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Abstract— We analyze the effect of redundant parity-check
equations on the error-floor performance of low-density parity-

check (LDPC) codes used over the additive white Gaussian

noise (AWGN) channel. Our findings show that a large number
of iterative decoding errors in the [2640, 1320] Margulis code,
confined to point trapping sets in the standard Tanner graph, can
be corrected if only one redundant parity-check equation is added
to the decoder’s matrix. We also derive an analytic expression
relating the number of rows in the parity-check matrix of a code
and the parameters of trapping sets in the code’s graph.
Keywords: Margulis Code, Lovasz Local Lemma, Trapping

Sets, Redundant Parity-Checks

|. INTRODUCTION

It is well known that the performance of a code depends on
the particular form of its parity-check matrix used for iterative
decoding. This can be attributed to the fact that the error-
rate of a code is reliant on the distribution of combinatorial
configurations embedded in its parity-check matrix, including
short cycles, stopping sets, and trapping sets [1], [2], [3].
Stopping and trapping sets represent constrained subsets of
columns of the parity-check matrix of a code, the size of which
can be modified by adding judiciously chosen redundant rows
(or equivalently, redundant parity-check equations). Since for
transmission over the binary erasure channel (BEC) stopping
sets completely characterize the error-floor performance [4],
recent work has focused on finding redundant parity-check ma-
trices of codes that maximize the size of the smallest stopping
set [5], [6], [7], [8]. Unlike for the case of transmission over
the BEC, for signaling over AWGN channels no simple set of
combinatorial parameters is known that can accurately specify
the performance of an LDPC code. Although information
regarding pseudocodewords [6] and trapping sets [3] can be
used to approximate the error-floor of a code [3], the task
of enumerating such structures within a parity-check matrix
is highly non-trivial. Consequently, very little is known about
the influence that redundant parity-check equations have on
the properties of pseudocodewords and trapping sets and the
error-floor performance in general.

We investigate the behavior of the sum-product algorithm
in the error-floor region of the Margulis [2640, 1320] code for
several different choices of redundant parity-check matrices.
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We restrict our attention to matrices that can be obtained
by augmenting the standard parity-check matrix with one
redundant row only. This row is chosen in such a way as
to increase the cardinality of the set of check nodes with
an odd number of connections to a given trapping set. In all
cases investigated, one redundant row allows the decoder to
recover from otherwise uncorrectable, low-probability error-
events. At the same time, it introduces very few short cycles
in the code graph and consequently does not compromise the
overall performance of the code in the waterfall region. We
also propose a simple and efficient method for determining
candidate redundant parity-checks that can lead to trapping-
error free decoding, based only on the knowledge of unsatis-
fied check nodes after a given number of decoding iterations.
Although the work described in the paper represents a case-
study of the Margulis code, most of the described ideas and
techniques can be adapted to work for more general classes
of codes as well.

The paper is organized as follows. Section Il contains the
problem setup and introduces some relevant terminology. Sec-
tion 111 depicts the implementation of the decoding agorithm
used for the analysis. Section IV contains the description
of two methods used for identifying redundant parity-check
equations that can tailor the structure of a given trapping set
to meet certain predefined requirements. In this section we
also discuss possible extensions of the methods for a genera
class of trapping sets and an arbitrary number of redundant
parity-check equations. Section V describes a set of analytical
results relating the parameters of trapping sets with the number
of (possibly redundant) rows in the underlying parity-check
matrix of the code.

Il. MOTIVATION AND PROBLEM SET-UP

The influence of trapping sets (near-codewords) on the
performance of LDPC codes in the error-floor regime was first
described in [2]; there, it was shown that for the [2640, 1320]
Margulis code, most decoding errors are confined to subsets
of either 12 or 14 variables for which the induced subgraph
contains exactly four unsatisfied checks. This finding can be
explained in part by the fact that the presence of only four
check nodes capable of detecting errors within the given



set of variables is not sufficient for correcting al unreliable
estimates. Based on the estimates given in [3], 75% of dll
frame errors occurring at signal-to-noise ratios (measured as
101log,(Ep/No)) close to 2.4 dB can be attributed to subsets
with 12 variables, while approximately 23% of the frame
errors arise due to subsets with 14 variables. Furthermore, all
subsets with 14 variables were found to represent two-variable
extensions of trapping sets with 12 variables.

The aforementioned subsets of variables are usualy referred
to as trapping sets. A formal definition of a trapping set is
provided below.

Definition 2.1: For a given m x n array U = (u; ;) with
1<i<m,1<j<n, the projection of a set of h columns
indexed by j1, ja, ... ,jn iS@an mxh sub-array of U consisting
of the elements u; ;, 1 <i <m, j = ji,j2, ..., Jn

Definition 2.2: Let H be a parity-check matrix of a channel
code. An (a,b) trapping set 7 is a set of a columns of H
with a projection that contains b > 0 odd-weight rows. An
elementary (a, b) trapping set is a trapping set for which all
non-zero rows in the projection have either weight one or two,
and exactly b rows have weight one.

Theresults described in [2] and [3] raised a set of interesting
guestions, some of which will be addressed in this work. The
most important questions pertain to the structure of trapping
sets that exhibit the strongest influence on the error-floor
performance of a code. If, for example, one can increase
the number of unsatisfied checks of a trapping set with 12
variables from four to five, is the decoder still going to make
an erroneous decision? For a given number of variables, how
many unsatisfied checks are needed in order for the decoder to
recognize errors confined in a trapping set and to correct them?
Aswill be shown in the next section, both these questions can
be addressed within the framework of redundant parity-check
equation analysis. The crux of the described study is to show
that increasing the number of unsatisfied checks connected to
trapping sets of a code in terms of adding redundant parity-
check equations can lead to correct decoding of most trapped
frames.

Throughout the paper, we will focus on the study of
elementary point trapping sets only. Trapping sets can be
classified into three categories, namely point, periodic, and
aperiodic trapping sets [9]. Point trapping sets represent
subsets of variable nodes that, starting from some iteration,
contain al errors ever to occur up to a maximum number of
iterations. Periodic trapping sets are subsets of the variable
nodes that switch from erroneous to error-free values in a
periodic fashion. Similarly, aperiodic trapping sets represent
subsets of variables that are in error at only one stage of
the decoding process, and are never revisited during a given
number of decoding steps. Most of the (12,4) and (14,4)
trapping sets identified during decoding of the Margulis code
are point trapping sets, and all of them are elementary.

IMore specifically, the Margulis [2640, 1320] code.

I1l. BELIEF-PROPAGATION ALGORITHM

The error-floor behavior of LDPC codes is, to a certain
extent, dependent on the implementation of the sum-product
algorithm and the precision of the operations performed. To
make our analysis more accessible, we used the publicly
available software program from [10] for decoding. This
algorithm is briefly summarized below, closely following the
notation used in [11].

Denote the set of variable nodes neighboring a check node
m by N(m) = {n: Hp, = 1}. Similarly, denote the set
of check nodes neighboring a variable node n by M(n) =
{m : Hp, = 1}, the notation M(n)\m is reserved for the
elements of the set M(n) excluding the check node m.

During belief propagation, two types of probabilistic mes-
S80ES Gz, aNd T4,y 5, are exchanged between a check
node m and a variable node n if and only if H,,, = 1.
The message ¢y,n., represents the probability that variable
n of the transmitted codeword is x,,, given the information
provided by al check nodes incident to n, except for m,
and the channel output corresponding to variable x,,. The
MESSage 7,2, IS the probability of check node m being
satisfied, provided that the variable n has value z,, and al
other variables incident to the check node have a separable
distribution. The probabilities q,%@n, where the superscript
indicates the iteration index, are initialized to the prior channel
probabilities according to qffjﬁw = Pz, = 0) = pp,o, and
qulﬂ =P(an=1)=pp1=1-pno.

During the horizontal step of the [-th iteration of the
algorithm, one first computes the probabilities TSfl)nz of
the observed values z,, arising from z,, = 0 or z,, = 1,
given that the distribution of the variablesin {z/ : n’ # n} is
{Qm,n’, 05 @mn’, 1}- EqU|Va| enﬂy,

l
rgn)n,O = Zacn/:n’e./\/'(m,)\n P(Zm|$n =0,

-1
{x’ﬂ/ tn' € N(m)\n}) Hn/e./\/'(m,)\n qfnn’,)zn/

l
7(n,)n, 1= Ezn,:n’e./\f(m)\n P(Zm|m" = 17

-1
{x”/ in' € N(m)\n}) Hn’EN(m)\n qfrm’,)acn/' D

In the algorithm, the horizontal step is reaized in terms
of the “fast implementation” approach: The difference of the
probabilities, r,,, = p® 0 is computed as

mn, 0 mn, 1!

. 1 1
Omn = (_1) " Hn/e,/\f(m) (qr(n)n’,O - qr(n)n’, 1)

S o —al D), @

where a denominator value equal to 0 is set to 10 2% in order
to avoid division by zero. The horizontal step is terminated by
CompUti ng Tmn,0 = %(1 + 5m,n) and T"mn,1 = %(1 - 5m,n)-

Since in all steps of the algorithm, the values of r,,,. o
and r,,,,1 appear in denominators, they are lower-bounded
by 1020,

During the vertical step of the [-th iteration of standard
belief propagation the values of ¢, 0 and ¢y, 1 are updated

T



in the following manner. First, the “pseudoposterior probabil-
ities” of x,, being 0 or 1 are computed as

l l
Qrfl,)() = Omn Pn,0 H T'( )

mn, 0
meM(n)
l l
qr(z,)l = Omn Pn,1 H rfn)n,l; (3)
meM(n)

where «,,, is chosen s0 that gm0 + gmn,1 = 1. These
probabilities are used for tentative decoding. The agorithm
stops if the hard-decision values of the pseudoposterior prob-
abilities represent a valid codeword. Otherwise, from the
pseudoposterior probabilities, the values of ¢, 0 and gmn, 1
are calculated according to the equations:

l l l
qr(n)n,O = OmnPn,0 qil,)o rgn)n,o

l l l
q7(n,)n, 1 = QmnpPn,1 qW(L,)l /rfn,)n, 1 (4)
These probabilities are passed on to the horizontal step of the
next iteration.

IV. TRAPPING SETS AND REDUNDANT PARITY-CHECK
EQUATIONS

Let us assume that during decoding on the standard Tanner
graph of the Margulis code, a frame is encountered with errors
confined to a (12,4) trapping set. The problem of interest is
to investigate how the estimated values of these 12 trapping
variables change with the addition of one redundant parity-
check equation. Note that it is tacitly assumed that the channel
noise realizations for both experiments are the same. The
output of the decoder operating on the augmented Tanner
graph depends on the effect of the redundant row on the
(12,4) trapping set. If the projection of the 12 columns on the
redundant parity-check equation results in a row of weight 1,
the (12, 4) trapping set is converted into an elementary (12, 5)
trapping set. Such a set introduces one more unsatisfied check
equation, which may help the agorithm in identifying some
erroneous variables. Unfortunately, the expansion of a (12, 4)
trapping set into a (12, 5) set often does not lead to a correctly
decoded frame, but rather “forces’ the decoder into a (14, 4)
trapping set containing the origina (12, 4) trapping set. If, on
the other hand, both the projections of the underlying 12 and
the extended 14 trapping set variables result in rows of weight
one within the redundant parity-check equation, the decoder
converges with high probability to the correct codeword.

Figure 1 illustrates the effect that one redundant row in the
parity-check matrix of a code can exhibit on the performance
of the sum-product algorithm. Figure 1(a) shows the behavior
of the iterative decoder when used over the standard Tanner
graph of the Margulis code. The decoder first gets trapped in
a (14, 4) trapping set, and then settles in its unique (12,4)
trapping subset. Once a trapping event is detected, an appro-
priately chosen parity-check can be appended to the matrix
and the decoding process can be repeated. Figures 1(b) and
1(c) show the performance of the decoder when one redundant
row is added to the parity-check matrix in such a way that
the projection of the 12 trapped variables onto this row is of

@ (b)

S 200 S 200

= =

© ©

£ 150 £ 150

] 1]

:C_’ 100 f 100

° ° (14,4)

8 s0 8 s0 z

S S

=} 0 g

Z % 10 20 30 40 50 0 10 20 30 40 50

Number of iterations Number of iterations

C d

S 1000 © B 200 @

o o

£ 80 £ 150

£ 60 2

Q 2 100

B 400 B . .

o T s 19 iterations

9 200 Re]

£ £ /

> o 2 o

z 0 10 20 30 40 50 0 10 20 30 40 50

Number of iterations Number of iterations

Fig. 1. Number of bitsin error for no additional parity-check (a) and different
parity-checks appended (b, c, d)

weight one. In Figure 1(b) the decoder gets trapped in the
(14, 4) trapping set aready observed in Figure 1(a), since the
projection of its 14 variables on the redundant row has weight
two, and the erroneous variables inside the (14,4) trapping
set are even more biased towards an incorrect decision. The
additional parity-check equation used in Figure 1(c) has row-
weight one when confined to both the (12,4) as well as the
(14, 4) trapping set. Nevertheless, it does not lead to successful
decoding but rather results in the decoder being trapped in an
aperiodic trapping set. In Figure 1(d), the output of the decoder
for another choice of a redundant parity-check with projection
of weight one confined to both the (12, 4) aswell asthe (14,4)
trapping set is shown. In this case, the decoder successfully
identifies the codeword after only 19 iterations.

It is important to observe the following findings of the
simulation analysis outlined above. For all (12,4) and (14, 4)
trapping sets investigated, a single parity-check equation can
be identified that results in correct frame decoding. In all such
cases, the projections of both the 12 and the 14 variables con-
tained a vector of weight one within the redundant row. These
parity-check equations were found by using two different
approaches. One approach, termed genie-aided random search,
assumes the knowledge of the erroneous trapping variables.
Since such knowledge is not readily available during decoding,
another approach, termed structured search, is proposed as
well. The structured approach provides for simple and compu-
tationally inexpensive identification of appropriate redundant
parity checks to be used for decoding trapping errors.

A. Genie-aided random search

This method is primarily used to demonstrate the ease with
which a parity-check equation with projections of weight one
on both the 12 and 14 trapping set variables can be found. Ob-
serve that the existence of such an equation is a consequence of
the fact that the Margulis code has minimum distance greater
than 14 and that the codewords of its dual code form an
orthogona array of strength at least 14 [12] (we will revisit



the properties of a code in terms of its defining orthogonal
array in Section V). The genie-aided search algorithm can be
summarized as follows:

1. List al parity-check equations involving the variable
nodes of a (12, 4) trapping set.

2: Consgtruct al linear combinations of the equations found
in step 1.

3: Find linear combinations that have weight one when
projected to both the (12,4) and (14,4) trapping set
variables.

4: Append in succession each of these parity-check equa-
tions to the standard parity-check matrix and check if the
decoder converges to a correct codeword.

In al investigated cases, the appended row was not previ-
ously contained in the standard parity-check matrix, as can be
easily determined based on its weight: while all parity-checks
of the original parity-check matrix have weight 6, the weight
of the appended rows was found to be an even number in the
range from 18 to 50.

B. Structured search

We describe next an approach for identifying “good” re-
dundant parity-checks without referring to the use of side
information regarding the position of erroneous variables, but
rather exploiting structura properties of the (12,4) and (14, 4)
trapping sets in the regular [2640, 1320] Margulis code.

Throughout the rest of the paper we will call the variables
and checks introduced by extending a (12,4) to a (14,4)
trapping set expansion variables and expansion checks, respec-
tively. The notation B, E, and O will be used to refer to the
basic (12, 4) trapping set, its expansion variables and checks,
and the graph outside the (14, 4) trapping set, respectively.
Since the Margulis code is regular, with variable node degree
d, = 3 and check node degree d. = 6, an elementary (a,b)
trapping set with « variables and b check nodes of degree one?
has a fixed number of checks. If e denotes the number of check
nodes connected to two variables within the trapping set, then
e = (3a —b)/2. Therefore, in order to extend an elementary
(12,4) trapping set to a (14, 4) trapping set, two variables and
three checks have to be added.

Since the Margulis code has no four-cycles, a most one
expansion check can be connected to both expansion variables.
Conseguently, either three or four edges emanating from the
expansion variables are connected to expansion check nodes,
while the remaining edges are connected to check nodes whose
degreein the basic (12, 4) trapping set is one. Thus there exist
only two possible configurations as shown in Figure 2:

1. Based only on the knowledge of check nodes of degree
one within the basic (12,4) trapping set, it is straight-
forward to determine the whole expansion set: the two
degree-one checks of the basic (12,4) trapping set are
connected through two variable nodes to one additional

2These check nodes, incidentally, correspond to unsatisfied check nodes,
that can be readily identified.

CBE,1
CBE,2

CE
CEO,1
CEO,2

Fig. 2. Trapping set structure of a (12, 4) trapping set and its expansion.
(a) configuration 1, (b) configuration 2.

check node. These two variable nodes are expansion
variables.

2. In the second configuration, the expansion variables do
not share a check node.

All frames we observed during our simulations correspond
to configurations of the first type.

For configuration 1, denote the two expansion variables by
vg,1 and vg 2. Furthermore, denote the check node connected
to both these variables by cg. The unsatisfied check nodes in
the basic trapping set neighboring the expansion variables are
denoted by cgg,1 and cgg,2, While the variable nodes in the
basic trapping set connected to check nodes cpg 1 and cgg 2
are denoted by vpg,1 and vgg,2, respectively. The check nodes
of degree one in the expansion of the trapping set are cgo,1
and cgo,2. The two remaining check nodes of degree one in
the basic trapping set are termed cgo,1 and cgo 2, and the
variable nodes within the basic (12, 4) trapping set connected
to them vpo,1 and vgo,2, respectively (see Figure 2(a)). The
configuration involving al the aforementioned checks and
variables is illustrated in Table I.

Expansion Variables Basic Trapping Set Variables

VE,1 VE,2 UBE,l _VBE,2 YBO,1 VBO,2
CE 1 1 0 0 0 0
CEO,1 1 0 0 0 0
CEO,2 0 1 0 0 0 0
CBE,1 1 0 1 0 0 0
CBE,2 0 1 0 1 0 0
CBO,1 0 0 0 0 1 0
CBO,2 0 0 0 0 0 1

TABLE |

PROJECTION OF THE BASIC TRAPPING SET AND EXPANSION VARIABLES

The parity-check equations containing the projections de-
scribed in Table |1 can be linearly combined to generate a
redundant equation which has a projection of odd weight in
both the (12,4) and the (14, 4) trapping set.

There are three different methods for linearly combining the
parity-check eguations with projections as shown in Table I.



Method S; refers to forming four linear combinations by
adding the rows indexed by (cg, ¢ro.1, ¢BE2), (CE, CEO 2,
CBE,l)y (CEO,ly CBE,l)a and (CEQQ, CBE,Q)- Observe that all
these combinations have a projection of weight one within the
basic trapping set. Method So refers to forming two linear
combinations by adding the rows indexed by (cg, ceo,1)
and (cg, cro,2). Observe that &l these combinations have a
projection of weight one within the projection of the expansion
variables. Method S5 differs from the previous methods in so
far that it may generate redundant parity-check equations with
odd-weight projections that are not necessarily of weight one.
Candidate equations are obtained by linear combinations of the
rows indexed by (cg, ¢Bo,1), (cE, ¢BO,2), (CE, CBE,1, CBE,2
¢Bo,1): (CE, CBE, 1, CBE,2, CBO,2), (CBO,1, CBO,2: CEO, 1+ CBE,2)s
and (cgo,1, €BO,2, CEO,2, CBE,1)- | he Hamming weight of the
constructed rows is an even integer between 10 and 24. The
lower bound 10 is met by the constructions S; and Ss if the
supports of two added parity-checks share one element. There
exist no further common elements in this case as no cycles
of length 4 are present. Method S35 meets the upper bound
24: four parity-check equations are added and none of the
variables listed in Table | occur in the support of more than
one parity-check.

If atrapping set of the form shown in Figure 2(b) occurs, the
two expansion variables have no common check node. In this
case expansion variable vg ; is connected to two of the degree-
one check nodes of the basic trapping set.® If thereis only one
variable node connected to two degree-one checks, denoted
by cge,1 and cpg 2, the variable of interest is the expansion
variable vg, 1, which is also connected to expansion check
node cgo,1. Observe that expansion variable v o is strongly
influenced by its two neighboring check nodes connected to
the outside graph and can not be uniquely determined. Due
to this limited knowledge of the expansion set, there are only
two possible ways to generate a redundant parity-check with
an odd projection weight on the basic trapping set, involving
the sums of the rows (cgo,1. ¢Br,1) aswell as (cgo,1, ¢BE,2)-
A similar analysis can be conducted for (14,4) trapping sets.
Due to space limitations, details are omitted.

Table Il illustrates the application of methods S, S2, and
Ss, as well as the genie-aided random search for identifying
redundant parity-check equations that lead to correct decoding
of 15 frames erroneously decoded on the standard Tanner
graph. The table includes data describing the parameters of
the sets in which the decoder was initially trapped, the number
of parity-check equations that had to be added in order
to generate the redundant equation used in the genie-aided
random search method, and the number of iterations performed
by the decoder until successful decoding. Also listed are the
types of structured methods used to generate the redundant
parity-check equation. Underlined symbols refer to methods
that used the minimum number of iterations to convergeto the
correct solution. This number is also shown in the rightmost

30ne must keep in mind that the choice for such a variable might not be
unique.

column of the table. Although decoding with an augmented
parity-check matrix should only be performed in the error-floor
region (by restarting the decoder if it gets trapped), simulation
results indicate that the performance in the waterfall region is
not influenced by the presence of one redundant parity-check,
so that decoding can be performed with the redundant parity-
check matrix for all SNR values.

As a fina remark, we would like to point out that the
location of the non-zero entry within the projection of the
redundant parity-check equation on the (12,4) or (14,4)
trapping set does not seem to influence the performance of
the decoder.

V. REDUNDANCY VERSUS TRAPPING SET SIZE: AN
ANALYTICAL STUDY

As dready mentioned in the previous sections, there is no
guarantee that one redundant parity-check equation can change
the structure of atrapping set sufficiently enough to prevent the
decoder from making erroneous decisions on its constituent
variables. This problem seems to be especially prominent
when the variables in a trapping set have a very small number
of check nodes connected to them an odd number of times.
It is therefore of interest to investigate the fundamental trade-
offs between the number of rows in a parity-check matrix of
a code and the “smallest size” of a trapping set from a given
class. For this purpose, we will try to connect Ty (a,b), the
number of (a, b) trapping sets in a parity-check matrix H, to
its number of rows.

Definition 5.1: ([12, p.5]) An orthogonal array of strength ¢
is defined as amatrix of dimensionsm x n such that every m x
t sub-array contains each possible ¢-tuple the same number of
times. The codewords of an [n, k, d] code C form an orthogonal
array of dimension 2% x n of strength d-—1, where d* denotes
the dual distance of C.

Proposition 5.1: Let H consist of al 2”~* > 2 codewords
of the dual of an [n, k,d] code C. Then Ty (a,b) = 0 for al
aandbsuchthat 1 <a<d-—1,andb#2""F1,

Proposition 5.1 shows that a parity-check matrix consisting
of al codewords of the dual code cannot contain trapping sets
with 1 < a < d — 1 variables that have fewer than 27—%—1
checks connected to them an odd number of times. On the
other hand, it is of much larger importance to determine if
there exist parity-check matrices of a code free of trapping
sets with parameters (a, s), for 1 < s < b, and some relatively
small value b.

Theorem 5.2: Let C be an [n, k,d] code and C+ its dual.
Define the M¢(m) ensembleto be the set of al m xn matrices
with rows chosen uniformly and independently from the set of
2n~* codewords of C*. Furthermore, let 1 < a < [(d—1)/2]
be fixed and let 6(a,b) be the number of trapping sets with
parameters ((a,s)), 1 < s < b, in arandomly chosen matrix

of Mc(m). If
()6 E0)=

j=

©®)



Genie-aided random search, 1V-A Structured search, 1V-B
Frame [ Type [[ # of comb. parity-checks [ Requ. iterations || Working structured search methods [ Requ. iterations
1 (12, 4) 1 24 51, S5 16
2 (12,4) 9 22 S1, 52 22
4 (12, 4) 6 24 S3 36
5 (12, 4) 12 28 Ss 25
6 (14, 4) 7 27 S1, S3 20
7 (12,4) 4 20 S1, S2, S3 13
8 (14, 4) 9 18 Ss 17
9 (12, 4) 5 20 S1 24
10 | (12,4) 4 22 Ss 17
11 | (14,4) 5 18 S3 14
12 (12, 4) 8 21 Si 27
13| (12,4) 4 19 S1, 52, S3 16
14 | (12,4) 5 26 Ss 16
15 | (14,4) 6 24 Sy 26
16 (12, 4) 5 21 Ss 16
TABLE I

SUMMARY OF SIMULATION RESULTS FOR PROCESSED FRAMES USING THE GENIE-AIDED RANDOM SEARCH AND STRUCTURED SEARCH METHODS. THE
SOFTWARE USED TO GENERATE PART OF THE RESULTS IS AVAILABLE UPON REQUEST FROM THE AUTHORS.

then P{T'(a,b) =0} > 0. Consequently, if m satisfies (5),
then there exists a parity-check matrix of C with no more than
m+n—k—d+1rowsand 6(a,b) =0.

Proof: The proof of the claimed result is based on Lovasz
local lemma and extensions thereof [13], [14], [15], stated
below.

Lemma 5.3: Let Fy, Fs,... ,Ex be aset of events in an
arbitrary probability space. Suppose that each event F; is
independent of all other events E;, except for at most 7 of
them, and that P{E;} <pfordl 1 <i< N.If

ep(t+1)<1, (6)

then P{~, E;} > 0.

Let E; be the event that the projection of the i-th collection of
a columns from arandomly chosen matrix in M ¢ (m) contains
fewer than b odd rows. Then

1 m b—1 m
rer-(3) 5 (7)
=0
Thisis dueto the fact that the codewords of the dual code form
an orthogonal array of strength d — 1, and that consequently,
even and odd weight rows in the projection are equally
likely. In this setting, P{( E;} denotes the probability that
the randomly chosen matrix is free of trapping sets with
parameters (a,s), where 1 < s < b. In order to complete
the proof, it suffices to observe that the dependence number
of the events E; is upper bounded as

n—1
T—|—1<a< ),
a—1

since any subset of a columns depends only on other subsets
that share at least one column with it, provided that a is upper
bounded as stated in the theorem. Additional n — k — d + 1
rows may be required to make the randomly chosen matrix
have rank n — k. ]
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