. The value of the interpolated sample (PENOx)[2n + 1] is dependent only on the

samples x[m] for n−M < m ≤ n+M . If m ≤ n+ r,

vn[m] = x[m] − x[m]u[(n − r) −m]
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where u denotes the unit step function. Let ĉN (z) = (1−z−1)−N be the transfer function

for N th-order cumulative summation. By Theorem B.0.3, for n− r+ t < m ≤ n+ r+ t,

the difference between (b ∗ vn)[m] and (b ∗ x)[m] is a polynomial offset of degree N − 1:

(b ∗ (x− vn))[m] =
∑

k

x[k]u[(n − r) − k] b[m− k]

=
∑

k≤n−r

x[k] (−1)⌈N/2⌉22N−1cN [m− k − t]

=
−22N−1

(N − 1)!

N−1∑

i=0

i∑

j=0

(−1)⌈(N−1)/2⌉−i

(
i

j

)

s(N − 1, i)




∑

k≤n−r

x[k] (1 − k − t)j



mi−j

where s(N − 1, i) is a Stirling number of the first kind. For m such that |m− (n+ t)| ≤

2⌊N+1
4 ⌋+ 1, Theorem 2.2.1 implies PENO(b ∗ vn)[m] is the same as PENO(b ∗x)[m] with

a polynomial offset of degree N − 1.

Because ĥ(z) has an N th-order zero at z = −1, a(z) = ĥ(−z) has an N th-order zero at

z = 1. This implies a has N vanishing moments, that is, a ∗ p = 0 for any polynomial p

with degreeN−1. Noting that the support of a is within [−2⌊N+1
4 ⌋−1+t, 2⌊N+1

4 ⌋+1+t],

a filters out the polynomial offset.

The practical value of this result is that prediction operation can be reduced to filtering

2r-length windows. By filtering only a short segment of the signal, the values (b∗vn)[m]

tend to be of smaller magnitude than (b ∗ x)[m]. This improves the precision of the

interpolation and filtering operations that follow.

Theorem 4.2.2. Let x be a discrete signal with x[n] = 0 for n < 0. Let P̃ k
k−1 = PENO

be ENO point-value prediction with nonhierarchical selection of order M > N + k, and

let p[n] =
∑k

j=0 βjn
j be a polynomial of degree k. Then

a ∗ PENO(b ∗ (x− p)) +

k∑

j=0

2−jβjn
j = a ∗ PENO(b ∗ x).

Proof. By Theorem B.0.4, (b ∗ p)[n] = (−1)⌈N/2⌉22N−1(cN ∗ p)[n − t] is a polynomial

of degree N + k. Under the Z-transform, b(z)p̂(z) =
∑k

j=0 βjb(z)Li−j(z
−1) where Li is
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the polylogarithm. Because the difference between b ∗ x and b ∗ (x− p) is a polynomial,

Theorem 2.2.1 implies

a(z)Z{PENO(b ∗ (x− p))}(z) = a(z)Z{PENO(b ∗ x)}(z) −
k∑

j=0

2−jβja(z)b(z)Li−j(z
−1).

Finally, noting that a(z)b(z) = 1 yields the result,

a ∗ PENO(b ∗ (x− p)) +
k∑

j=0

2−jβjn
j = a ∗ PENO(b ∗ x).

Figure 4.2: Round-off error in decomposition followed by reconstruction. Top left: orig-

inal signal. Top right: direct computation. Bottom left: windowed computation. Bot-

tom right: windowed computation with polynomial offset (window mean subtracted).

Theorem 4.2.2 shows that it is possible to evaluate the prediction a ∗ PENO(b ∗ x) by

first computing a ∗ PENO(b ∗ (x − p)) and then adding the appropriate polynomial to

the result. In particular, this modification can be applied to the windowed method in
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Theorem 4.2.1. Let vn be as defined in (4.7) and let wn = vn − p. Then by Theorems

4.2.1 and 4.2.2,

(a ∗ (PENO(b ∗ wn))[2n + 1] +
k∑

j=0

2−jβj(2n + 1)j = (a ∗ (PENO(b ∗ x))[2n + 1].

For example, p could be a constant polynomial equal to the mean of vn or the least-

squares quadratic fit of vn. With these choices, the values wn[m] tend to be of smaller

magnitude than vn[m], improving precision.

In Figure 4.2, a 4096-sample input signal (top left) has one stage of ENO decomposition

with 4th-order spline discretization and 9th-degree interpolation. The decomposition is

then reconstructed and compared to the original. All computations are done with 64-bit

floating-point arithmetic. With direct computation (top right), the error begins low at

the left end of the signal (n = 0) and grows as n increases. The best result is obtained

with windowed computation and polynomial offset (bottom right). Reconstruction error

is especially low where the input signal is locally constant.

The presented computation methods are not only useful with high-order spline schemes,

they also benefit cell-average and hat-based schemes. The effects of instability with

lower-order spline discretizations are less severe, but they are still considerable. Any

scheme with spline discretization can benefit from these computation methods.
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Conclusions

This thesis develops a new approach to the construction of Harten schemes, where the

decimation operator is based on any FIR decimation filter h.

• It is possible to design all the operators (Dk−1
k , P k

k−1, Ek, Fk) necessary for im-

plementing a nonredundant scheme from h without ever defining Dk or Rk (§3.1,

§3.2).

• Dk and Rk can be constructed (§3.3) such that they are consistent with the deci-

mation and prediction operators defined in §3.1.

• Construction of Rk “via primitive function” [5, 20] and the notion of primitive

generalizes to discretizations with any h (§3.3).

• As a special case of this construction, a family of Harten schemes with spline

discretizations is developed in §3.4.1, where the cell-average and hat-based dis-

cretizations are the first and second members.

• It is also possible to construct Harten schemes with non-spline discretizations, like

the example in §3.4.2.
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• Harten’s modified encoding scheme [19] can be extended (§4.1) to the schemes

developed in chapter 3.

This work expands the choice of discretization to any discretization with an FIR dec-

imation filter. New Harten schemes are possible with the presented construction, in

particular, ENO schemes with smoother decimation filters.

In this work, the construction has been limited to decimation operators defined by

FIR convolution and downsampling. The Harten framework allows more than this; the

decimation filter could be infinite impulse response (IIR), or the decimation operator

could even be a linear operator other than convolution. Another limitation in this paper

is the requirement of uniform sampling, which is necessary for a meaningful Z-transform.

Wavelets on nonuniform sampling have been approached [15] using Sweldens’s lifting

scheme [30]. As the lifting scheme has done for wavelets, an analogy of the lifting

scheme in the Harten framework could facilitate the construction of more elaborate

discretizations on nonuniform sampling.

Provided singularities are well separated, ENO interpolation as described in §2.2.1 yields

high accuracy over all intervals not containing singularities, even those adjacent to a

singular cell. The ENO subcell resolution (ENO-SR) technique [4] improves the accuracy

over a singular cell by extrapolating the neighboring cells’ interpolants. ENO-SR usually

outperforms standard ENO in nonlinear approximation [3]. In [5], ENO-SR is developed

for the hat discretization, but it is specific to the hat discretization and without a

clear generalization. If a generalization is found, ENO-SR could be done with other

discretizations.



Appendix A

4
th-Order Spline ENO

Assuming N ≥ 4 and given r ≥ N + 2, 4th-order spline ENO decomposition is

for k = L, . . . , 1

Evaluate the decimation operator, vk−1 := ↓(h ∗ vk), with periodic boundaries

vk−1[n] :=
2∑

m=−2

h[m] vk[(2n−m) mod Jk], for n = 0, . . . , Jk−1 − 1

Evaluate the prediction operator, pk := a ∗ PENO(b ∗ vk−1)

v̊k−1[n] :=
n∑

m3=−r

m3∑

m2=−r

m2∑

m1=−r

m1∑

m=−r

vk−1[mmod Jk], for n = −r, . . . , Jk−1 + r − 1

p̊k := P̃ENOv̊k−1

pk[n] :=
2∑

m=−2

a[m] p̊k[(2n−m) mod Jk], for n = 0, . . . , Jk − 1

Evaluate dk := ↓ (g ∗ ek)

ek[n] := vk[n] − pk[n], for n = 0, . . . , Jk − 1

dk[n] :=

2∑

m=0

g[m] ek[(2n−m) mod Jk], for n = 0, . . . , Jk−1 − 1

end

m = (v0, d1, . . . , dL)

57
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The corresponding reconstruction is

for k = 1, . . . , L

Evaluate the prediction operator, pk := a ∗ PENO(b ∗ vk−1)

v̊k−1[n] :=

n∑

m3=−r

m3∑

m2=−r

m2∑

m1=−r

m1∑

m=−r

vk−1[mmod Jk], for n = −r, . . . , Jk−1 + r − 1

p̊k := P̃ENOv̊k−1

pk[n] :=

2∑

m=−2

a[m] p̊k[(2n−m) mod Jk], for n = 0, . . . , Jk − 1

Evaluate ek := g̃ ∗↑ dk

ek[n] :=

1∑

m=−3

g̃[m] (↑dk)[(n−m) mod Jk] for n = 0, . . . , Jk − 1

vk[n] := pk[n] + ek[n], for n = 0, . . . , Jk − 1

end



Appendix B

Cumulative Summations

Let cN [n] be the impulse response such that cN ∗ x is the N th-order cumulative sum-

mation of signal x. For N = 1,

(c1 ∗ x)[n] =
n∑

m=−∞
x[m] and c1[n] =







1, if n ≥ 0,

0, if n < 0,

thus its Z-transform is ĉ1(z) = (1−z−1)−1. By the cascade property, ĉN (z) = (ĉ1(z))N =

(1 − z−1)−N .

Theorem B.0.3. The impulse response cN is

cN [n] =

(
n+N − 1

n

)

u[n] =
−u[n]

(N − 1)!

N−1∑

k=0

(−1)N−ks(N − 1, k) (n + 1)k,

where s(N−1, k) is a Stirling number of the first kind. For n ≥ 0, cN [n] is a polynomial

of degree N − 1.

Proof. Given r ≥ 0, 0 ≤ k ≤ r, Pascal’s Formula [31] is the identity

(
r

k

)

=

(
r − 1

k − 1

)

+

(
r − 1

k

)

. (B.1)
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This is visually demonstrated in Pascal’s triangle: each element is the sum of the two

elements diagonally above it. For any N ≥ 1,

n∑

m=0

(
m+N − 1

m

)

=

(
n+N

n

)

. (B.2)

To see that this is true, apply induction over n: Because
(r
0

)
= 1 for any r, (B.2) is true

for n = 0 for any N . Suppose that (B.2) is true for n = k, then by Pascal’s Formula it

is also true for n = k + 1,

k+1∑

m=0

(
m+N − 1

m

)

=

(
k +N

k

)

+

(
k + 1 +N − 1

k + 1

)

=

(
k + 1 +N

k + 1

)

.

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

1 6 15 20 15 6 1

1 7 21 35 35 21 7 1

Figure B.1: The first eight rows of Pascal’s triangle. As an example of (B.2), 1 + 3 +

6 + 10 = 20.

Because c1[n] = 0 for n < 0, cN [n] = (cN−1 ∗ c1)[n] = 0 for n < 0 as well. Notice that

c1[n] = 1 =
(
n
n

)
for n ≥ 0. Visually, c1 is the right edge of Pascal’s triangle. By (B.2),

c2[n] =

n∑

m=0

c1[m] =

(
n+ 1

n

)

u[n],

thus by induction,

cN+1[n] =
n∑

m=0

cN [m] =

(
n+N

n

)

u[n].

Expressing the binomial coefficient as a Pochhammer symbol reveals that cN has closed

form

cN [n] =
−u[n]

(N − 1)!

N−1∑

k=0

(−1)N−ks(N − 1, k) (n + 1)k
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where s(N − 1, k) is a Stirling number of the first kind [32]. In particular, s(N − 1,N −

1) = 1 for any N . Then expanding (n + 1)k = nk + · · · + 1 shows that the polynomial

coefficient on the highest power nN−1 is 1
(N−1)! . Therefore, cN [n], n ≥ 0, is a polynomial

of degree N − 1.

Theorem B.0.4. Let x[n] = nku[n] for k ≥ 0. Then for n ≥ 0, (cN ∗ x)[n] is a

polynomial of degree N + k.

Proof. If k = 0, then x = u[n] = c1. Because cN ∗ c1 = cN+1, Theorem B.0.3 implies

(cN ∗ u)[n], n ≥ 0, is a polynomial of degree N . Similarly, when k = 1, x = nu[n] = c2

and cN ∗ x = cN ∗ c1 ∗ c1 = cN+2, which is a polynomial of degree N + 1 for n ≥ 0.

For x = nku[n] with k > 1 (where x 6= c k+1), x can be expressed as a linear combination

of cumulative summation impulse responses. Let {αj}k
j=0 be the coefficients such that

x[n] =
k∑

j=0

αjc
j+1[n].

Such {αj} are guaranteed to exist because the set {c j+1}k
j=0 spans all degree-k polyno-

mials. So

(cN ∗ x)[n] =

k∑

j=0

αj(c
N ∗ c j+1)[n] =

k∑

j=0

αjc
N+j+1[n],

which implies (cN ∗ x)[n], n ≥ 0, is a polynomial of degree N + k.
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