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Unit and Sequencing

e = ... |unit|ee
T == ... | Unit

Typing rule for unit:

I+ wunit : Unit

Definition of sequencing (e1; 2) by translation:
e1; e = ((Ax : Unit. &) e1)

where x is a fresh variable (not in FV(ey)).



Let Binding (local variables)

ex=...|letx=e1ine
For evaluation purposes, we can use:
let x = e in e = ((M\x.e2) €1)

However, notice that the parameter x wasn't given a type. We can
give it a type, but we don't know that type until we've type
checked e;. So we can't just expand a let into an application and
A before we do type checking.

Nr-e:Th Ix:Tite:T
Fletx=eine: T,




Pairs

e == ...|(ee)|fste]|snde
T == ...|TxT

Reduction rules:

fst (Vl, V2) — V1

snd (vi,v2) — w2
Evaluation contexts:
E:=...|(E,e)|(v,E)
Typing rules:
Nle:Th The:Ts
MNe(e1,e): T1 x T

I'}—e:Tleg I'I—e:T1><T2
MlEfste: Tq lFsnde: T,




e = ...|{h=e,....lh=en}]el
T == . |{h:T1,....0h: Ty}

Reduction rules:
{h=wv1,...;h=vp}. i — v (1<i<n)
Evaluation contexts:
E:=...|{h=wv,....i=E liy1=¢€41,...,In=e€n}

Typing rules:

NlN-e:7Ta -+ Thke: T,
FrE{h=e1,....lh=en} :{h:T1,...;[n: Ty}

Frce:{h:Ti,....0h: Ty} 1<i<n
FI—e.l,-:T,-




T(l=¢e)|caseeof (h=x1=e1) (I =xn= e€n)
</12T1,...,/n2 Tn>

e = ...|
T == ...
Reduction rules:

case (T{li=v))of (h=x1=e1) - (In=xn= en) — [xi — V]e
(1<i<n)

Typing rules:

NFe: T, 1<i<n T=(h:Ti,...;0h: Ty

Fce:(h:Ti,...ilp:Tpy Vie{l...n}. I,x;: Tite: T
Ntcaseeof (h=x1=e€) - (lh=xa=e€p): T




Recursive Functions

ex=...|fixel|letrecx: T=eine
Reduction rules:
fix (A\f : T.e) — [f — (fix(\f : T. e))]e
Evaluation contexts:
E:=...|fixE

Typing rules:
lFe: T—>T
MN-fixe: T

Definition of letrec by translation:

letrec x : T = ey in ex = let x = fix(Ax : T.e1) in e



Example: the sum function

letrec sum : nat — nat = | let sum = fix(\ sum: nat — nat.
(A n: nat. (A n : nat.
if (iszero n) then if (iszero n) then
0 0
else else
n + sum (pred n)) n + sum (pred n)))
in in
sum 2 sum 2




Example: running the sum function

B = (X n : nat. if (iszero n) then 0 else n + sum (pred n))
S = fix (A sum: nat — nat. B)

sum 2
[

S2

—

[sum — S| B 2

(A n @ nat. if (iszero n) then 0 else n + S (pred n)) 2

—

if (iszero 2) then 0 else 2 + S (pred 2)

—

2 + S (pred 2)

—

2 + [sum — S] B (pred 2)



Example: typing the sum function

B = (An: nat. if (iszero n) then 0 else n+ sum(pred n))

I, sum : nat — nat - B : nat — nat

I+ (A sum: nat — nat. B) : (nat — nat) — (nat — nat)

[+ fix (A sum : nat — nat. B) : nat — nat



