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Abstract
We propose a new method for the analysis of functional magnetic resonance images (fMRI). The decision that a voxel v0 is activated is based not solely on the value of the fMRI signal at v0, but rather on the comparison of all time series sv(t) in a small neighborhood Nðv0 Þ around v0. Our approach explicitly takes into account the intrinsic spatiotemporal correlations that exist in the data.
We focus on experimental designs with periodic stimuli, and therefore we can capture most of the features of the BOLD signal with a
low dimensional subspace in the frequency domain. The presence of activated time series can be detected by partitioning the time
series in this low dimensional space. Experiments with simulated data, and experimental fMRI data, demonstrate that our approach
can outperform standard methods of analysis, such as the t-test.
 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Functional magnetic resonance imaging (fMRI) is a
non-invasive imaging technique that can produce maps
of local changes in cerebral blood ﬂow and oxygenation
level. Blood oxygenation level-dependent (BOLD) fMRI
uses deoxyhemoglobin as a contrast agent: deoxygenated hemoglobin induces a diﬀerence in magnetic susceptibility relative to the surroundings. This local
modiﬁcation of susceptibility can be measured, and
maps of changes in cerebral venous oxygen concentration can be obtained. Unfortunately changes in the
BOLD signal that occur during brain activation are very
small (1–5%) and are often contaminated by noise (created by the imaging system hardware or physiological
processes). Statistical techniques that handle the stochastic nature of the data are commonly used for the
detection of activated voxels (Petersson et al.,
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1999a,b). Unfortunately, these techniques rely heavily
on oversimpliﬁed assumptions about the fMRI time series. For instance, it is often assumed that the fMRI time
series correspond to the realization of an identically
independent stochastic process. In fact, correlations in
time and in space do exist (Friston et al., 1993, 1999).
The temporal correlation can be taken into account by
using a parametric model of the hemodynamic response
(Friston et al., 1994). The parameters of such a model
can be estimated from the data with a maximum likelihood approach (Petersson et al., 1999a,b). Even though
this approach oﬀers a more sophisticated treatment of
the temporal correlation, it requires a priori knowledge
of the hemodynamic response function, which in many
cases is diﬃcult to obtain (Gössl et al., 2000; Baumgartner et al., 1998). In addition, this approach does not yet
take into account the existence of the spatial correlation
between neighboring voxels, since it detects activation
on a voxel per voxel basis. In order to take advantage
of existing correlations between time series, an alternative approach considers each time series as a vector in
a large dimensional space (the dimension is given by
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the number of time samples) and assumes that time series can be grouped together by their structural similarities. Classiﬁcation and clustering techniques can be used
for separating activated voxels from non-activated voxels (Petersson et al., 1999a,b). Classiﬁcation methods all
require that a training set be available. In fMRI analysis
it would be very diﬃcult to use previously collected
fMRI data sets as a training set since the fMRI response
depends on a great number of factors such as image
acquisition parameters, paradigm design, subject,
and region of the brain activated (Aguirre et al., 1998;
McGonigle et al., 2000). To overcome the need for a
training set, clustering techniques (Fischer et al., 1997;
Baumgartner et al., 1998; Golay et al., 1998; Goutte
et al., 1999) have been proposed. The clustering analysis
approach partitions time series by optimizing a criterion
based on similarity indexes such as the Euclidean distance or a correlation index.
All methods based on clustering that have been proposed in the literature so far suﬀer from the following
problems. First, the clustering analysis usually partitions
all the time series from the entire brain and therefore requires some knowledge about the number of clusters
(Somorjai et al., 2000). Although experiments are generally designed to activate only one speciﬁc region, artifactual activations are common in other regions of the
brain and make the ‘‘global’’ clustering analysis unnecessarily complicated. The number of activated voxels is
usually a very small fraction of the total number of voxels, and therefore the ‘‘activated’’ cluster will be diﬃcult
to detect. Second, most of the clustering techniques perform the clustering in the original high dimensional time
domain. The curse of dimensionality (Scott, 1992) forces
us to use a number of time series that increase as an
exponential function of the number of time samples to
achieve good classiﬁcation error rates. The clustering
would be greatly simpliﬁed if we could project the time
series on a low dimensional subspace wherein we would
perform the clustering. Finally, the most widely used
similarity indexes are the Euclidean distance and the
correlation indexes. These two indexes, as will be shown
later in this work, are not adapted to fMRI data, which
are very noisy and where correlations between time series exist. In order to address the ﬁrst problem, we introduce in this work a new framework for ‘‘locally’’
detecting activations in fMRI data using clustering
methods. Since it has been shown that the human cerebral cortex can be partitioned into distinct functional
areas (Zeki, 1990), we perform the analysis of the fMRI
time series locally in space. The second problem, the
curse of dimensionality, can be eﬃciently addressed with
an appropriate change of coordinates in such a way that,
in the new coordinate system, only a small number of
coordinates are required to describe most of the variation in the data. Principle Component Analysis (PCA)
(Gabbay et al., 2000) is an example of such methods.

Although our framework is not restricted to a certain
type of fMRI experiments, we focus on experimental designs with periodic stimuli. It has been shown that the
BOLD response to periodic stimuli can be well described
by a small number of Fourier coeﬃcients (Bullmore
et al., 1993; Lange and Zeger, 1997; Marchini and Ripley,
2000). Replacing a Fourier analysis by a wavelet analysis should allow us to handle non-periodic paradigms
within the same framework (Meyer and Chinrungrueng,
2003a). Finally, we address the third problem and propose a new similarity index based on both the Euclidean
distance and a correlation index to improve the performance of our clustering method. The original contributions of this work include: (1) a new local clustering
framework that integrates spectral estimation and
dimension reduction; and (2) a new similarity index
based that measures the proximity of time series in the
frequency domain. The emphasis of this work has been
placed on developing a method which can rely on very
little a priori information about fMRI data and is general enough to be applicable to any periodic fMRI
experiment. We performed an extensive study of the
method in order to evaluate the inﬂuence of the parameters of the method on the overall performance.
The paper is organized as follows. In Section 2 we
provide a general description of the method. We review
in Section 3 spectral estimation techniques and describe
how the dimensionality of the problem can be reduced.
Section 4 brieﬂy discusses clustering algorithms, presents an fMRI model, and describes a new similarity index. In Section 5 we describe the method for combining
local decisions to generate a global activation map.
Experiments conducted on artiﬁcial data and real fMRI
data are presented in Section 6.

2. General description of the method
Fig. 1 shows a block diagram that illustrates the principle of our approach. We consider a group of voxels,
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Fig. 1. Principle of the local frequency-based clustering algorithm.
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and the corresponding time series, from a small neighborhood Nðv0 Þ inside the brain. We partition these time
series into two clusters. If Nðv0 Þ is located in a part of
the brain that is activated, then one of the two clusters
encompasses the activated voxels, or activated time series. The other cluster contains time series that correspond to background activity. If the neighborhood is
in a part of the brain with no activity correlated to the
stimulus, then all time series are considered to be background activity. As Nðv0 Þ is moved throughout the
brain, local decision (activation/non-activation) are
computed for each voxel v 2 Nðv0 Þ. This principle exploits the intrinsic spatial correlation that is present in
the data. Indeed, truly activated voxels tend to be spatially clustered, while falsely activated voxels will tend
to be scattered. One can then increase the sensitivity of
the detection by using the fact that real activation
should be more clustered than artifactual activation
caused by noise. These local decisions are combined to
generate a more robust global activation score, which
can be presented in the form of an activation map. Unlike global clustering methods, our local clustering approach only partitions the time series in a small region
of the brain. Furthermore, the clustering of the time series is not performed directly on the raw fMRI signal. Instead, the raw data are projected on a set of basis
functions conveniently chosen for their discriminating
power, and their robustness to noise. If the stimulus is
periodic, the Fourier basis provides the most interesting
projection of the data. We expect the energy of the time
series to be distributed over only a small number of coefﬁcients in the Fourier domain (Lange and Zeger, 1997;
Marchini and Ripley, 2000; Mitra and Pesaran, 1999).
One can then reduce the dimensionality of the problem
by keeping only those Fourier coeﬃcients that explain
most of the variance in the signal. Finally, a clustering
algorithm partitions the time series in the reduced frequency space into ‘‘activated’’ and ‘‘non-activated’’ time
series.

3. Spectral estimation and dimensionality reduction
The majority of fMRI experiments rely on periodic
stimuli. The periodic structure of the stimulus is
exploited in many techniques such as the t-test (Petersson et al., 1999a,b) and correlation analysis (Bandettini
et al., 1993) to detect activation. However, these methods require that the stimulus time course (or hemodynamic function) and the delay of the response be
known (Bandettini et al., 1993; Friston et al., 1994).
The existing variation in delay (Müller et al., 2001; Saad
et al., 2001) is often overlooked and assumed to be constant over all activated voxels (Bandettini et al., 1993;
Friston et al., 1994), yielding results that are not robust.
In the spectral (Fourier) domain the delay creates a shift
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in the phase of the spectrum of the time series, and the
magnitude of the time series is left unchanged.
Let sv(t) be the fMRI signal measured at the voxel v,
at time t = 0, . . . ,T  1. We assume that sv(t) is a stationary stochastic process indexed by the position v.
The stochastic process is characterized by its power
spectrum fsv sv ðxÞ. A number of spectral-based techniques have been proposed to analyze fMRI data
(McCarthy et al., 1996; Bullmore et al., 1993; Lange
and Zeger, 1997; Marchini and Ripley, 2000; Mitra
and Pesaran, 1999).
3.1. Spectral estimation
We consider a tapered estimate of the power spectrum (Brillinger, 2001),
2
!1 

X
T 1
T 1
X


I sv sv ðxk Þ ¼ 2p
h2 ðtÞ
hðtÞsv ðtÞ expfixk tg ;



t¼0
t¼0
ð1Þ
where xk = 2pk/T. When h is the Dirichlet taper
(h(t) = 1), I sv sv is the periodogram. The periodogram suffers from being a biased and inconsistent estimate of the
power spectrum. The bias can be reduced by using a
smoother taper with a faster decay in the Fourier domain. Combining several independent estimates of I sv sv
obtained with diﬀerent tapers can lead to a reduction
of the variance of the estimator. Thomson (1982) proposed to estimate the power spectrum with several
orthogonal tapers hn that have a Fourier transform with
a fast decay. These tapers are constructed using the discrete prolate spheroidal sequences (DPSS) (Thomson,
1982). Each DPSS hn satisﬁes the homogeneous integral
equation
Z B
sin T pðx  nÞ
hn ðnÞ dn ¼ kn hn ðxÞ;
ð2Þ
B sin pðx  nÞ
where B 2 (0,1/2] is the bandwidth of the main lobe of
the Fourier transform Hn(x) of hn. The eigenvalues kn
can be ranked in decreasing order, 1 > k0 > k1 >   .
Each kn measures the fraction of the energy of Hn(x)
in the main lobe (B,B). The ﬁrst 2TB eigenvalues are
very close to 1, and therefore most of the energy of
Hn(x) is localized in the interval (B,B). Thomson
(1982) proposed to estimate the power spectrum by
averaging several I nsv sv ðxk Þ computed with the tappers
hn, n = 0,. . .,TB  1. Because the tapers are orthogonal
to one another (they are eigenvectors), averaging reduces the variance of the ﬁnal estimate. This method is
called the multi-taper spectral estimation. The variance
of the ﬁnal spectral estimate decreases as more
I nsv sv ðxk Þ are included in the average. Unfortunately this
comes at a price: one needs to increase B (the spread
of Hn(x)) in order to obtain a larger number of hn from
Eq. (2). As a result each hn will have a broader Fourier
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transform, and each individual power spectrum estimate
I nsv sv ðxk Þ will have a larger variance.

r2v0 ðxk Þ ¼

3.2. Reduction of dimensionality

where

We perform the clustering of the data in the Fourier
domain. For periodic stimuli, it is possible to perform
the clustering on a smaller subset of frequencies, and
therefore reduce signiﬁcantly the complexity of the clustering algorithm. We use the following experimental
observations to choose the set of frequencies that will
be used for clustering.

I v0 ðxk Þ ¼

X
1
ðI s ;s ðxk Þ  I v0 ðxk ÞÞ2 ;
N  1 v2Nðv Þ v v

ð3Þ

0

1 X
I s ;s ðxk Þ
N v2Nðv Þ v v
0

is the average power spectrum estimate in the neighborhood Nðv0 Þ at the frequency xk. We deﬁne the frequency indexes kl, l = 0,. . .,T  1 such that
r2v0 ðxk0 Þ P    P r2v0 ðxkl Þ P r2v0 ðxklþ1 Þ P    r2v0 ðxkT 1 Þ:
ð4Þ

(1) If v is an activated voxel, then the maximum of the
power spectrum fsv ;sv will be at the stimulus frequency xs (Bullmore et al., 1993; Lange and Zeger,
1997; Marchini and Ripley, 2000; Mitra and Pesaran, 1999). Fig. 2 (left) illustrates this ﬁnding. The
ﬁgure shows the estimate of the power spectrum
for the centroids of the ‘‘activated’’ and ‘‘non-activated’’ time series. The time series were extracted
from a small neighborhood in the visual cortex
(details about the experiment are provided in Section 6.2.1).
(2) The estimate of the variance of I sv ;sv ðxs Þ computed
over a set of activated voxels v is signiﬁcantly larger
than the same variance computed from a set of nonactivated voxels (Baumgartner et al., 1998).
If a neighborhood Nðv0 Þ contains a mixture of activated and non-activated voxels, then we expect the variance of I sv ;sv ðxs Þ computed over the group of activated
voxels to be larger than the variance computed using
the background (non-activated) voxels only. This observation suggests that we should keep only the frequencies
with the largest variance. In order to select this subset of
frequencies, we estimate the variance of I sv ;sv ðxk Þ over
the N voxels inside the neighborhood Nðv0 Þ,

(a)

l¼0
TP
1
l¼0

600
500
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200
100

r2v0 ðxkl Þ
ð5Þ

;
r2v0 ðxkl Þ

is larger than a speciﬁed threshold c 2 [0,1]. In the rest of
the paper, the set of frequencies indexes k0,. . .,ks  1 is
referred to as a the ‘‘reduced frequency set.’’ Fig. 2
(right) shows a scatter plot of 75 time series. Our algorithm identiﬁed two classes: activated and non-activated
time series. We consider the centroid of each class, and
construct the axis that passes through the two centroid
in the frequency space (see Fig. 3). We then choose a
random direction orthogonal to this axis, and deﬁne a
second axis. Finally, we project all the time series on
the plane deﬁned by these two axes (see Fig. 3) to create
the scatter plot shown in Fig. 2 (right). The axis deﬁned
by the two centroids is in fact very close to the axis deﬁned by the frequency xk that is the closest to the stimulus frequency. We observe that the variation of the
data along the horizontal axis is much larger than the
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Axis orthogonal to x axis

Centroid Spectral Coefficients

800

In order to reduce the dimension of the problem, we
keep only the ﬁrst s frequencies xkl , where s is chosen in
such a way that the relative partial sum of r2v0 ðxkl Þ,
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Fig. 2. (a) Spectral coeﬃcients of the two cluster centroids obtained by clustering in the frequency space 75 time series extracted from a 5 · 5 · 3
neighborhood located in the visual cortex (see Section 6.2.1 for details about the experiment). The activated centroid shows a sharp peak at the
stimulus frequency (1.67 · 102 Hz). (b) Scatter plot obtained by projecting all the 75 time series onto the axis between the two centroids and an
orthogonal axis. The variation of the data along the x axis is greater than that along the y axis as expected.
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distribution of the tapered periodogram. Section 4.2 describes the choice of similarity indexes.
4.1. Distribution of the spectral estimate I sv ;sv
Non activated cluster
Activated cluster

cluster centroids

Fig. 3. Projection of the time series in a plane deﬁned by the centroids
and a random orthogonal axis.

variation along the vertical axis (note the diﬀerence in
scale), and therefore the vertical axis is not useful for
separating the clusters. This conﬁrms the fact that it is
possible to cluster the time series using only a reduced
set of frequencies.

4. Local clustering
We consider in this section a small neighborhood
Nðv0 Þ placed around a voxel v0 inside the brain. Our
goal is to partition the N times series sv(t) from Nðv0 Þ
into two clusters.
We ﬁrst rapidly review the general principles of clustering algorithms. We then describe a statistical model
for the distribution of the estimate of the power spectrum I sv ;sv for activated and background voxels. This
leads us to the deﬁnition of an index for measuring similarities between two voxels u and v based on I su ;su and
I sv ;sv . Finally, we explain how we determine the labels
‘‘activated’’ and ‘‘non-activated’’ for each cluster.
A clustering algorithm is a method for partitioning a
set of vectors into groups of similar vectors. Given a
cluster c, a soft clustering algorithm estimates the likelihood lc(v) that each voxel v belongs to the cluster c. The
membership value can be normalized between 0 (v does
not belong to the cluster c) and 1 (v belongs to the cluster c). The fuzzy K-means algorithm (Bezdek, 1984) is
an example of soft clustering algorithms. When the clustering algorithm is only allowed to take hard decisions
(lc(v) = 0, or 1), then it is called a hard clustering
algorithm. Hierarchical clustering algorithms and the
K-means clustering algorithm (Hartigan, 1975) are
examples of hard clustering algorithms. A description
of the fuzzy K-means and K-means clustering algorithms can be found in Appendix A and B respectively.
All clustering algorithms require a similarity index to
measure how likely a vector belongs to a particular
cluster. We describe in Section 4.1 the probability

The most common method for acquiring an MR image is the phase encoding method (Liang and Lauterbur,
1999) that eﬀectively samples the two dimensional Fourier transform of the MR image. The measured MR
complex signal at a voxel v is obtained by performing
an inverse Fourier transform. A reasonable model for
the noise of the complex signal (in the Fourier and spatial domain) is an additive zero mean complex Gaussian
noise. In this work, we work with the magnitude sv of
the reconstructed complex signal. The distribution of
sv can then be shown to be given by a Rician distribution
(Gudbjartsson and Patz, 1995; Kisner et al., 2002).
Our method relies on a spectral analysis of the time
series sv(t), and therefore we need to ﬁnd the distribution
of the estimates of the power spectrum I sv ;sv . The estimation of the distribution of the tapered periodogram I sv ;sv
is diﬃcult, and in our case we only have access to the
asymptotic (when the number of time samples goes to
inﬁnity) distribution of I sv ;sv (Brillinger, 2001).
Theorem 1. I sv ;sv ðxk Þ are asymptotically independent random variables distributed with a fsv ;sv ðxk Þv22 =2 distribution,
pðxÞ ¼

fsv ;sv ðxk Þ x=2
e :
4

ð6Þ

Also,
EIsv ;sv ðxk Þ ¼ fsv ;sv ðxk Þ
varðI sv ;sv Þðxk Þ ¼

and

fs2v ;sv ðxk Þ:

ð7Þ

We note that this asymptotic result is very general and
requires only very weak assumptions on the stochastic
process sv(t). The sampling property of the tapered periodogram is actually independent of the distribution of
sv(t). The fact that the variance of the tapered periodogram is equal to the power spectrum at the corresponding
frequency casts a new light on the experimental observations that we mention in Section 3.2. Indeed, these observations can be interpreted as a property of the estimator
I sv ;sv , and not a property of the data. At the frequency of
the stimulus xs we expect that fsv ;sv ðxs Þ will be greater for
activated voxels than for background voxels, and consequently the variance of the estimator, given by (7), will be
larger for the activated voxels than for the background
voxels. This fact was observed experimentally, as explained in Section 3.2.
We propose the following model for the power spectrum of an activated voxel v:

fsv ;sv ðxk Þ ¼

Av

if xk ¼ xs ; the stimulus frequency;

ev

otherwise;
ð8Þ
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where Av  ev are two positive values. Obviously this
model does not take into account the presence of large
values of fsv ;sv at multiples of xs (harmonics). We have
found this assumption to be true in our experiments
(see also (Crellin et al., 1999) and (Marchini and Ripley,
2000) for a discussion on the lack of large power spectrum at harmonics of the stimulus frequency).
4.2. Choice of similarity indexes
We ﬁrst describe in this section two indexes that are
frequently used for clustering: the Euclidean distance
and the correlation index. We explain their limitations,
and propose a new index.
The Euclidean distance index dE is given by the standard Euclidean distance. This is the optimal index when
each cluster corresponds to the realization of a Gaussian
random variable with identity covariance matrix (no
correlations in the data). The Euclidean distance index
is therefore not appropriate for our purpose. In order
to handle the possible large variations of the power spectrum estimates at the stimulus frequency, we could use a
correlation index dC deﬁned by
d C ðu; vÞ ¼ gðqðu; vÞÞ;

ð9Þ

where g is a continuously and monotonically decreasing
function, and q is the PearsonÕs correlation factor computed over the set of reduced frequencies,
sP
1

ðI su ;su ðxk Þ  aveðI su ;su ÞÞðI sv ;sv ðxk Þ  aveðI sv ;sv ÞÞ

qðu; vÞ ¼ k¼0

varðI su ;su ÞvarðI sv ;sv Þ

;
ð10Þ

where
aveðI su ;su Þ ¼

s1
X

I su ;su ðxj Þ

ð11Þ

j¼0

and
varðI su ;su Þ ¼

s1
X

2

ðI su ;su ðxk Þ  aveðI su ;su ÞÞ :

ð12Þ

k¼0

The role of g is to translate a large correlation (q  1)
to a small distance (dc  0). In order to penalize the situations where q = 1, we use a non-linear function (Golay et al., 1998),

b
1x
gðxÞ ¼
; b > 0:
ð13Þ
1þx
Because the correlation index measures only the angle
between the two vectors I su ;su and I sv ;sv in Rs , the activated cluster will not only contain activated voxels with
varying strength, but also noisy voxels. Such noisy voxels v will be included if their power spectrum is maximum at the stimulus frequency xs, even if I sv ;sv ðxs Þ is
quite small. This will create false positives.

In order to lower the number of false positives created by the correlation index, we propose a new index
that combines the Euclidean distance and the correlation index, and is deﬁned by
d M ¼ d aE d C1a ;

with

0 6 a 6 1:

ð14Þ

A clustering algorithm equipped with this index will
group together time series that have the same frequency
contents (large PearsonÕs index) and similar amplitudes
(low Euclidean distance). With this index, weakly activated voxels (larger Euclidean distance) will be separated from the noise only if they are strongly
correlated (very small correlation index) with the centroid of the activated cluster. Because we expect the variance of the power spectrum at the stimulus frequency to
be large for all activated time series (as explained in Section 4.1), we need to relax the constraint on the Euclidean distance (we penalize less the Euclidean index),
hence we choose a < 1/2.
4.3. Activated cluster identiﬁcation
For each position of the neighborhood NðvÞ, the
clustering algorithm provides us with two clusters. We
need to decide if one of the two clusters corresponds
to an activated cluster. If the neighborhood NðvÞ is located in a part of the brain that is activated, then one of
the two clusters contains activated voxels, and the other
cluster is composed of time series that describe background activity. If the neighborhood is in a part of the
brain with no activity correlated to the stimulus, then
all time series correspond to background activity, and
the partition of the time series into two clusters is artiﬁcial. According to our model of the power spectrum (8),
the time series in the activated cluster should exhibit a
sharp peak at the stimulus frequency xs. We decide that
a cluster is an activated cluster if the estimate of the
power spectrum of the cluster centroid contains a sharp
peak. Because we are not using the knowledge of the
stimulus frequency xs, we will sometimes detect large
pulsating veins as ‘‘activated’’. The idea of detecting a
peak in the power spectrum was originally suggested
in (Bandettini et al., 1993). A technique based on the
similar principle is also proposed in (Marchini and Ripley, 2000). We note that the centroid is a virtual time series (with no physical existence) that represents the
average of group of time series. Most Fourier-based
techniques in fMRI detect the presence of activation
based on the power spectrum of each individual voxel.
Working with the power spectrum of the centroid allows
us to combat the presence of random noise in the data.
We perform the peak detection as follows. For each
cluster c, we compute the average of the power spectrum
of the centroid I sc ;sc over the reduced set of frequencies
with Eq. (11). We decide that cluster c is a cluster of activated voxels if there exists only one frequency xk0 such
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that I sc ;sc ðxk0 Þ P a aveðI sc ;sc Þ. The value of a is chosen
experimentally; in our experiments we use a = 1.5. This
peak detection algorithm is simple and works well in
practice.
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We can deﬁne the membership of the voxel v0 to an
activated region A to be

lv ðv0 ; AÞ ¼

lv ðv0 ; aÞ

if a is an activated cluster;

0

otherwise:

4.4. What should be the size of NðV Þ?

ð15Þ

The neighborhood NðV Þ wherein the clustering is
performed should be large enough to yield reliable clustering results. As NðV Þ becomes larger (the limiting
case being that NðV Þ is the entire brain), then the cluster of activated voxels will be harder to detect. On the
other hand, if NðV Þ is too small it may contain only
activated voxels. Because we always split NðV Þ into
two clusters, the most reliable results will be obtained
when the number of activated voxels in NðvÞ is roughly
equal to the number of background voxels in NðV Þ.
Intuitively, the neighborhood size should be about the
same size as the activated region. Indeed, in this case
the number of activated voxels will be approximately
the same as the number of non-activated voxels as soon
as NðvÞ overlaps signiﬁcantly with the activated region
(see Fig. 4).

Now, lv(v0,A) still depends on the neighborhood
NðvÞ that contains v0. If we consider all the neighborhoods NðvÞ that contain v0 (see Fig. 4), we can deﬁne
the average membership value of v0 to an activated region A to be
X
lðv0 ; AÞ ¼
Kðkv  v0 kÞlv ðv0 ; AÞ:
ð16Þ

5. Global activation map with local clustering

 the triweight kernel, deﬁned by
(
35
ð1  y 2 Þ3 if jxj 6 1;
32

In the previous section, we described a method to decide if one of the two clusters identiﬁed by the clustering
algorithm corresponds to an activated cluster or not. We
now describe the computation of the ‘‘global’’ membership value using these ‘‘local’’ clustering results. Let
NðvÞ be a small neighborhood of radius l that contains
v0. We cluster all the time series in NðvÞ, and test for the
presence of an activated cluster. If one of the two cluster
is detected as activated, then we consider lv(v0,a), the
membership of v0 to the activated cluster a. Activated regions should not overlap, and therefore if the same voxel
v0 belongs to an activated cluster a in a neighborhood
NðvÞ, and also belongs to an activated cluster a 0 in a
neighborhood Nðv0 Þ, then the clusters a and a 0 should
be composed of voxels from the same activated region
A.

activated region A

v0
N(v’)
v
N(v)
Fig. 4. A voxel v0 is belongs to the activated region A for several
diﬀerent position of the neighborhood NðvÞ.

v

K is a kernel that gives more importance to the outcome of the clustering decision when the neighborhood
NðvÞ is centered around the voxel v0. In this work, we
consider two kernels deﬁned on [1,1],
 the Epanechnikov kernel, deﬁned by
3
ð1  x2 Þ if jxj 6 1;
KðxÞ ¼ 4
0
otherwise;

0

otherwise:

ð17Þ

ð18Þ

As the membership value lðv; AÞ gets closer to 1, the
probability that v belongs to the activated region A increases. We can threshold the membership maps to construct activation maps. For a given threshold l0, we
decide that a voxel v is activated if lðv; AÞ P l0 .

6. Experiments and results
Our method relies on two components: the spectral
analysis of the time series, and the clustering of the
power spectra. In this section we compare two clustering
algorithms and two spectral estimation techniques and
analyze their inﬂuences on the performance of our algorithm. We use synthetic data in order to have access to
the ground truth. We also study the inﬂuence of the
other parameters for the algorithm: the similarity indexes, the neighborhood size, and the kernels. Finally,
we apply our algorithm to the analysis of in vivo fMRI
data. We provide comparisons with the t-test for both
the artiﬁcial data and fMRI data. In order to analyze
the performance of our approach, we deﬁne the following terms:
True activation rate is the ratio between the number
of time series correctly identiﬁed as activated and the total number of truly activated time series.
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False activation rate is the ratio between the number
of time series incorrectly identiﬁed as activated and the
total number of truly non-activated time series.
In order to study the inﬂuence of the key parameters
of our method on the overall performance, we generate
plots of true and false activation rates (number of true
and false positives) at diﬀerent membership value
thresholds. The deﬁnition of the false activation rate
is similar to the deﬁnition of the p-value, which is the
probability of identifying a false positive. We can therefore relate the membership value to the p-value through
the empirical false positive rate. We can ﬁnd the membership value that yields a false activation rate that is
equal to a given p-value. In general, a membership value larger than 0.8 corresponds to a small p-value
(103). We derive in Appendix C a non-linear relationship between the membership value and the p-value, when the clustering is based on the PearsonÕs
correlation index. We also plot Receiver Operating
Characteristic (ROC) curves. The ROC analysis (Sorenson and Wang, 1996) was developed as a tool to provide standardized quantitatively and statistically
meaningful comparisons of detection accuracy between
diﬀerent analysis techniques. The essence of ROC analysis is the comparison of the true activation rates obtained with diﬀerent analysis techniques for a given
false activation rate. The comparison can be performed
regardless of the type of rating scales (p-value or membership value) that is used to detect activation in the
ﬁrst place. A plot of true activation rate versus false
activation rate for diﬀerent threshold values of a rating
scale is called an ROC curve. Under the assumption
that the underlying data for truly positives and truly
negative trials form a binormal distribution, the area
under the ROC curve can be shown to be the probability that the corresponding analysis technique will correctly identify the true positives (Sorenson and Wang,
1996). In this work it is suﬃcient to provide a visual

comparison of the ROC curves obtained with diﬀerent
analysis techniques, as we do not intend to explore the
full capabilities of the ROC analysis. An fMRI study
by Constable et al. (1995) also relied on the visual comparisons of ROC curves.
6.1. Experiments with artiﬁcial data
6.1.1. Artiﬁcial data
We generate a synthetic three-dimensional fMRI
dataset in which one small region (3 voxels in diameter) and one large region (5–6 voxels in diameter) are
activated. The dataset contains six slices. Slices 2 and
3, which are shown in Fig. 5, contain signiﬁcant activation. The MR signal at a voxel v and at time t is the sum
of a complex signal Av ðtÞeihv ðtÞ and a complex Gaussian
white noise nc(t),
Av ðtÞeihv ðtÞ þ ncv ðtÞ:

ð19Þ

The amplitude Av is a sinusoidal function of time,
Av ðtÞ ¼ M v sinðxs t þ uv Þ;

t ¼ 0; . . . ; T  1:

ð20Þ

The phase of the MR signal is not used, and we only
consider the magnitude
sv ðtÞ ¼ jAv ðtÞeihv ðtÞ þ ncv ðtÞj:

ð21Þ

If v is a non-activated voxel, we have Av = 0. We consider two levels of activation, Mv = 500 or Mv = 510.
The complex Gaussian noise ncv is centered with unit variance. If v is activated, then the signal sv(t) is distributed
according to a Rician distribution. If v is non-activated,
then the signal sv(t) is distributed with a Rayleigh distribution (Gudbjartsson and Patz, 1995). Without loss of
generality we choose hv ðtÞ ¼ p=4 (the real and imaginary
channels play a symmetric role). We consider T = 80 discrete time samples. The frequency of the signal is xs = p/
10. The random delay uv in (20) is Gaussian distributed
with zero mean and unit variance.

Fig. 5. Slice 2 (a) and slice 3 (b) of the artiﬁcial dataset with two levels of activation.
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identiﬁes weakly activated time series as non-activated.
The correlation index can identify these weakly activated voxels as activated. Unfortunately, it also includes
non-activated noisy time series that happen to be correlated with the cluster centroid. The eﬀect is an increase
in true positives at the expense of a signiﬁcant increase
in false positives. The modiﬁed index yields approximately the same number of true positives as the correlation index without signiﬁcantly increasing the number of
false positives. We conclude that the modiﬁed index
yields the best performance with our artiﬁcial data in
terms of the number of true positives obtained under
the condition that the number of false positives be the
same. Hence, we use the fuzzy K-means clustering algorithm with the modiﬁed index in the rest of our
experiments.

6.1.2. Choice of the clustering algorithms
We ﬁrst study the inﬂuence of the clustering algorithm on the performance of the approach. Speciﬁcally,
we compare two diﬀerent types of clustering methods:
soft and hard thresholding. We compare the fuzzy Kmeans clustering algorithm (Bezdek, 1984), a soft clustering method, to the K-means clustering algorithm
(Hartigan, 1975), a hard-type clustering algorithm. Both
algorithms rely on the Euclidean distance to measure
proximity in the frequency space. In the following experiments, we use the periodogram to estimate the power
spectrum, and we keep only the frequencies that can explain C = 50% of the total variance.
Fig. 6 shows the number of true and false positives as
a function of the membership value using the two clustering algorithms. This experiment shows that the fuzzy
K-means clustering algorithm outperforms the K-means
clustering algorithm in terms of identifying more true
positives over a wide range of the membership values,
over which false positives obtained with both clustering
algorithms are comparatively low (see also the ROC
curves in Fig. 7). The number of true positives tends
to be lower with the K-means clustering algorithm.
We believe that a hard decision (0 and 1) is not adapted
to fMRI data. We performed the same experiment using
the correlation index and the modiﬁed index, and the results (not shown here) are similar to the result obtained
with the Euclidean distance. We therefore use the fuzzy
K-means clustering algorithm for all experiments presented in the rest of the paper.

6.1.4. Neighborhood size
Another important parameter of our algorithm is the
size of the neighborhood NðvÞ (deﬁned by the length l
1

True activation rate

0.8

0.6

0.4

6.1.3. Similarity indexes
We then compare the eﬀect of the similarity indexes:
the Euclidean distance, the correlation index, and the
modiﬁed index. Fig. 8 shows the number of true positives and false positives with the three similarity indexes.
Fig. 9 shows the ROC curves for the diﬀerent indexes.
As expected, the Euclidean distance yields few true positives with extremely few false positives since it discovers
only strongly activated time series, but conservatively
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Fig. 7. ROC curves for the comparison of the soft and hard K-means
clustering algorithms.

0.8

0
0

(a)

0.2

False Activation Rate

True Activation Rate

1

59

0.04
0.03
0.02
0.01
0
0

1

(b)

Fuzzy K–means
K–means

0.2

0.4

0.6

0.8

1

Membership Value

Fig. 6. Number of true positives (a) and false positives (b) using a soft and a hard clustering algorithm.
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Fig. 8. Number of true positives and false positives obtained with the local frequency clustering algorithm using the fuzzy K-means clustering
algorithm with three diﬀerent similarity indexes.

of each side) within which we perform the local clustering. In this section, we study experimentally the eﬀect of
the neighborhood size on the clustering. We evaluate the

1

0.6

6.1.5. Averaging eﬀect and Kernel design
In this section we show that we can signiﬁcantly decrease the false activation rate by combining local clustering decisions. We applied the local frequency
clustering algorithm to the simulated dataset using a
neighborhood of size 5. Each voxel v0 is visited
53 = 125 times, and 125 ‘‘local’’ membership values
lv(v0,A) are computed for each position of the neighborhood NðvÞ. Fig. 12 shows the true and false activation
rates obtained by thresholding the average membership
lðv0 ; AÞ computed with a uniform kernel K using 1 voxel
(v0 only), 25 voxels v 2 Nðv0 Þ, (Nðv0 Þ is in the same
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Fig. 9. ROC curves for the comparison of clustering indexes.
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performance of the local frequency clustering algorithm
with three diﬀerent lengths for the neighborhood NðvÞ:
4–6 voxels. The true and false activation rates are plotted in Fig. 10 (see also Fig. 11 for the ROC curves).
While the true activation rates obtained with these three
neighborhoods are comparable to one another, the optimal false activation rate is obtained with the size-5
neighborhood. This optimal neighborhood size coincides with the average size of the activated regions
(Fig. 5), as is suggested in Section 4.4.
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Fig. 10. True and false activation rates obtained with the local clustering algorithm using diﬀerent window sizes.
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The Epanechnikov kernel is relatively ﬂatter than the
triweight kernel, which is a fast decreasing kernel that
gives much higher weights to the voxels in the middle
of the neighborhood. Fig. 15 compares the performance
of the uniform kernel, Epanechnikov kernel, and triweight kernel. The triweight kernel results in the highest
true activation rate with only a marginal increase in the
false activation rate for a membership value greater than
0.8 (see also Fig. 16).
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0
0
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Fig. 11. ROC curves for several neighborhood of size l · l · l.

slice as v0); and 125 voxels v 2 Nðv0 Þ, (Nðv0 Þ spans
three slices). Fig. 13 shows the same results in the form
of ROC curves. As expected, averaging ‘‘local’’ decisions lowers the false activation rate and yields a more
reliable ‘‘global’’ decision. However, giving equal importance to all the ‘‘local’’ membership values will signiﬁcantly lower the true activation rate. Fig. 12 shows
that the true activation rate obtained by computing
the average of 125 membership values is much lower
than that obtained by computing the average of only
25 membership values without signiﬁcantly improving
the false activation rate when the membership value is
higher than 0.8.
In the computation of the weighted average lðv0 ; AÞ
(see (16)) we penalize the membership values lv(v0,A)
when the neighborhood NðvÞ is far away from the voxel
v0. We compare here three diﬀerent weighting kernels K:
the uniform kernel, the Epanechnikov kernel and the triweight kernel. The discrete versions (we consider only
ﬁve samples here) of the Epanechnikov and triweight
kernels are displayed in Fig. 14.
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6.1.7. Comparison with the t-test
We ﬁnally compare the results obtained with the frequency clustering algorithm to the results obtained with

False Activation Rate

True Activation Rate
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6.1.6. Spectral estimation techniques
We now compare two spectral estimation techniques:
the periodogram and the multi-taper spectral estimation. The multi-taper was used with 2TB = 2 and 4
respectively. For such values of the parameter, the estimate of the power spectrum is computed by averaging
two and four eigenspectra I nsv sv respectively. The main
lobe bandwidth of the DPSS taper with 2TB = 4 is twice
as large as the main lobe bandwidth of the DPSS taper
with 2TB = 2. In this experiment, we used a spatial
neighborhood of size l = 5 and the uniform kernel. As
expected the multi-taper method results in more reliable
decisions in terms of lower false activation rates by making a more accurate spectral estimate with lower bias
and variance (see Figs. 17 and 18). In this experiment
the signal-to-noise ratio is large and the multi-taper approach results in true activation rates lower than with
the periodogram approach. The false activation rate is
not signiﬁcantly decreased by the DPSS method. The effect of the DPSS tapers is to blur the original spectrum,
without any signiﬁcant improvement in variance reduction. In general, if the signal-to-noise ratio is high, then
the periodogram may be used to achieve a higher true
activation rate. However, if the data are very noisy,
the multitaper method will yield a lower false activation
rate.
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Fig. 12. True and false activation rates obtained by uniformly averaging 1, 25 and 125 local membership values.
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Fig. 14. Discrete kernels sampled at voxel grids.
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a two-sided StudentÕs t-test. The t-test assumes that
fMRI time series correspond to the realization of an
identically independent stochastic process and divides
the data into two groups, obtained during on (stimulus)
and oﬀ (no stimulus) periods. It then computes a t statistic, which follows the t distribution with T  2 degree of
freedom, by dividing the diﬀerence of the sample means
of each group by the pooled standard deviation (Petersson et al., 1999a,b). In this experiment we used the following parameters for the local clustering algorithm: a
neighborhood of size 5, the triweight kernel, and the
power spectrum was estimated with the periodogram.
Fig. 19 shows the ROC curves obtained with our frequency clustering algorithm and the t-test applied to
the artiﬁcial data. The visual comparison reveals that
our frequency clustering algorithm outperforms the
t-test on the artiﬁcial fMRI data by yielding a larger
area under the ROC curve.
Fig. 20 shows the activation maps for slice 3 of the
artiﬁcial data that were generated using the t-test and
our local clustering algorithm respectively. The activa-
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Fig. 15. True and false activation rates obtained with three diﬀerent kernels.
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Fig. 17. True and false activation rates obtained with three diﬀerent tapers.

tion map obtained with the local clustering algorithm
shows that the activated voxels tend to cluster with
one another, while with the t-test the activated voxels
do not form clusters and show more scattered false positives. The numbers of true positives and false positives
obtained in slice 3 are summarized in Table 1. Our approach detects more true positives with a lower number
of false positives.
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6.2. Experiment with fMRI data
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Fig. 18. ROC curves computed with three diﬀerent tapers.

(1) the fuzzy K-means clustering algorithm with the
modiﬁed index;
(2) the number of features is chosen in order to capture
50% of the variance;
(3) the threshold of the membership value is 0.8.
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We report in this section the results of experiments
conducted with two diﬀerent fMRI data sets: one with
visual stimuli and another with auditory stimuli. In these
experiments, we apply the local clustering algorithm
using the following parameters:
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Fig. 19. ROC curves comparing the performance of our local
clustering algorithm and the t-test applied to the artiﬁcial dataset.

6.2.1. Experiment with visual stimuli
This dataset (collected by Dr. Jody Tanabe, University
of Colorado) demonstrates activation of the visual cortex.
A ﬂashing checkerboard image was presented to a subject
for 30 s, and a blank image was presented for the next 30 s.
This alternating cycle was repeated four times.
Images were acquired with a 1.5 T Siemens MAGNETOM Vision equipped with a standard quadrature head
coil and an echoplanar subsystem. Functional images
were acquired using a gradient-echo echoplanar sequence (TR = 3,000, FOV = 24 · 24 cm, slice thickness = 3 mm, imaging matrix = 128 · 128, voxel
size = 1.88 · 1.88 · 3 mm). 80 images were obtained
from each axial slice for a total of 12 contiguous slices.
The frequency of the stimulus is 1.67 · 102 Hz.
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Fig. 20. Activation maps of the artiﬁcial data (slice 3) obtained with the t-test (a) and the clustering algorithm (c). The true activation map (b) is
provided again for a convenient comparison.

Table 1
Number of true positives and false positives obtained by applying the
t-test and the local clustering algorithm to the artiﬁcial data set
t-Test
Threshold
True positives
False positives

0.01
22
12

Local clustering
0.001
14
5

0.5
44
5

0.95
21
0

The total number of true positives is 58.

An activation map generated by the local frequency
clustering algorithm is shown in Fig. 21 (left). We use
a neighborhood of size 5 · 5 · 3 that covers a brain region that is almost isotropic (9.4 · 9.4 · 9 mm3). Because a strong activation is obtained, the periodogram
is used for the spectral estimation, and the kernel used
is the triweight function. The strongest activation was
detected in slice 9. We notice that the activated voxels
form a cluster in the visual cortex. In Fig. 21 (right)
an activation map obtained with the t-test threshold at
p = 103 shows scattered false positive voxels inside
the brain and in the eyes. The false positives in the eyes

detected by the t-test do not appear with the local frequency clustering algorithm.
6.2.2. Experiment with auditory stimuli
The second data set was provided by Dr. Gregory
McCarthy, Duke University. This data set demonstrates
left posterior temporal lobe activation during auditory
comprehension (Schlosser et al., 1998). A native English
speaker, who could not understand Turkish, was presented with four runs of an alternating series of 28 English and Turkish auditory segments. Two runs started
with English (E–T–E–T. . .), while the other two started
with Turkish (T–E–T–E. . .).
Images were acquired with a 1.5 T General Electric
(Milwaukee, WI) Signa scanner equipped with a standard quadrature head coil and an ANMR (Wilmington,
MA) echoplanar subsystem. Functional images were acquired using a gradient-echo echoplanar sequence
(TR = 1,500, TE = 45, a = 60, NEX = 1, FOV =
40 · 20 cm, slice thickness = 9 mm, skip = 2 mm, imaging matrix = 128 · 64, voxel size = 3.2 · 3.2 · 9 mm).
The images for each of the seven slices were acquired

Fig. 21. Visual checkerboard experiment. (a) Activation maps obtained with the local frequency clustering algorithm with a membership value
threshold = 0.8. (b) Activation map obtained with the t-test with a p-value threshold = 103.
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Fig. 22. Auditory comprehension experiment. (a) Activation maps obtained with the local frequency clustering with a membership value
threshold = 0.8. (b) Activation maps obtained with the t-test with a p-value threshold = 103.

in equally spaced time intervals over the 1.5-s TR in the
slice order 1–3–5–7–2–4–6. Each of the four imaging
runs consisted of 128 images per slice (196-s scan time)
preceded by four radio frequency (RF) excitations to

achieve steady-state transverse magnetization. In our
analysis, these four-run images were averaged with
time-shift correction. The runs started with Turkish
were circular shifted so that they started with the second

Fig. 23. (a) Membership value as a function of p-value 1 and p-value 2. (b) Membership value as a function of p-value 1 along the diagonal line.
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segment (English) and ended with the ﬁrst segment
(Turkish). The frequency of the stimulus is 8.33 · 102
Hz.
Activation maps of two slices, obtained with our local
frequency clustering algorithm, are shown in Fig. 22
(top). A 3 · 3 · 1 neighborhood was used so that it covers a brain region of size 9.6 · 9.6 · 9 mm3. Since the signal-to-noise ratio of this data is low, we use the multitaper spectral estimation technique with 2TB = 2 and
apply the Epanechnikov kernel to average more membership values. This choice of parameters should reduce
the noise in the data. The activation maps are consistent
with the results shown by Schlosser et al. (1998). Significant activations in the left posterior temporal lobe and
left inferior frontal lobe, shown in their paper, are found
with our method. In Fig. 22 (bottom), activation maps
of the same slices obtained with the t-test show more
scattered noisy voxels within the brain.
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Appendix A. Fuzzy K-means Clustering Algorithm
(FKM)
The FKM (Bezdek, 1984) is a clustering method that
N
partitions a group of vectors fxv gi¼1 into C clusters. The
algorithm is based on the optimization of the generalized least square function:
Jm ¼

N X
C
X
i¼1

um ðxv ; vc Þ  d 2 ðxv ; vc Þ with C 6 N ;

ðA:1Þ

c¼1

where
7. Conclusion
We have proposed a new method to detect activation
in periodic fMRI data. The approach is based on unsupervised classiﬁcation (clustering) methods and takes
into account the spatial correlations existing in fMRI
data that conventional statistical methods often fail to
exploit. The idea of this approach is to perform several
‘‘local’’ clusterings of fMRI data in a reduced frequency
space. These ‘‘local’’ decisions are then combined to
yield a more robust ‘‘global’’ decision. We have provided an extensive performance analysis of our algorithm with artiﬁcial data sets that were generated
according to a simple yet realistic model of fMRI data
that accounts for the variation of the response strength
among activated voxels. Although we focus on analyzing periodic fMRI data, the approach could be extended
to analyze non-periodic fMRI data (event-related fMRI)
by replacing the spectral analysis with a wavelet analysis. A wavelet packet, that provides localized features,
could be used to obtain an appropriate set of vectors
that are well adapted to non-stationary features of
event-related fMRI (Meyer and Chinrungrueng,
2003a,b). Our method outperformed the t-test on the
artiﬁcial data sets both in terms of visual appearance
and true and false activation rates (ROC analysis).
The activation map obtained with in vivo fMRI data
showed that activated voxels tend to cluster with one
another.

 vc is the centroid vector for cluster c.
 u(xv,vc) is the membership value of the vector xv in the
centroid vc.
 d(xv,vc) is a similarity index between vectors xv and vc.
 m, (m P 1) is the fuzzy membership degree.
The fuzzy K-means theorem (Bezdek, 1984) states
that this function is minimum if and only if
uði; cÞ ¼

1
2
C 
P
dðxv ;vc Þ m1
c0 ¼1

ðA:2Þ

dðvc0 ;vc Þ

and
N
P

vc ¼

um ðxv ; vc Þxv

i¼1
N
P

:

ðA:3Þ

um ðxv ; vc Þ

i¼1

The algorithm starts with an initial guess for the
number of clusters, C, and some P
random membership
values (with the constraint that
c uðxv ; vc Þ ¼ 1). The
algorithm then iterates the following steps until u(xv,vc)
or vc converges: (1) computing the new centroids, and
updating the similarity indexes between each spectral
estimate and the centroids; (2) updating the membership
values u(xv,vc) with the new similarity index. (The following parameters are used in this paper: C = 2,
m = 1.5.)

Appendix B. K-means clustering algorithm
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K-means clustering algorithm (Hartigan, 1975) is a
hard clustering algorithm that is based on minimizing
the sum of squared distances from spectral estimate to
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its cluster centroid. The algorithm starts with a random
partition of vectors x into C groups and then computes
the cluster centroids for this partition. The vectors x are
then reassigned to their nearest cluster centroid, and the
cluster centroids are recomputed with this new assignment of the vectors x. The process is repeated until no
change can be made in reassigning the vectors x.

Appendix C. Relationship between membership value and
p-value
A membership value is a number between 0 and 1
specifying how likely a vector belongs to a set and is utilized in fuzzy set theory as the decision-making criterion.
This membership value can be arbitrarily assigned without obeying the law of probability theory. As a result,
the membership value needs not be related to the p-value
in any obvious way. Here, we shall attempt to provide a
relationship between these two quantities in order to
give the researcher an intuitive idea how to make a proper decision using the membership value. We formulate
this relationship by considering the membership value
obtained with the fuzzy K-means clustering algorithm
using the correlation index.
The probability that a vector xv of size T is correlated
with any cluster center vc can be derived from the Z
score (Golay et al., 1998) using the cross-correlation factor q(xv,vc) by the following:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qðxv ; vc Þ T  2
Zðxv ; vc Þ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
ðC:1Þ
1  q2 ðxv ; vc Þ
Assume that the correlation index d(xv,vc) between
the vectors xv and vc is deﬁned by g(x) = ((1  x)/
(1 + x))b. We can then derive the Z score in terms of
d(xv,vc) as follows:
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To keep the comparison simple, we assume that
m  1=2 ¼ b. Substituting d(xv,vc) from (C.3) into
(C.4), we obtain the membership value as a function
of Z scores as follows:
uðxv ; v1 Þ ¼
1þ

1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ:
2
2
v ;v1 Þ þ4b
pZðx
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
2
2

Zðxv ;v1 Þþ
Zðxv ;v2 Þþ

ðC:5Þ

Zðxv ;v2 Þ þ4b

The comparison between (C.2) and (C.4) reveals that
the Z score (p-value) is an absolute concept that depends on the correlation between a time series to its
representative, whereas the membership value is a function calculated based on the relative correlations between the time series to both cluster centroids. In this
sense, the concept of membership value is a non-parametric counterpart of the concept of likelihood ratio
test, in which the probability that a time series belongs
to each of the two clusters are compared. Fig. 23 (left)
shows the membership value obtained numerically
using (C.5) as a function of two p-values (Z scores).
The membership values extracted along the diagonal
line represents the case where two cluster centroids
are 180 out of phase and are plotted in Fig. 23 (right)
with two diﬀerent values of the parameter b. The comparison between the membership value and the p-value
shows that, if the size of the time series (parameter b) is
large enough, membership values larger than 0.8 should
yield a result with small p-values (0). Although it is
non-trivial to show an analytical relationship between
the membership value with the Euclidean distance
and the p-value, our empirical results with the artiﬁcial
data sets consistently showed that large membership
values correspond to small p-values.
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