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Abstract

In this paper Gaussian mixtures are used to model the
distribution of position error in tracking algorithms. An
expectation maximization algorithm is constructed to es-
timate parameters of a k-component Gaussian mixture
based on a sample set obtained from a tracking simula-
tor. The modeling and parameter estimation approach is
applied to position error data generated by several track-
ing algorithms including multi-target multi-sensor joint
probabilistic data association and particle filters. The
Gaussian mixture model yields significantly better like-
lihood of position error compared to the single Gaussian
distribution. It is further shown how the mixture models
can be used to efficiently compare tracking algorithms in
terms of the root mean squared position error.

1 Introduction

Our goal is to efficiently evaluate tracking algorithms
when the performance metric is the root mean squared
position error (RMSE). It is frequently assumed that po-
sition error in tracking algorithms has a Gaussian distri-
bution [13, 15]. The RMSE represents the standard devi-
ation of the position error data collected from a tracking
algorithm. Under the Gaussian distribution assumption,
variance estimation and ranking methods that use prop-
erties of the Chi-squared and F-distribution [18] can be
applied for ranking tracking algorithms in terms of the
RMSE [15]. However, in many tracking problems it has
been observed that the distribution of position error is
more complex [8, 9] and therefore the standard tools for
variance estimation and ranking do not apply.

In this paper we model the tracking position error
using Gaussian mixture distributions [5]. To apply this
modeling approach to efficient performance evaluation of
tracking algorithms, we need (1) a method to estimate
Gaussian mixture parameters from position error data,
and (2) tools for variance estimation and ranking appli-
cable to Gaussian mixtures.

It has been shown [16, 17] that a variance estimate
based on data samples from a zero-mean Gaussian mix-
ture distribution has the same properties as the distribu-
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tion of a variance estimate based on a reduced number of
samples from a single zero-mean Gaussian distribution.
As a result, the tools for variance ranking based on prop-
erties of the F-distribution can still be applied to data
originating from a zero-mean Gaussian mizture distribu-
tion simply by taking into account the reduced number
of samples. The reduction factor has been found as a
function of the Gaussian mixture parameters [16, 17].

In this paper, we focus on the estimation of Gaussian
mixture parameters from position error data. Mixture
learning algorithms are frequently based on the Expec-
tation Maximization (EM) algorithm The approach de-
scribed in this paper is based on extensions of the ideas
presented in [11, 19], where parameters of a k-component
mixture are estimated through & successive applications
of the EM algorithm.

The paper is organized as follows. The position er-
ror and performance evaluation of tracking algorithms in
terms of RMSE are discussed in Section 2. The EM al-
gorithm for estimation of Gaussian mixture parameters
is described and simulation results based on synthetic
data are presented in Section 3. Variance estimation
for Gaussian mixture distributions is briefly discussed in
Section 4. Application examples including (a) optimiza-
tion of sensor processing order in the sequential multi-
target multi-sensor joint probabilistic data association
(MSJPDA) algorithm and (b) comparison of particle fil-
ters are presented in Section 5.

2 Position Error in Tracking Algorithms
To define the problem of tracking, let us consider the
evolution of the state-space model of a target defined by
a sequence {x(7)},

x(7) =f.(x(1 — 1), w(r — 1)), (1)
where f.(-) is a possibly time-varying nonlinear function
of the state x(7), w(7) is an i.i.d. process noise sequence,
and 7 is the discrete time index. The tracking objective
is to recursively estimate x(7) based on measurements

z(7) = hr(x(7), v(7)), (2)
where h,(-) is a possibly time-varying nonlinear func-
tion of the state, and v(7) is an i.i.d. measurement noise
sequence. In particular, tracking is seeking filtered esti-
mates of x(7) based on the set of all available measure-
ments z(1: 7) = {z(i),i =1,...,7} up to time 7.



The estimate error e(7) defined as the difference be-
tween the true state x(7) and the state estimate X(7|7),

e(r) = x(1) = x(7|7), 3)

is the random variable of interest. In the case of target
tracking [13] the position error e(7) = [e, e,]'(7) is often
used to gauge tracking quality.

The traditional RMSE measure is used to quantify
performance. Other performance metrics have been used
in target tracking algorithms (e.g., covariance control
[9]), but the advantages of the RMSE are that it is an
easily computed scalar and results for new algorithms
can be readily compared to previously reported work.

Let e, be a sample of the position error produced
by a tracking algorithm at time step 7. The collection
of position errors {ej,...,e,} forms a data set. The
standard deviation o of the position error data is the
true RMSE of a given tracking algorithm. The samples
e, present a discrete random variable. After a simulation
run that generates n,:; data points we have

nms;eT and U*RMSE— /mZe

(4)
where € is the mean of that random variable and & is
the standard deviation estimate. We have assumed that
the position error is zero-mean, € =~ 0. The standard
deviation ¢ equals the measured RMSE that a tracking
algorithm produces as a sample of the performance met-
ric for the given design and the set of parameters [15].

If we perform n simulation runs and update ¢ after
each run, by the strong law of large numbers,

('DI

o= lim & (5)

with probability 1. This means that the measured stan-
dard deviation is asymptotically close to the true RMSE
as the number n of simulation runs increases.

The collection of position errors {ey,...,e,} forms a
data set that can further be used to estimate distribution
parameters. A typical histogram of position error data
obtained by a sequential MSJPDA algorithm is shown
in Fig. 1. The error histogram is compared with the
pdf of the Gaussian distribution with the mean m and
the standard deviation 6 computed from the data. The
histogram shows high concentration of the data points
around zero and a significant number of data points far
from zero. Clearly, the Gaussian pdf does not model the
data well. In Section 3 we show that a much better model
can be achieved by using Gaussian mixture distributions.

3 Error Modeling Using Gaussian Mixtures

Finite mixture distributions provide a framework for
modeling heterogeneous data [12] and have been popular
in data clustering and pattern recognition. The assump-
tion is that the data originates from a fixed number & of
Gaussian densities. A random variable e is said to have
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Fig. 1: A typical histogram of the position error obtained
from the sequential MSJPDA simulator and the pdf of the
Gaussian distribution with the mean m and the standard
deviation 6 computed from the data.

a k-component Gaussian mixture pdf

:ij Zw]—le>0 (6)
=1

where the number of components k is fixed, each
¢(e; mj,05) is a Gaussian pdf parameterized by the
mean m; and the standard deviation o, and w; are the
mixing weights.

Given a training set {e1,...,e,} of i.i.d. data points
sampled from the mixture, the modeling problem is to
estimate the mixture parameters

{wj,mj,aj}, jzl,...,k‘ (7)
in order to maximize the log-likelihood

Ay =log [T fi(es) = 3 1og filer) 8)

i=1

o(e; mj,05)

3.1 Estimation of Gaussian Mixture Parameters
The problem of Gaussian mixture parameter estimation
is frequently addressed using the well known expectation
maximization (EM) algorithm [5, 11, 19]. Given a train-
ing set of data points {ej,...,e,}, the f-th iteration in
the EM algorithm is performed as follows [19]:
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, Pji is the conditional probability that the data
pomt e; is sampled from the j-th Gaussian component,
given the mixture parameters {wZ 1,m§71 affl}. The
mixture parameters are then updated to the new values
{w§,mf, 0t} according to (10)-(12).

It has been shown [5] that the EM algorithm produces a
monotonically non-decreasing log-likelihood sequence,

AL > A (13)

(12)



Thus, from an initial guess for the mixture parameters,
{wj,mj,0;} = {w§,m, ¢}, under certain assumptions
[5], the algorithm converges to a set of parameters that
produces a local maximum of the log-likelihood.

The main difficulties in applying the EM algorithm
for the mixture parameter estimation are: (a) the true
number of mixing components k& is unknown, (b) there is
no widely accepted method for parameter initialization,
and (c) the algorithm can converge to one of many possi-
bly inferior local maxima of the likelihood. Our approach
in addressing these issues is based on modifications of the
EM algorithm for multivariate Gaussian mixture learn-
ing [11, 19] to take advantage of the previously observed
properties of the position error data generated by target
tracking algorithms. The mixture components are ex-
pected to have significant overlaps, with means that are
relatively close to zero. It should be noted that, in gen-
eral, parameter estimation is more difficult in mixtures
where the Gaussian pdf’s have poor separation [4].

The EM algorithm presented here is performed by
iteratively adding one component to the mixture. The
algorithm starts with k = 1, where

fi(e) = (14)

is the Gaussian pdf with the unbiased estimates of the
mean m and the standard deviation o of the single Gaus-
sian distribution for the given training data set

o(e; m,o)

n
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(15)

The algorithm proceeds by adding one component to
the mixture. Assuming that the parameters of a k-
component mixture fi(e) have been found, a new com-
ponent ¢(e; my, 1,07, ) is added to form the mixture

frar(e) = (1= a) fule) +agles myyy,0044).  (16)
The initial values of the mixture weight a = w} 41 and
standard deviation o}, for the added component are

05, if k=1
= {k%pifk>2 (17)
J%_H = b min oy, (18)

1<;<k

where 0 < b < 1. The motivation for this initialization is
an observation that adding a component with a narrower
pdf improves the likelihood. The mean of the added
component is initialized using the single-parameter opti-
mization

mg_,_l = argmax A2+1(m), (19)

where the global search for m that maximizes the likeli-
hood is performed over the range

min m; — max o; <m < max m; + max o;. (20)
1<j<k 1<j<k 1<j<k 1<j<k
With the parameter initialization given by (16)-(20), the

EM iteration (9)-(12) is performed to converge to the up-
dated parameters {w;, m;,o;} of the (k+ 1)-component

mixture. The algorithm stops when Axi1 < Ay, e,
when the log-likelihood does not improve with the added
component, or when a predetermined maximum number
of components k4. is reached.

3.2 Simulation Results Using Synthetic Data
The proposed EM algorithm was evaluated through a
variety of simulations using synthetic data generated by
sampling Gaussian mixtures with known parameters and
here we present some representative results.

A training set of n = 200 data points was generated
from a Gaussian mixture with & = 3 components and
known parameters. These parameters produce a pdf with
a shape resembling that of a typical position error his-
togram obtained from the sequential MSJPDA tracking
algorithm. Fig. 2 compares the training data histogram
with the true and estimated 3-component mixture pdf’s.

For comparison, using the same training data set, we
performed a Monte Carlo test repeating the EM iteration
1000 times for £ = 3, each Starting with a random set
of initial parameters {w mJ , 00} The initial parameter
values were sampled unlformly km the following ranges:

O<wd <1, Y wj=1, (21)
=

0

min m — max o < m;

1<5<3 g true 15523 Jrtrue j
< max m + max o 22
1553 J,true 1<,<3 Jitrues ( )
0.3 mMin 0 ¢rue < 0; <3 MAX Tjirue.  (23)

1<5<3 1<5<3

The histogram of all 1000 log-likelihood values from the
Monte Carlo test is shown in Fig. 3. The maximum log-
likelihood is Ayee = 37.6. The log-likelihood A, = 32.7
obtained by the proposed EM algorithm is in the top 20%
of the values obtained by the long Monte Carlo search.
Note that the EM iteration initialized with random pa-
rameters as in the Monte Carlo test can produce signifi-
cantly smaller log-likelihoods compared to the proposed
EM algorithm (9)-(12) initialized with (16)-(20).
4 Variance Ranking

Chi-squared and F-distributions are used for ranking
variances of data originating from Gaussian distributions
[15, 18]. For data originating from k-component zero-
mean Gaussian mixture distributions similar tools were
developed and reported in [16, 17]. It was shown that for
large n the distribution of the variance estimate based on
n samples of data from a zero-mean Gaussian mixture
distribution has the same properties as the distribution
of the variance estimate based on n* = 4 n samples from
a zero-mean single Gaussian distribution, where the re-
duction factor 4 can be found as a function of the mixture
parameters as [16, 17]:

- 2
o 3 (Zle ’ij';l) 1 24

Note that 4 does not depend on n. Therefore, variance
ranking tools for samples originating from a Gaussian
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Fig. 2: Training data histogram and pdf’s of the true and

estimated Gaussian mixtures with kK = 3 components.
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Fig. 3: Histogram of the log-likelihood values obtained in
1000 runs of the EM algorithm randomly initialized.

distribution can be applied to the class of zero-mean
Gaussian mixture distributions simply by taking into ac-
count the reduction factor 4 in the degrees of freedom.
Let us consider two stochastic processes 6, and 6,
that produce random variables e, and e, with zero-
mean Gaussian mixture distributions. Given the samples
{€ul, .-, eun, } from 6, and {e,1,...,eyn, } from 6,, the
respective variance estimates 63q’u and &zq’v are obtained
from data. If cqu < Geq,0, the problem of computing
the confidence level, i.e., the a posteriori probability py.,

that 0equ < Ocq,v is finding
Oeq,us Ueq,u} .

2
g
Puv = P{(W}) > 1
Oeq,u

Assuming that n, and n, are large, the confidence level
Puv can be computed as

(25)

pZU = 1-CDF (’I’LZ, 77‘2;7 1/512“))
— / f(ns, s, 2)de (26)
1/€2,
h
where N = Y, = T, (27)

f(nk,nk ) is the pdf of the random variable having
Fox _1,nz—1 distribution with (n; — 1) degrees of free-
dom in the numerator and (n! — 1) degrees of freedom
in the denominator, .
guv = Jegw y (28)

a'eq,u
and CDF(-) is the cumulative density function of the F-
distribution random variable.
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Fig. 4: Excess log-likelihood vs. the number of components
in the Gaussian mixture distributions for two sets of data
generated by the sequential MSJPDA tracking simulator.

5 Comparison of Tracking Algorithms

The position error modeling of Section 3 and the variance
ranking tools of Section 4 were used in two application
examples: (a) optimization of sensor processing order in
the sequential MSJPDA algorithm and (b) comparison
of particle filters. Our results are summarized below.

5.1 Sequential MSJPDA Tracking Algorithm

Considering the tracking model (1)-(2), the sequential
MSJPDA [7] is characterized by linear time-invariant
tracking, Gaussian process and measurement noises with
zero-means and known covariances Q (same for all tar-
gets) and R (different for each sensor s), and state es-
timates produced using a Kalman filter. Simulator pa-
rameters are as in [13], Q = ¢I, and R; = r;I. Nonlin-
earities in the algorithm are caused by the existence of
clutter (false measurements uniformly distributed with
density ) and data association (that resolves uncertain-
ties about the origin of the received measurements) [2, 3].

The number of components k in a Gaussian mixture
needed to model the position error measurements of the
tracking algorithm was determined by observing the se-
quence of log-likelihoods A generated by the EM al-
gorithm of Section 3. Fig. 4 shows log-likelihood as a
function of k for two different tracking scenarios. Case
(a) is an example of very good tracking with Ny = 2
sensors (r1 = ro = 0.02) tracking 7' = 1 target in clutter
with density A\ = 1.4. Position error measurements in
this case are very well modeled with a single Gaussian
pdf (k = 1). The increase of Gaussian mixture compo-
nents (k = 2,3,4,5) does not increase the log-likelihood
significantly. In case (b), which is an example with a loss
of track, Ny = 1 sensor (r; = 0.01) is tracking T' = 1 tar-
get in the same clutter. To model position error in this
case, Gaussian mixtures provide much better likelihoods
than a single Gaussian pdf. A 2-component Gaussian
mixture models the data quite well, and further increase
in the number of mixture components does not increase
the log-likelihood significantly.

Let us further consider the sequential MSJPDA algo-
rithm with Ny = 3 sensors tracking T" = 4 targets. The
compared designs are defined as ordered sets of sensor
noise parameters (two identical sensors with » = 0.1 and
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Fig. 5: RMSE of the sequential MSJPDA algorithm as a
function of clutter density A for three designs.

| A [001]01]05] 1.0 14 [ 2.0 |
O 6 | 60 [ 6 [ 60 ] 60 [ 6
Niyuns 100 [ 100 [ 93 [ 8 | 21 [ 15

conf. level [ 0.43 [ 0.86 | 0.98 | 0.98 [ 0.98 | 0.99

Table 1: The selected best ranking design 0, the total num-
ber of simulation runs N,.ns, and the confidence level as func-
tions of clutter density A. The maximum allowed number of
runs is Nyaz = 100.

one better sensor with » = 0.01). The objective is to find
the best design in terms of the RMSE for various clutter
densities A\. The three designs are

6, = {0.1,0.1,0.01}, 6, = {0.1,0.01,0.1},

65 = {0.01,0.1,0.1}. (29)

The variance ranking tools [16, 17] reviewed in Section 4
were used in the optimization algorithm of [15] to yield
the results in Fig. 5 and Table 1. For low clutter densi-
ties A, the order of sensor processing does not affect the
tracking performance. Since the RMSE’s do not differ
significantly, the best ranking design 6, is selected with
a small confidence level when the maximum number of
simulation runs is exhausted. For higher A, the order of
sensor processing affects the tracking more significantly.
The best ranking design is consistently the one where
the best sensor is processed last. These conclusions are
consistent with findings of [13] where simpler 2-sensor
systems were analyzed.

5.2 Comparison of Particle Filters
Particle filters [1, 6] are sequential Monte Carlo methods
based on point mass (or “particle”) representations of
probability densities, which can be applied to any (pos-
sibly nonlinear and non-Gaussian) system model, and
which generalize traditional Kalman filtering methods.
Consider a one-dimensional random process with pdf
p(z). If N, particles 2, i = 1,..., N, are drawn from

pdf M

0.2 Gaussian mixture pdf, k=3

0.1 || Gaussian pdf, k=1
0
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position error, e
Fig. 6: Position error histogram for the SIR particle filter
and the estimated Gaussian mixture pdf’s for K = 1 and 3.

the process, a discrete approximation of p(x) is

NP
p(z) =~ Z w'd(z — '), (30)
i=1
where 6(-) is the Dirac delta function and w? is the weight
of the i-th particle. A particle filter operates by re-
cursively propagating a set of IV, particles through the
model (1)-(2). Variations in particle filters differ in the
details of numerical procedures used to recursively prop-
agate the set of particles. Three popular particle filters
considered here are [1]: (a) Sampling Importance Resam-
pling (SIR) particle filter, (b) Auxiliary Sampling Impor-
tance Resampling particle filter (APF), and (c) Regular-
ized particle filter (RPF).
Our objective is to use the tools from Sections 3 and 4
to efficiently compare the performance of the particle
filter algorithms in the following illustrative example:

Tr = f‘r(folaT) + vr (31)
2
Zr 50 +n, (32)
where
i 257,
fr(xr_q,7) = x : L 1+$x2j1 +8cos(1.21)  (33)

and where v, and n, are zero-mean Gaussian random
variables with variances @), and R, respectively. In the
presented example @, = 10 and R, = 1. This tracking
problem has been considered as a benchmark example
in [1, 10], where it was shown that classical Kalman or
extended Kalman filters do not perform well.

Fig. 6 shows a state error histogram of a represen-
tative run of the SIR particle filter with the pdf’s of a
single Gaussian and a 3-component Gaussian mixture.
The mixture parameters are estimated using the EM al-
gorithm of Section 3. It is evident that the 3-component
Gaussian mixture is a much better fit to the position
error histogram than the single Gaussian. Fig. 7 shows
log-likelihood as a function of the number of components
k in a Gaussian mixture used to model data for the SIR
particle filter. It can be observed that a 3-component
Gaussian mixture models the data quite well.

The computational effort in particle filters is directly
proportional to the number of particles IV, sequentially
propagating through the filter. It is therefore of interest
to compare the filters using the number of particles as a
parameter. Again, the tools of Section 4 and [17] were
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Fig. 7: Excess log-likelihood as a function of components k
in the Gaussian mixtures for three sets of data generated by
SIR particle filters with IV, = 10,30, and 50 particles.
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Fig. 8: RMSE as a function of the number of particles for
the SIR, auxiliary, and regularized particle filters.

used to perform the ranking, and the results are shown
in Table 2 and Fig. 8. In this example, the APF outper-
forms the RPF and the basic SIR filter. The difference
in performance is more visible when a smaller number
of particles N, is used in the filters. As N, increases,
the performance difference diminishes and all three fil-
ters perform almost the same for sufficiently large N,,.

6 Conclusion

Gaussian mixture distributions have been shown to more
accurately model position error in tracking algorithms.
An expectation maximization (EM) algorithm is con-
structed to estimate parameters of a Gaussian mixture
with k& components based on data from a target tracking
simulator. The developed method is applied to model
position error distributions in examples from a sequen-
tial multi-sensor multi-target data association algorithm
and three variations of particle filters. Results show that
Gaussian mixture distributions produce significantly bet-
ter likelihoods compared to single Gaussian distribu-
tions. Furthermore, we show how to efficiently compare
different tracking algorithms in terms of the root mean
squared position error.

RMSE for N,
Algorithm | 10 | 20 | 30 ‘ 40 | 50
SIR 8.10 | 6.78 | 6.18 | 5.82 | 5.50
APF 7.28 | 6.25 | 5.82 | 5.63 | 5.46
RPF 8.00 | 6.67 | 6.12 | 5.64 | 5.46
conf. level | 99.0 | 95.2 | 95.7 | 61.7 | 40.1
Nruns 395 | 440 | 846 | 5000 | 5000

Table 2: Ranking of particle filters in terms of the RMSE
for different numbers of particles N, = 10, 20, 30, 40, and 50.
The table shows the estimated RMSE, the confidence level,
and the total number of simulation runs Ny.n,s performed,
with the maximum allowed number of runs Ny,q. = 5000.
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