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Connecting paraxial 
and finite optics

•Turning ideal imaging systems into real optics
–Aberrations

Entrance pupil

Mouroulis & Macdonald 5.2

u
u-y

yent

Paraxial

Entrance pupil

a
a-y

yent

Non-paraxial

a

a

tan

sin

=
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=

=
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t
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u

t
y

u ent E.g. NA = u (paraxial) = sina (non paraxial)
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Chromatic aberration

Since nblue>nred, positive lenses bend blue light more sharply 
toward the axis while negative lenses bend blue light more 
sharply away from the axis. This suggests that a 
combination of a positive lens and a negative lens (known 
as an achromatic doublet) could reduce chromatic 
aberrations.

•Turning ideal imaging systems into real optics
–Chromatic aberrations
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V
Classification of glasses

1.7171.522486.1BlueF

30.564.6V

1.7011.517589.6YellowD

1.6941.514656.3RedC

Index (flint)Index 
(crown)

l [nm]ColorFraunhofer

redblue

yellow

nn

n
V

-

-
=

1

•Turning ideal imaging systems into real optics
–Chromatic aberrations

“Crown” glass used for bottles, windows, glasses
nY < 1.6 and V>55 
nY > 1.6 and V>50

“Flint” harder.  All other glass. 

WARNING: It is equally common to define the quantity above as V-1.
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Glass map
A convenient way to select glasses

O’Shea, Elements of Modern Optical Design

•Turning ideal imaging systems into real optics
–Chromatic aberrations
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What is V?
Three useful equations
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•Turning ideal imaging systems into real optics
–Chromatic aberrations

Difference of power over vis.

is a to V-1

Image distance in red

Image distance in blue

Difference in inverse distances is a V-1

Paraxial deviation of a thin prism

Change in deviation angle is a V-1
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Achromatic doublet
How to get same EFL at 2 l

•Turning ideal imaging systems into real optics
–Chromatic aberrations

( )RRBBYYRB dVV 21212211 ffffff --+=F-F

What is chromatic change in power of a doublet?

2121 ffff d-+=F

02211 =+ VV YY ff Achromatic condition

F=+ YY 21 ff

F
-

=
21

1
1 VV

V
Yf

Solve for powers.
If V 1close to V2 large power

Constrain total power

Power of a 2-element lens

Newport PAC522
Nominal EFL = 25.4

Contact the doublet (d=0) and set 0=F-F RB

F
-

=
12

2
2 VV

V
Yf
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The Huygens eyepiece
Broadly achromatic air-spaced doublet

If d not =0 and want no change in power using only one glass
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Power achromatic, 
but chromatic 

variation with focus 
still exists
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Two R=100 mm BK7 biconvex lenses separated by 93.35 mm

•Turning ideal imaging systems into real optics
–Chromatic aberrations
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BFL -87.154 mm

EFL constant to 20 mm… but BFL changes by 6 mm!
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Apochromatic condition
If 2 is good (achromat), 3 is better?
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Can be used to relate 
dispersion over full 

spectrum to any 
portion of spectrum
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•Turning ideal imaging systems into real optics
–Chromatic aberrations

which requires

This is additional constraint is quite hard to satisfy simultaneously 
with the achromatic conditions (slide 169) since for all but exotic 
glasses and some crystals, DP is nearly proportional to DV so that 
satisfying aprochromatic condition causes the powers f 1,2 to be 
very large (extremely curved surfaces, leading to lots of trouble).
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Ray and wavefront aberrations
General picture and relationship

Entrance pupil Exit pupil

Paraxial focus

Reference 
sphere

Wavefront

• A spherical wavefront in the exit pupil forms a perfect focus
• The difference between the actual wavefront and the reference 
sphere is the “wavefront aberration”.
• Non-spherical wavefronts cause rays to cross the optical axis 
NOT at the paraxial focus = “ray aberration”

Ray 
aberration

•Turning ideal imaging systems into real optics
–Aberrations
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Ray and wavefront aberrations
Mathematical relationship

Exit 
Pupil

Paraxial 
image 
plane

Reference 
sphere

Wavefront

= wavefront
error

( ) [ ]m, pp yxW

( ) [ ]m, pp yxy¶

py
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y

yxW

n
R

y
¶

¶

¢
-=¶

,

R = Radius of reference sphere

•Turning ideal imaging systems into real optics
–Aberrations

= transverse 
ray aberration
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Ray aberration polynomial
Concept

h
y
x

q

Object

Paraxial 
image plane

r

Entrance 
pupil

•Turning ideal imaging systems into real optics
–Aberrations

1. Assume a rotationally-symmetric optical system
2. Expand the coordinates of the ray intersect with the 

paraxial image plane (x,y) in a polynomial of the object 
ray parameters (h, r, q).

3. Reject all terms which don’t meet symmetry assumption.
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Ray aberration polynomial
First and third order terms
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W. Smith, Modern Optical Engineering, p. 58, McGraw-Hill, 1990

•Turning ideal imaging systems into real optics
–Aberrations

The x intercept in the 
paraxial image plane in 

terms of the object 
height (h) , and the ray 

coordinates in the pupil 
(r, q). 

The y intercept in the 
paraxial image plane 
in terms of the object 

height (h) , and the ray 
coordinates in the 

pupil (r, q). 
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Linear terms
Defocus and magnification

•Turning ideal imaging systems into real optics
–Aberrations

q
q

Cos

Sin

1

1

rAy

rAx

=

=

r Cos q
y

y

r Cos q

Ray intercept coordinates 
linearly proportional to pupil 

coordinates.

Ray intercept coordinates 
linearly proportional to pupil 

coordinates.

hAy 2= Magnification
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Spherical aberration
Ray aberration definitions & summary

LSA

TSA

CLC

P
ar

ax
ia

l i
m

ag
e 

pl
an

e

• B1>0 is positive SA (shown): marginal rays focus more strongly.
• Only 3rd order aberration that occurs for on-axis imaging.
• Radius of CLC is ¼ TSA (for pure 3rd order SA)
• CLC is located ¾ LSA from paraxial focus (for pure 3rd order SA)
• LSA a TSA / r, thus LSA a r2

q

q

Cos

Sin
3

1

3
1

rBy

rBx

=

= Equation for circle of radius B1 r3,

thus TSA a to aperture size3

but is independent of field

Caustic

Marginal ray

Paraxial ray

•Turning ideal imaging systems into real optics
–Aberrations
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Spherical aberration
Ray aberration plots

Ray fan at paraxial focus Ray fan at CLC

Transverse ray 
aberration plot at focus 

showing expected 3rd

order dependence on 
pupil coordinate 

•Turning ideal imaging systems into real optics
–Aberrations
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Spherical aberration
Wavefront aberration plots

Wavefront map 
showing 4th order 

dependence on pupil 
coordinate 

Reference sphere

Wavefront aberration

r

•Turning ideal imaging systems into real optics
–Aberrations
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Coma
Ray aberration definitions & summary

( )q

q

2Cos2

2Sin
2

2

2
2

+=

=

hrBy

hrBx Equation for double circle of 
radius B2 r2 h plus focal shift 

of twice this amount

h
y
x

q

Object

Paraxial 
image plane

r

Aperture stop

• B2>0 is positive coma: cone of rays (see next) opens away 
from optical axis
• Linearly dependent on h: important even at small field angles
• Defocus does not yield increase in power density (no CLC)

•Turning ideal imaging systems into real optics
–Aberrations
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Coma
Ray aberration plots

•Turning ideal imaging systems into real optics
–Aberrations

Paraxial focus

0
2/

=
±= pq

xhrBy 2
2,0

3=
= pq

Ray fan Transverse ray 
aberration plot at focus

Detail of rays at paraxial 
focus for fixed r
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Astigmatism
Ray aberration definitions & summary

•Turning ideal imaging systems into real optics
–Aberrations

• Defocus can correct astigmatism in one plane and one field
• Dependent on h2: important at large field angles
• CLC is located ½ way between meridional and sagital foci and 
is a disk with diameter equal to half their length.

q

q

Cos3

Sin
2

3

2
3

rhBy

rhBx
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= Defocus dependent on h2 and 
unequal in x and y
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q

M
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plane
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ne

Sagital focus

Meridional focus

x

y
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Astigmatism (negative)
Ray aberration definitions & summary

•Turning ideal imaging systems into real optics
–Aberrations

• Defocus can correct astigmatism in one plane and one field
• Dependent on h2: important at large field angles
• CLC is located ½ way between meridional and sagital foci and 
is a disk with diameter equal to half their length.

q

q
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= Defocus dependent on h2 and 
unequal in x and y
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Astigmatism
Ray & wavefront aberration plots

•Turning ideal imaging systems into real optics
–Aberrations

Sagital plane

Meridional plane

Plane of least confusion

y in focus x defocused

y defocused x in focus

= and opposite defocus

y

x

y

x

y

x

x

y

x

y

x

y
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Field guide to aberrations
At paraxial focus

Diffraction-limted Defocus Spherical

Spherical+defocus Astigmatism Coma

astron.berkeley.edu/ ~jrg/Aberrations/node5.html
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Petzval curvature
Ray aberration definitions & summary

q

q

Cos

Sin
2

4

2
4

rhBy

rhBx

=

= Defocus, equal in x and y, 
that depends on h2

h

Petzval focal surface

•Turning ideal imaging systems into real optics
–Aberrations
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Field curvature
Relationship of astigmatism and Petzval

( ) qSin2
43 rhBBx +=

( ) qCos3 2
43 rhBBy +=

Paraxial image plane

Petzval image surface

Meridional image surface

Surface of least confusion

Sagital image surface

OA

34 2BB =In this plot, 

•Turning ideal imaging systems into real optics
–Aberrations

Petzval

Astigmatism
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Amount of field curvature
Petzval radius of single lens

•Turning ideal imaging systems into real optics
–Aberrations
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Write imaging equation for 
distances along diagonals.

Field curvature D is on-axis image distance 
minus off-axis image distance

Plug in expression for    and expand in q1
~t

Expand equation for circle of radius r in 
transverse coordinateh¢

So radius of curvature equals focal length.
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Distortion

•Turning ideal imaging systems into real optics
–Aberrations

3
5hBy = Magnification = B5h2

Image of square object:

B5>0 = “pincusion”

B5=0

B5<0 = “barrel”
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Strehl Ratio
A measure of coherent image quality

� 3 � 2 � 1 0 1 2 3
r �0.6 � �NA�
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0.8

1
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�

Strehl ratio

( )22221ratio Strehl wp-=

Strehl ratio is the 
on-axis intensity in 
the presence of 
aberrations relative 
to the on-axis 
intensity w/o 
aberrations. 

The relationship between SR and RMS wavefront error (w) is

Smith, Modern Optical Engineering, Chapter 11

P-V OPD RMS OPD SR Energy in Airy Energy in rings
0.0 0.0 1.0 84% 16%
l /16 0.018 l 0.99 83% 17%
l /8 0.036 l 0.95 80% 20%
l /4 0.07 l 0.80 68% 32%
l /2 0.14 l 0.4 * 40% 60%
3 l /4 0.21 l 0.1 * 20% 80%
l 0.29 l 0.0 * 10% 90%
*SR does not correlate well with image quality at these low levels.

RMS OPD = P-V OPD/3.5 to P-V OPD/5 depending on the aberration type.

•Turning ideal imaging systems into real optics
–Imaging in non-ideal systems

SR also gives fiber coupling efficiency in many cases.

Exact for defocus, 
close for most.
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Conic mirrors
Two aberration-free conjugate points

•Turning ideal imaging systems into real optics
–Imaging in non-ideal systems

( )
( ) 22

2

111 rC

rC
rs

k+-+
=

r

s(r)“sag” of the surface (z coordinate vs r):

F1, F2
0=kCircle.  Both foci at 

center of curvature.

F21-=kParabola.  One focus at � , 
one at center of curvature.

01 <<- kEllipse.  Two real foci.
F1 F2

1-<kHyperbola.  One real, one 
virtual focus F1 F2
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Mirror-based telescopes

•Turning ideal imaging systems into real optics
–Imaging in non-ideal systems

Newtonian.  Parabola to image 
infinity to real focus, then lens 
as eyepiece.  (Keplerian)

Parabola

Gregorian.  Parabola to form 
real image from infinity 
followed by ellipse to relay 
(Keplerian) ParabolaEllipse

Cassegrain.  Parabola to form 
real image from infinity 
followed by hyperbola 
(Gallilean or telephoto) ParabolaHyperbola

Mersenne-Gregorian.  
Parabola to form real image 
from infinity followed by 
parabola to reimage to infinity 
(afocal Keplerian).  Invert 
parabola to form Mersenne-
Cassegrain (afocal Gallilean).

ParabolaParabola
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Bending the lens
Solution for coma and spherical

•Turning ideal imaging systems into real optics
–Correction of aberrations
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•F=100 BK7 lens at � conjugate.
•40 mm diameter (F/2.5).
•First surface curvature varied.
•TSA of marginal ray measured.

Single degree of freedom can be exploited for minimum aberration.
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Stop shift
Solution for coma, astigmatism, distortion
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•Biconvex BK7 lens at � conjugate.
•40 mm diameter R1=-R2=100 mm
•10 mm diameter stop moved
•RMS spot size measured

0

30

70

•Turning ideal imaging systems into real optics
–Correction of aberrations
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Impact of index
High index always better
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•Biconvex BK7 lens at � conjugate.
•40 mm diameter 
•R1, R2 chosen for 

• EFL=100 mm
• Minimum wavefront error 

•Turning ideal imaging systems into real optics
–Correction of aberrations

Reduce refraction angle to reduce aberrations.
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Field flattener
Solution for field curvature

www.phys.unsw.edu.au/ astro/dmt/

•Turning ideal imaging systems into real optics
–Correction of aberrations

Douglas Mawson Telescope
2-m infrared telescope for Antarctica

Petzval does not depend on space of elements and is 
proportional to element power.  Thus a negative lens placed 
near the image can minimize field curvature.  If this lens is 
placed near an image plane, it has little impact on other imaging 
properties.
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Field lenses

http://www-optics.unine.ch/education/optics_tutorials/field_lens.html

Field lens

A lens placed at the an image plane introduces only field 
curvature and distortion.   We have already used this as a field
flattener.  Another important use is the field lens, as shown below. 
• Magnification and other paraxial imaging properties unchanged.
• Vignetting significantly altered
• Often used when total OD is constrained (e.g. eyepieces)
• Lens is at an image plane, thus is very sensitive to dust or 
scratches.

No field lens

•Turning ideal imaging systems into real optics
–Correction of aberrations
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Symmetrical systems
M=1, stop at symmetry plane

Sets coma and distortion = 0.  Reduces them for M � 1.

2 mm

2 mm

SA+FC+AST

SA+FC+AST
+COMA

•Turning ideal imaging systems into real optics
–Correction of aberrations

SA+AST

Asymmetrical 
system

Symmetrical 
system

Symmetrical 
system + best 
form lenses + 

field flatteners
200 um

SA

SA

SA


