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theory Cpp = Main:

types tmname = nat
types field = nat

datatype ty
= TVar nat
| TMem ty field
| Tmld tmname ty ty
| TArrow ty ty
| TInt

consts FTV :: ty = nat set
primrec
FTV (TVar i) = {1}
FTV (TMem 7 a) = FTV 7
FTV (Tmldt 71 72) = FTV
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71 UFTV 72

FTV (TArrow 71 72) = FTV 71 U FTV 72

FTV TInt = {}

consts
type-value :: ty set
inductive type-value intros

VVar[introl]: TVar i € type-value

Vintlintro!]: TInt € type-value

VMeml[introl]: [ T € type-value; FTV 1 # {} ]

= TMem T a € type-value

VTmlIdlintrol]: [ 71 € type-value; T2 € type-value ]
= Tmld t 71 72 € type-value

VArrow[introl]: [ 71 € type-value; 72 € type-value |
= TArrow 71 T2 € type-value

inductive-cases ty-val-inv[elim!]:
TMem T a € type-value
Tmldt 71 72 € type-value
TArrow 71 T2 € type-value

consts

residual-type :: ty set

inductive residual-type intros
RInt[intro!]: TInt € residual-type

RTmlId[intro!]: [ 71 € residual-type; T2 € residual-type |



— Tmld t 71 72 € residual-type
RArrow(intro!]: [ 71 € residual-type; T2 € residual-type |
= TArrow 71 72 € residual-type

lemma closed-value-residual:
[ 7 € type-value; FTV 7 = {} | = 7 € residual-type
by (induct rule: type-value.induct, auto)

lemma residual-value: T € residual-type = 7 € type-value
by (induct rule: residual-type.induct, auto)

lemma residual-closed: T € residual-type = FTV 7 = {}
by (induct rule: residual-type.induct, auto)

types tm-used = (tmname X ty x ty) set
types tyvars = nat set

datatype memkind = Fun | Type
types member = memkind X field x ty
types tm-set = (ty X member) set

constdefs tms :: tm-set = tmname set
tms T={¢t.3 71 72m. (Tmldt 71 72,m) € T}

consts wf-ty :: (tm-set x tyvars x ty) set
syntax (zsymbol)
wf-ty 2 tm-set = tyvars = ty = bool (-] -+ - wf [62,52,52] 51)
translations
T|VETw == (T,V,7) € wf-ty
inductive wf-ty intros
WFTVar[introl]: i € V = T | V + TVar i wf
WETMemlintrol]: T | VE 7 wf = T |V F TMem 7 a wf
WFTmlId[introl]: [ t € tms T;
T|VErIw; T|VET2uf]
= T | VE(TmIdt ] 72) wf
WETArrow[intro!]: [ T | VE 1l wf; TV E712uf]
= T | VF (TArrow 71 72) wf
WETIntlintro!]: T | V F TInt wf

inductive-cases wf-ty-inv[elim!]:
T|VE(TVari) wf

T|VE(TMem 7 a) wf
T|VE(Tmldt ] 72) wf
T|VE (TArrow 71 72) wf

consts lookup :: tm-set = tm-set

consts ty-eval :: (tm-set X tyvars x ty X ty option) set
syntax (zsymbol)

ty-eval :: tm-set = tyvars = ty = ty option = bool (-] -+ - -[52,52,52,52] 51)
translations

T|VETlI72==(T,V,71,72) € ty-eval

inductive ty-eval intros
CVarT|introl]: i € V= T | V F TVar i | Some (TVar i)
CMemT1lintrol]: [ T | V & 7§ Some (Tmld t 71 72);



FTV 71 = {}; FTV 72 = {};
(TmlId t 71 72, Type, a, ') € lookup T;
T|{}+7") Some "]
= T | VF TMem 7 a | Some 7"
CMemT2[intro]: [ T | V =1 | Some 7'; FTV 7" # {} ]
= T | VkE TMem 7 a | Some (TMem 7’ a)
CTmTintro]: [ t € tms T;
T|Vk7ll Sometl’;
T|VET2] Some 2]
= T | VE(Tmldt i 72) | Some (TmlIdt 1’ 72")
CArrowT[intro\]: [ T | V = 71 | Some 71/
T|VET2| Some 2]
= T | VF (TArrow 71 72) | Some (TArrow 71’ 72")
CIntT[intro!]: T | V & TInt || Some TInt

CVarTElintrol: i ¢ V. = T | V & TVar i | None
CMemTEl1[intro!]: [ T | V = 7 Some (Tmld ¢t 71 72);
FTV 71 ={}; FTV 72 = {};
V 1. (Tmld t 71 72, Type, a, 7) ¢ lookup T |
= T | VE(TMem 7 a) | None
CMemTE2[intro!]: [ T | V & 7 Some 7; FTV 7/ = {};
—~(Ft7r1 72. 7' # Tmldt t1 72)]
= T | VFE(TMem 7 a) || None
CMemTES[intro!]: [ T | V = 7 | None ]
= T | VF (TMem 7 a) || None
CTmTEI1[intro]: [ t ¢ tms T |
= T | VFE(TmIdt 1 72) | None
CTmTE2[introl|: [ T | V71l al; T|VET2] a2,
al = None V a2 = None |
= T | VE(TmIdt 1 72) | None
CArrowTE[intro!|: [ T | VE71 Y al; T|VET2] a2;
al = None V a2 = None |
= T | VF (TArrow 71 72) | None

inductive-cases ty-eval-inv|[elim!]:

T|VE(TVari)l a

T|VETInt|a

T|VE(TArrow 71 72) | a

T|VE(TMem T f)l a

T|VE(TmIdtr1 72) | a
lemma eval-type-value: T | V + 7 | Some 7" = 7’ € type-value
proof —

{fixTVr1a

have T | VF 71l a= (A 7" a = Some 7' = 7' € type-value)
by (induct rule: ty-eval.induct, auto)

}thus T | V F 7| Some 7" = 7' € type-value by simp

qed

lemma eval-type-residual:
[T|VETY Somer’s V={}] = 7'€ residual-type
proof —
{fixTVr1a
have [T | VEFET{a]
= (A7 [a=Somer’; V={}]
= 7' € residual-type)



apply (induct rule: ty-eval.induct)
using residual-closed apply auto
done
Ythus [T | VETY Somer’s V=1{}]
= 7’ € residual-type by simp
qed

lemma value-idempotent:
[T|VETda T|VHETw;r € type-value | = a = Some 7
by (induct rule: ty-eval.induct, auto)

datatype expr
= EVar
| EInt int
| EObj ty
| EMem ty field
| EApp expr expr

consts
residual-expr :: expr set
inductive residual-expr intros
RsEVar[intro!]: EVar € residual-expr
RsEIntlintro!]: EInt n € residual-expr
RsEObj[intro!]: T € residual-type = EObj T € residual-expr
RsEMemlintro!]: T € residual-type =—> EMem 7 f € residual-expr
RsEApp[intro!]: [ el € residual-expr; e2 € residual-expr | = EApp el e2 € residual-expr

inductive-cases residual-ezpr-inv [elim!]:
(EApp el e2) € residual-expr

Compile expressions by evaluating nested type expressions

types fun-used = (ty X nat) set

consts comp-expr :: (tm-set X tyvars X expr X expr) set
syntax (zsymbol)
comp-expr :: tm-set = tyvars = expr = expr = bool (- | -+ - | - [52,52,52,52] 51)
translations
T|Vikele == (TV,e:expr,e') € comp-expr
inductive comp-expr intros
CEVar: T | V & EVar | EVar
CEInt: T | V & EInt n | (Elnt n)
CEObj: T | V F 1| Some 7’
= T | VF EOb 7| (EObj 7"
CEMem: [ T | V F 1l Some 7]
= T |Vt EMemrTf | (EMem 7'f)
CEApp: [T | Vel el;T|VEe2 | e2]
= T |V EApp el e2 | (EApp el’ e2')

consts subexpr :: (expr X expr) set
inductive suberpr intros

SubReflintrol]: (e, e) € subexpr

SubApplintro!]: (e,el) € subezpr V (e,e2) € subexpr = (e, EApp el e2) € subexpr
inductive-cases subexpr-app-inv|elim!]:

(e, EVar) € subexpr

(e, EInt n) € subexpr



(e, EObj 1) € subexpr
(e, EMem T ) € subexpr
(e, EApp el e2) € subexpr

constdefs

ty-used-in :: expr = ty set

ty-used-in e = { 7. (EObj T, e) € subexpr V (3 f. (EMem 7 f,e) € subexpr) }
declare ty-used-in-def [simp]

consts ty-eq :: (tm-set x ty X ty) set
syntax (zsymbol)

ty-eq :: tm-set = ty = ty = bool (-F -=-1[562,52,52] 51)
translations

TkE11=72==(T:tm-set,71,72) € ty-eq

inductive ty-eq intros
Mem: (7, Type, a, ") € lookup T = T + TMem 7 a = 7’
MemClintro\: Tk =7"= T+ TMem 7 a = TMem 7’ a
TmClintro]: [ TH11 =71} TH 12 =72"]
= TrTmldtrl 72 = Tmldt 71’ 72’
ArrowClintro\]: [ TH 11 =71, T 12 =712"]
= T+ TArrow 71 72 = TArrow 71’ 72’
Refl[introl]: T+ 717 =17
Symmlsym|: T+ 7171 =72 = T F 12 =11
Transltrans): [ TH 71 =72, TH12=78] = TH1l =73

lemma ty-eval-sound:
T|Vrkrla= (A7 .a=Somer = Trr=1)
proof (induct rule: ty-eval.induct)
fix TVirt' — Case CVarT
assume Some (TVar i) = Some 7' with Refl
show T + (TVar i) = 7’ by auto
next
fix TVr7r' 7”771 72at 7'a— Case CMemT1
assume [H1: \7'. Some (Tmld t 71 72) = Some 7" = (T, 7, 7') € ty-eq
and TM: (TmlId t 71 72, Type, a, 7') € lookup T
and [H2: At'a. Some 7" = Some 7'a = (T, 7/, 7'a) € ty-eq
and TPP: Some 7" = Some 7'a
from [H1 have TTM: T+ 7= Tmld t 71 72 by simp
from [H2 TPP have T 7' = 7'a by auto
hence TPA: T + 7' = 7'a by simp
from TM have TMTP: T + TMem (Tmldt 71 72) a = 7' by (rule Mem)
from TTM have A: T+ TMem 7 a = TMem (Tmld t 71 72) a by (rule MemC)
from A TMTP have B: T + TMem 7 a = 7' by (rule Trans)
from B TPA show T + TMem 7 a = 7'a by (rule Trans)
next
fix TV 77 art’a— Case CMemT2
assume [H: \7'a. Some 7’ = Some 7'a = (T, 7, 7'a) € ty-eq
and TM: Some (TMem 7' a) = Some 7'a
from /H have T - 7 = 7’ by simp
hence T + TMem 7 a = TMem 7' a by (rule MemC)
with TM show T - TMem T a = 7'a by simp
next
fix TV rl71' 7272 t 7' — Case CTmT
assume [H1: A7’ Some 71’ = Some 7' = (T, 71, 7') € ty-eq
and IH2: \7'. Some 72’ = Some 7' = (T, 72, 7') € ty-eq



and TM: Some (Tmld t 71’ 72') = Some 7’
from [H1 have T + 71 = 71’ by simp
also from [H2 have T - 72 = 72’ by simp
ultimately have T+ Tmld t 71 72 = TmId t 71’ 72’ by (rule TmC)
with TM show T - Tmld t 71 72 = 7’ by simp
next
fix TVrlir1' 7272 1/
assume [H1: A7’ Some 71" = Some 7' = (T, 71, 7') € ty-eq
and IH2: N7’ Some 72’ = Some 7' = (T, 72, 7') € ty-eq
and A: Some (TArrow 71' 72") = Some 7’
from IH1 have [Hla: T - 71 = 71’ by simp
from [H2 have [H2a: T - 72 = 72’ by simp
from [Hla IH2a have B: T + TArrow 71 72 = TArrow 71’ 72’ by (rule ArrowC)
with A show T + TArrow 71 72 = 7’ by simp
next

fix TV m 7' assume Some TInt = Some 7’

with Refl show T + TInt = 7’ by auto
next

fix T Vim 7" assume None = Some (7':ty) thus (T, TVar i, 7') € ty-eq by auto
next

fix TV 7 a 7" assume None = Some (7":ty) thus (T, TMem 7 a, ') € ty-eq by auto
next

fix TV 7 a 7' assume None = Some (7":ty) thus (T, TMem 7 a, 7') € ty-eq by auto
next

fix TV 7 a 7’ assume None = Some (7":ty) thus (T, TMem 7 a, 7') € ty-eq by auto
next

fix T Vtr1 72 7" assume None = Some (7':ty) thus T - TmlId t 71 72 = 7’ by auto
next

fix TV 71 72 7' assume None = Some (7":ty) thus T + TArrow 71 72 = 7' by auto
next

fix TV 71 72 al a2t 7’ assume None = Some (7':ty)

thus (T, Tmld t 71 72, 7') € ty-eq by auto
qed

constdefs compty :: tm-set = ty set
compty T ={ 7.3 m. (r, m) € T N7 € residual-type }
declare compty-def[simp]

consts wi-expr :: (tm-set X tyvars X ty option X expr X ty option) set
syntax (zsymbol)
wt-expr i tm-set = tyvars = ty option = expr = ty option = bool (- | -| -+ -: - [62,52,52,52,52] 51)
translations
T|V|rtlke:72==(T,V,71,e:expr,r2) € wt-expr
inductive wt-ezpr intros
TEAppl1 [intro]:
[T|V |7tk el:Some (TArrow 71 72); T | V | 7F €2 : Some 71 ]
= T |V |7k EApp el e2 : Some 72
TEApp2lintro]:
[T|V|Tkel:al; T|V |7tk e2:a2; al = None V a2 = None |
= T |V |7+ EApp el e2 : None
TEVarlintro|: a = (if FTV 7 = {} then Some 7 else None)
= T | V| Somert EVar : a
TEIntlintro]: T | V | 7 = EInt n : Some (TInt)
TEObjlintro]: [ T | V &+ Tmld t 71 72 wf;
FTV 11 = {}; FTV 72 = {};
Tmidt 71 72 € compty T |



= T |V |7k EObj (Tmldt 1 72): Some (Tmldt 1 72)
TEObjE[intro]: FTV 71 #{} = T | V | 72 + EObj 71 : None
TEMeml[intro]: [ T | V + 7 wf;

(r, Fun, f, TArrow 71 72) € T']

= T |V |78+ EMem 7 f : Some (TArrow 71 72)

TEMemE][intro]: FTV 7 # {} = T | V |71 - EMem 7 f : None

inductive-cases wt-funval-inv:

T|V|78F v: Some (TArrow 71 72)
inductive-cases wt-mem-inv:

T|V |72k (EMem 7 f) : Some (TArrow 71 1)
inductive-cases wt-var-inv:

T | V| None b EVar : Some T
inductive-cases wt-app-inv:

T |V |7't EApp el €2 : Some T
inductive-cases wt-obj-inv:

T|V |7+ EObj 7: Some 7"

constdefs

closed-tm-set :: tm-set = bool

closed-tm-set T= N v kf 7. (r,k, f,7)e T — FTV 7' ={})
declare closed-tm-set-def [simp]

consts subst-expr :: expr = erpr = expr
primrec
subst-expr EVar e = e
subst-expr (EInt n) e = Elnt n
subst-expr (EObj T) e = EObj T
subst-expr (EMem 7 f) e = (EMem 7 f)
subst-expr (EApp el e2) e = (EApp (subst-expr el e) (subst-expr e2 e))

lemma subst-expr-type:
T|V|Sometlte:a—=
(AN72v. [ a = Some72; T |V | Nonet v: Some 1]
= T | V | None \- subst-expr e v : Some T2)
apply (induct rule: wt-expr.induct)
apply auto
apply blast
apply (case-tac FTV 7 = {})
apply auto
apply (rule TEObj)
apply auto
done

types fun-set = (ty X nat x (ty X ty X expr)) set

consts run-expr :: (fun-set X tm-set X expr X expr option) set
syntax (zsymbol)
run-ezpr :: fun-set = tm-set = expr = expr option = bool (- | -F - = - [52,52,52,52] 51)
translations
F|Tke= e/ == (F,T,e::expr,e') € run-expr
inductive run-expr intros
REApp: [ F | T+ el = Some (EMem 7 f); (7, f, (11,72,e)) € F}
71 € compty T; 72 € compty T}
F| Tt e2= Somee2’; F| Tt subst-expr e e2’ = Some v |



= F | T+ EApp el e2 = Some v

REAppEl: [ F | Tt el = al; F| TF e2 = a2; al = None V a2 = None ]
= F | T+ EApp el e2 = None

REAppE2: [ F | T+ el = Some (EMem 7 f); ¥V m. (1, f, m) ¢ F]
= F | T+ EApp el e2 = None

REAppES3: | F | T+ el = Some (EMem 7 f); (7, f, (t1,72,e)) € F;

F| TF e2 = Somee2’; F| Tt subst-expr e e2’ = None |
= F | T+ EApp el e2 = None

REAppE/: | F | T+ el = Some (EMem 1 f); (7, f,(T1,72,€)) € F;
71 ¢ compty T V 72 ¢ compty T |
= F | T+ EApp el e2 = None

REInt: F | T + ElInt n = Some (EInt n)

REObj: 7 € compty T = F | T + EObj 7 = Some (EObj 1)

REMem: F | T + EMem 7 f = Some (EMem T f)

REVarE: F | T + EVar = None

REObWE: 7 ¢ compty T = F | T + EObj T = None

consts
expr-value :: expr set

inductive expr-value intros
EIntV [intro!]: EInt n € expr-value
EObjV [introl]: EObj T € expr-value
EMemV [intro!]: EMem T f € expr-value

lemma run-ezpr-value-impl: F | T+ e = v = (/\ e’. v = Some e/ => e’ € ezpr-value)
by (induct rule: run-expr.induct, auto)

lemma run-ezpr-value: F | T F e = Some v = v € expr-value
by (simp add: run-ezpr-value-impl)

consts

val :: expr set

inductive val intros
Vallnt[intro!]: EInt n € val
VObjlintrol]: T € residual-type = EObj T € val
VMeml[intro!]: 7 € residual-type = EMem 7 f € wval

lemma subst-residual:
[ e € residual-expr; v € residual-expr | => subst-ezpr e v € residual-expr
by (induct rule: residual-expr.induct, auto)

lemma wval-residual: e € val = e € residual-expr
by (induct rule: val.induct, auto)

inductive-cases obj-resid[elim!]:
EObj T € residual-expr

inductive-cases mem-resid[elim!]:
EMem 7 f € residual-expr

inductive-cases mem-val[elim!]:
EMem 7 f € wval

constdefs
resid-env :: fun-set = bool
resid-env F = (Y 7 f 71 12 e.
(ry f, (t1,72,e)) € F — e € residual-expr)



declare resid-env-def[simp]

lemma run-value-impl: F | T+ e = a
= (A v. [ @ = Some v; e € residual-expr; resid-env F | = v € val)
apply (induct rule: run-expr.induct)
prefer 2 apply simp
prefer 2 apply simp
prefer 2 apply simp
prefer 2 apply blast
prefer 2 apply blast
prefer 2 apply blast
prefer 2 apply simp
using val-residual subst-residual apply auto
done
lemma run-value:
[F|TtF e= Somewv; e € residual-expr; resid-env F |
= v € val
by (simp add: run-value-impl)

constdefs

fun-used-in :: expr = fun-used

fun-used-in e = { (7.,f). (EMem 7 f, e) € subexpr }
declare fun-used-in-def [simp]

constdefs
fun-used-env :: fun-set = fun-used
fun-used-env F = { (1.f). @ 7' f'71 72¢e. (7', f', (11,72,¢)) € F
A (1, ) € fun-used-in e) }
declare fun-used-env-def [simp]

constdefs
ty-used-env :: fun-set = ty set
ty-used-env F = { 7. 3 7' f 71 72¢e. (7', f', (t1,72,e)) € F
— T € ty-used-in e) }

declare ty-used-env-def [simp]

lemma subst-fun-used-sub: \ T f e2. fun-used-in (subst-expr el e2)
C fun-used-in el U fun-used-in e2
by (induct el, auto, blast)

lemma track-used-fun:
F| Tt e= Somee'
= fun-used-in e’ C fun-used-in e U fun-used-env F
proof —
{ fix a
have F | TFe=a
= (A e’ a = Some ¢’
= fun-used-in e’ C fun-used-in e U fun-used-env F)
apply (induct rule: run-expr.induct)
defer
apply blast
apply blast
apply blast
apply blast
apply blast
apply blast



apply blast
apply blast
apply blast
proof —
fix TF 1771 72eele2e2 fue'
assume fe: (7, f, (11,72, ¢)) € F
and h2: \e'. Some e2’ = Some e’ =
fun-used-in e’ C fun-used-in e2 U fun-used-env F
and ih3: Ne'. Some v = Some e’ =
fun-used-in e’ C fun-used-in (subst-expr e e2') U fun-used-env F
and ve: Some v = Some e’
from ih2 have
ih2a: fun-used-in e2’ C fun-used-in e2 U fun-used-env F by simp
from ve ih3 have
ih3a: fun-used-in e’ C fun-used-in (subst-expr e e2’)
U fun-used-env F
by simp
hence fun-used-in e’ C fun-used-in e U fun-used-in e2’
U fun-used-env F
using subst-fun-used-sub apply auto
apply blast
done
with ih2a have
fun-used-in e’ C fun-used-in e U fun-used-in e2
U fun-used-env F by blast
with fe
show fun-used-in e’ C fun-used-in (EApp el e2) U fun-used-env F
by auto
qed
}thus F | T+ e = Some e’
= fun-used-in e’ C fun-used-in e U fun-used-env F
by auto
qed

constdefs

fun-used-defd :: fun-set = fun-used = bool

fun-used-defd F FU = (Y 7 f .(1.f) € FU — (3 tte. (7, f, tte) € F))
declare fun-used-defd-def [simp]

consts pattern :: ty set
inductive pattern intros
PVarlintro!]: TVar i € pattern
PlInt[introl]: TInt € pattern
PTmlId[intro!]: [ 71 € pattern; T2 € pattern |
= Tmld t 71 T2 € pattern
PArrow[intro!]: [ 71 € pattern; T2 € pattern |
= TArrow 71 72 € pattern

consts pat-equiv :: ty = ty = bool (infixl = 61)

constdefs
no-dups :: tm-set = bool
no-dups T =Y #mn'm’. (m,m) € TA(x/,m") e T
A =71 — (m,m) = (x',m")
declare no-dups-def [simp]
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constdefs

no-freevars :: tm-set = bool

no-freevars T =V w kn 7. (mkn,r) € T — FTV 1 C FTV «
declare no-freevars-def[simp]

types subst = nat = ty

consts subst-ty :: ty = subst = ty
primrec

subst-ty (TVar i) S =S
subst-ty (TMem 7 f) S = TMem (subst-ty 7 S) f
subst-ty (TmId t 71 72) S = Tmld t (subst-ty 71 S) (subst-ty 72 S)
subst-ty (TArrow 71 72) S = TArrow (subst-ty 71 S) (subst-ty 72 S)
subst-ty TInt S = TInt

lemma subst-nofree:
[ subst-ty m S =7; FTV 1 ={}; i € FTV 7 ]
— FTV (Si) = {}
proof —
assume a: subst-ty 1 S =7 and b: FTV 1 ={}and c: i € FTV ©
{fixw
haveV 7 S. subst-ty # S =7 N FTV 7 = {}
— (Vi i€ FTV 7 — FTV (Si)={})
by (induct 7, auto)
} with a b ¢ show ?thesis by blast
qed

lemma subst-nofree2-impl:
V78S osubsttyr S=7ANi.i€ FTV T — FTV (Si)={})
— FTV 7 ={}
(is 2P m)
apply (induct )
apply simp
apply blast
prefer / apply simp
prefer 3
apply clarify
apply (erule-tac x=subst-ty w1 S in allE)
apply (erule-tac z=subst-ty w2 S in allFE)
apply (erule-tac z=S in allE)
apply (erule-tac z=S in allE)
apply simp
apply clarify
apply (erule-tac z=subst-ty = S in allE)
apply (erule-tac z=3S in allE)
apply simp
apply clarify
apply (erule-tac x=subst-ty w1 S in allE)
apply (erule-tac z=subst-ty w2 S in allE)
apply (erule-tac z=S in allE)
apply (erule-tac z=S in allE)
apply simp
done

lemma subst-nofree2:
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[ subst-ty m S =7;V i.i € FTV 7 — FTV (Si) = {}]
= FTV 7 ={}
using subst-nofree2-impl apply blast done

constdefs at-least-spec :: ty = ty = bool (infixl < 61)
71 <712=(3 8. 71 = subst-ty 72 5)
declare at-least-spec-def [simp]

constdefs best-match :: tm-set = ty = ty = member = bool
best-match T Tmm = (m,m) € TANT< T
ANVr' m' (x'm)e T AnT<a —na<n
declare best-match-def[simp]

defs pat-equiv-def:
71 = (12:ty) = 71 <12AT2< 711
declare pat-equiv-def [simp]

defs lookup-def:
lookup T = { (1,k,a,7"") . (3 ® 7' S. best-match T 7« (k,a,7")
A subst-ty m S =7 A subst-ty 7' S =71") }
declare lookup-def [simp]

inductive-cases residual-type-inv[elim!]:
TVar i € residual-type
TMem 7 f € residual-type
TArrow 71 T2 € residual-type
Tmld t 71 72 € residual-type
TInt € residual-type

lemma equiv-tmid:
assumes eq: Tmldt 71 72 = Tmld t' 71’ 72’
shows t =t' A71 =711"ANT2 =72’

proof —
from eq have Tmld t 71 72 < Tmld t' 71’ 72’

apply (simp only: pat-equiv-def) done

hence tt: t = t’ by auto
from eq have 71 = 71’ A 72 = 72’ by auto
with tt show %thesis by simp

qed

lemma equiv-residual-eq:
vV r'.r =71 AT € residual-type — T = 7’
apply (induct T)
apply clarify
prefer / apply simp
apply clarify

apply clarify

apply (case-tac 7')

apply simp

apply simp

apply clarify

apply (frule equiv-tmid)

apply clarify

apply (erule-tac z=ty! in allE)
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apply (erule-tac z=ty2 in allE)
apply (frule equiv-tmid)

apply simp

apply simp

apply simp

apply clarify

apply (case-tac 7')

apply simp

apply simp

apply simp

apply (erule-tac z=ty! in allE)
apply (erule-tac z=ty2 in allE)
apply auto

done

lemma id-subst: T = subst-ty T (A k. TVar k)
apply (induct 7) apply auto done

constdefs
wt-fun-env :: tm-set = fun-set = bool
wi-fun-env TF =¥ 7 f 171 72 e.
(r, f, (t1,72,e)) € F AN FTV 7 = {}
— (1, Pun, f, TArrow 71 72) € T
AT |{}| Some 71t e: Some 72
ATl € compty T AN 72 € compty T)
declare wt-fun-env-def [simp]

lemma wf-ftv: [ T | V71 wf;, V={}]= FTV 7r={}
by (induct rule: wf-ty.induct, auto)

lemma eg-pat-eq: T =71
apply (induct T) using id-subst apply auto done

theorem
wt-expr-sound:
F|TkFe=a
= (V7. T|{}| Nonet e: Some T A
fun-used-defd F (fun-used-in e U fun-used-env F') A
wt-fun-env T F N no-dups T
— (3 v.a=Somev AT |{}| None bt v: Some 7))
(is A= ?IHF T ea)
proof (induct rule: run-expr.induct)
fix TF 771 72ecele2e2 fo
assume [HI: ?IH F T el (Some (EMem T f))
and F: (7, f, (11,72, ¢)) € F
and RE2: (F, T, e2, Some e2’) € run-expr
and [H2: ?IH F T e2 (Some e2')
and [H3: ?IH F T (subst-expr e e2’) (Some v)
show ?IH F T (EApp el e2) (Some v)
proof clarify
fix 7/
assume TA: (T,{}, None, EApp el e2, Some 7') € wt-expr
and FT: fun-used-defd F (fun-used-in (EApp el e2) U fun-used-env F)
and WTF: wt-fun-env T F and nd: no-dups T
from TA obtain 71’ where TEI: T | {} | None - el : Some (TArrow 71’ 7)
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and TE2: T | {} | None \ e2 : Some 71’ by (rule wt-app-inv, auto)
from FT have
FT1: fun-used-defd F (fun-used-in el U fun-used-env F') by auto

from TE1 FT1 WTF nd IH1
have TVI: T | {} | None = EMem 7 f : Some (TArrow 71’ 7') by blast
from FT have
FT2: fun-used-defd F (fun-used-in e2 U fun-used-env F') by auto
from TE2 FT2 WTF nd IH2 have
TV2: T | {} | None t e2’': Some 71’ by blast

from TVI have TT2: (1, Fun, f, TArrow 71’ 7') € T
apply (rule wt-mem-inv) apply auto done

from T'VI wt-mem-inv have T | {} - 7 wf by blast
with wf-ftv have ftv: FTV 7 = {} by simp

— This is the important part. Need to know the body of the function is well typed.

from F ftv WTF have A: (r, Fun, f, TArrow 71 72) € T
AT |{}| Some 1 F e: Some 72
ANT1 € compty T N 12 € compty T
by (simp only: wi-fun-env-def, blast)

from A have (r, Fun, f, TArrow 71 72) € T by simp
with TT2 nd eq-pat-eq
have TArrow 71 72 = TArrow 71’ 7’
apply (simp only: no-dups-def) apply blast done
with A have TE: T | {} | Some 71’ + e : Some 7’ by simp
from TFE TV2 subst-expr-type have
SE2: T | {} | None &~ subst-expr e e2’: Some 7' by simp
have FT3:
fun-used-defd F (fun-used-in (subst-expr e e2’) U fun-used-env F)
apply (simp only: fun-used-defd-def) apply clarify
proof —
fix 7' f'
assume (7', f') € fun-used-in (subst-expr e e2’) U fun-used-env F
hence a: (7', f') € fun-used-in e U fun-used-in e2’ U fun-used-env F
using subst-fun-used-sub apply blast done
from RE2 have e2p: fun-used-in e2’ C fun-used-in e2 U fun-used-env F
by (rule track-used-fun)
from a e2p FT F show Ttte. (7', f', tte) € F by (simp, blast)
qged
from SE2 FT3 WTF nd [HS
show Jva. Some v = Some va A T | {} | None - va : Some 7' by blast
ged
next
fix F T al a2 el e2
assume [H1: ?2IHF T el al
and [H2: ?IH F T e2 a2
and A12: al = None V a2 = None
show ?IH F T (EApp el e2) None
proof clarify
fix T
assume TA: (T, {}, None, EApp el e2, Some T) € wt-expr
and FT: fun-used-defd F (fun-used-in (EApp el e2) U fun-used-env F')
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and WTF: wt-fun-env T F and nd: no-dups T
from TA obtain 71 where TE!: T | {} | None k- el : Some (TArrow 71 T)
and TE2: T | {} | None - e2 : Some 71 by (rule wt-app-inv, auto)
note A12
moreover { assume Al: al = None
from FT have
FT1: fun-used-defd F (fun-used-in el U fun-used-env F') by auto
from TE1 FT1 WTF nd IH! obtain vl where A1V: al = Some vl by blast
from A1V Al
have Jv. None = Some v A (T, {}, None, v, Some 7) € wit-expr by simp
} moreover { assume A2: a2 = None
from FT have
FT2: fun-used-defd F (fun-used-in e2 U fun-used-env F') by auto
from TE2 FT2 WTF nd IH2 obtain v2 where A2V: a2 = Some v2 by blast
from A2V A2
have Jv. None = Some v A (T, {}, None, v, Some 7) € wi-expr by simp
} ultimately
show Jv. None = Some v A (T, {}, None, v, Some 7) € wt-ezpr by blast
ged
next
fix TF 7 el e2 f — Case REAppE2, function lookup fails
assume REI1: (F, T, el, Some (EMem 7 f)) € run-expr
and F:V m. (7, f, m) ¢ F
show ?IH F T (EApp el e2) None
proof clarify
fix 7/
assume FT: fun-used-defd F (fun-used-in (EApp el e2) U fun-used-env F)
from RE1 have fun-used-in (EMem 7 f) C fun-used-in el U fun-used-env F'
by (rule track-used-fun)
hence (7,f) € (fun-used-in (EApp el e2) U fun-used-env F') by auto
with FT have 3 tte. (1, f, tte) € F by (simp, blast)
with I’ have False by auto
thus Jv. None = Some v A (T,{}, None, v, Some 7') € wt-expr by simp
ged
next
fix TFT7172cele2e2f
assume [HI: ?IH F T el (Some (EMem 1 f))
and F: (7, f, (11,72, ¢)) € F
and RE2: (F, T, e2, Some e2') € run-expr
and [H2: ?IH F T e2 (Some e2")
and [HS: ?IH F T (subst-expr e e2') None
show ?IH F T (EApp el e2) None
proof clarify
fix 7’
assume TA: (T, {}, None, EApp el e2, Some 7') € wt-expr
and FT: fun-used-defd F (fun-used-in (EApp el e2) U fun-used-env F')
and WTF: wt-fun-env T F and nd: no-dups T
from TA obtain 71’ where TEI: T | {} | None \ el : Some (TArrow 71’ 7)
and TE2: T | {} | None b e2 : Some 71’ by (rule wt-app-inv, auto)
from FT have
FT1: fun-used-defd F (fun-used-in el U fun-used-env F') by auto
from TE1 FT1 WTF nd IH1
have TVI: T | {} | None = EMem 7 f : Some (TArrow 71’ 7') by blast

from FT have
FT2: fun-used-defd F (fun-used-in e2 U fun-used-env F') by auto
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from TE2 FT2 WTF nd IH2 have TV2: T | {} | None - €2’ : Some 71’ by blast

from TVI have TT2: (1, Fun, f, TArrow 71’ 7") € T
by (rule wt-mem-inv, auto)

from TVI wt-mem-inv have T | {} - 7 wf by blast

with wf-ftv have ftv: FTV 7 = {} by simp

— This is the important part. Need to know the body of the function is well typed.

from F ftv WTF have A: (r, Fun, f, TArrow 71 72) € T
AT |{}| Some 71t e: Some T2 ATl € compty T A72 € compty T
by (simp only: wi-fun-env-def, blast)

from A have (7, Fun, f, TArrow 71 72) € T by simp
with T7T2 nd eg-pat-eq
have TArrow 71 72 = TArrow 71’ 7’
apply (simp only: no-dups-def) apply blast done
with A have TE: T | {} | Some 71'+ e : Some 7’ by simp
from TE TV2 subst-expr-type have
SE2: T | {} | None & subst-expr e e2’: Some 7' by simp
have FT3:
fun-used-defd F (fun-used-in (subst-expr e e2') U fun-used-env F)
apply (simp only: fun-used-defd-def) apply clarify
proof —
fix 7' f’
assume (7', f) € fun-used-in (subst-expr e e2’) U fun-used-env F
hence a: (7', f') € fun-used-in e U fun-used-in e2’ U fun-used-env F
using subst-fun-used-sub apply blast done
from RE2 have e2p: fun-used-in e2’ C fun-used-in e2 U fun-used-env F
by (rule track-used-fun)
from a e2p FT F show Ftte. (7', ', tte) € F by (simp, blast)
qed
from SE2 FT8 WTF nd IH3
show Jv. None = Some v A (T, {}, None, v, Some 7') € wt-expr by blast
qed
next
fix TF 771 72eel e2 f— Case REAppE4, in/out types not complete
assume [HI: ?IH F T el (Some (EMem 1 f))
and F: (1, f, (11,72,e)) € (F::fun-set)
and T: 71 ¢ compty T V 72 ¢ compty T
show ?IH F T (EApp el e2) None
proof clarify
fix 7’
assume TA: (T, {}, None, EApp el e2, Some 1') € wt-expr
and FT: fun-used-defd F (fun-used-in (EApp el e2) U fun-used-env F)
and WTF: wt-fun-env T F and nd: no-dups T
from TA obtain 71’ where TEI: T | {} | None - el : Some (TArrow 71’ 7)
and TE2: T | {} | None + €2 : Some 71’ by (rule wt-app-inv, auto)
from FT have
FT1: fun-used-defd F (fun-used-in el U fun-used-env F') by auto
from TE1 FT1 WTF nd IH1
have TVI: T | {} | None = EMem 7 f : Some (TArrow 71’ 7') by blast
from TVI wt-mem-inv have T | {} - 7 wf by blast
with wf-ftv have FTV 7 = {} by simp
with WTF F T have False by (simp only: wt-fun-env-def, blast)
thus Jv. None = Some v A (T, {}, None, v, Some 7') € wt-expr by simp
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qed
next
fix T Fn
show ?IH F T (EInt n) (Some (EInt n)) by auto
next
fix TFr
show ?IH F T (EObj ) (Some (EObj 7)) by auto
next
fix TF1f
show ?IH F T (EMem 7 f) (Some (EMem 7 f)) by auto
next
fix TF
from wt-var-inv show ?IH F T EVar None by blast
next
ix FTr
assume nd: 7 ¢ compty T
show ?IH F T (EObj ) None
proof clarify
fix 7/
assume T | {} | None - EObj 7 : Some 7'
hence 7 € compty T by (rule wt-obj-inv, auto)
with nd have Fulse by simp
thus Jv. None = Some v A (T, {}, None, v, Some 7') € wt-expr by simp
qed
qged

datatype decl =
Tm ty member
| TmFun ty nat ty ty expr

consts subst-ty-expr :: expr = subst = expr
primrec
subst-ty-expr EVar S = EVar
subst-ty-expr (EInt n) S = Elnt n
subst-ty-expr (EObj 7) S = EObj (subst-ty T S)
subst-ty-expr (EMem 7 f) S = EMem (subst-ty 7 S) f
subst-ty-expr (EApp el e2) S =
EApp (subst-ty-expr el S) (subst-ty-expr e2 S)

constdefs

tm-defined :: ty = tm-set = bool

tm-defined T T=3 #'m' . 7' =7 A(x,m')e T
declare tm-defined-def [simp]

consts comp-prog :: (tm-set X fun-set X fun-used X decl list
X (tm-set X fun-set) option) set
syntax (zsymbol)

comp-prog :: tm-set = fun-set = fun-used = decl list = (tm-set X fun-set) option = bool (- | -|- E -{ -
[52,52,52,52,52] 51)
translations

T|F|UEp|a==(TF,U,p,a) € comp-prog
inductive comp-prog intros
CNilP: T | F|{} E [ Some (T,F)
CTmP: [ = tm-defined (Tmld t 71 w2) T;
T|FTV (Tmld t 71 72) = 7 | Some 7/
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(insert (Tmld t 71 72, mk,mn,7") T) | F | U | p1 | ans

= T|F|UE(Tm (Tmldtnl n2) (mk,mn,7))#pl | ans
CFunP: [ (w, Fun, f, TArrow 71 72) € lookup T1;
V 7la 72a ea. (7, f, (T1a, T2a, ea)) ¢ F1;
T1 | FTV n+ 71 |} Some 71
T1 | FTV n+ 12 |} Some 72
T1 | FTV n ke | e
V 1.7 € (ty-used-in e’ U {T1',72"}) A FTV 7 = {}
— (3 m. (r,m) € lookup T1);
T2 ={ (v, m). 7 € (ty-used-in e’ U {71’ 72'}) A FTV 7 = {}
A (1, m) € lookup T1 A — tm-defined 7 T1 };
insert (mw, Fun, f, TArrow 71’ 72") (T1 U T2)
| FTV 7| Some 71'+ ¢’ : a;
(FTV 7 # {} A a = None) V a = Some 72/
U2 = { (1,f). (EMem 7 f, e') € subexpr };
insert (mw, Fun, f, TArrow 71’ 72") (T1 U T2)
| insert (m, f, 71', 72/, ') F1 | Ul U U2 |= p1 | ans

= T1|F1| Ul E(TmFunw f 71 72 e)#pl | ans

CInstFunP:
[V tte. (7.f,tte) ¢ F1;

(rf) ¢ UL;

best-match T1 ™ 7 (Fun,f,TArrow 71 72);

(m,n,(t1,72,e)) € F1,;

subst-ty m S = T;

T1 | {} + subst-ty 71 S | Some 71%

T1 | {} + subst-ty 72 S || Some 727

T1 | {} + (subst-ty-expr e S) | e

V 1.7 € (ty-used-in e’ U {T1',72"}) A FTV 7 = {}
— (3 m. (1,m) € lookup T1);
T2 = { (1, m). 7 € (ty-used-in e’ U {71'72"}) AN FTV 7 = {}
A (1, m) € lookup T1 A — tm-defined T T1 };
insert (7, Fun, f, TArrow 71’ 72') (T1 U T2)

| {} | Some 71"+ e’ : Some 727
U2 = { (1,f). (EMem T f, e') € subexpr };
insert (7, Fun, f, TArrow 71’ 72") (T1 U T2)

| insert (7, f, 71, 72", ¢’y F1 | U1 U U2 =[] | ans

= T1 | F1 | insert (r,f) Ul =[] | ans
CFunDefdP:

[(rifotte) € B (nf) ¢ Us T | F| U = | b ans |
= T | F | insert (r.,f) U] | ans

constdefs
fun-used-invar :: fun-set = fun-used = bool
fun-used-invar F U =
(v 7 f. (7.f) € fun-used-env F
— (3 tte. (1, f,tte) € F) V (1,f) € U)
declare fun-used-invar-def [simp]

lemma lookup-freevars:
assumes I: (7, k, n, 7) € lookup T
and ft: FTV 7 = {}
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and nT: no-freevars T
shows FTV 7' = {}
proof —
from [ obtain 7 7"’ S where
bm: best-match T 7« (k,n,7"")
and ps: subst-ty m S =T
and tps: subst-ty 7' S = 7’ by auto
from bm have pI1T: (r,(k,n,7")) € T by simp
with nT have FTV 7/ C FTV 7 by simp
with ft ps subst-nofree
haveV i.i € FTV 7" — FTV (S4) = {}
apply auto done
with tps subst-nofree2 show FTV 7' = {}
apply simp done
qed

lemma wf-ty-ext-tm:
[T|VrErwf; TCT']|=T'|VETuf
apply (induct rule: wf-ty.induct)
apply auto
apply (simp add: tms-def)
apply blast
done

lemma wt-expr-ext-tm:
[T|V|Somerite:Somer2; TCT']
= T'| V| Some 11+ e: Some 72
apply (induct rule: wt-expr.induct)
apply force
apply force
apply force

apply force
prefer 2 apply force

prefer 3 apply force
proof —

fix TVr7l7T2t

assume wft: wf-ty TV (TmId t 71 72)
and ft1: FTV 71 = {} and fi2: FTV 72 = {}
and c¢: Tmldt 71 72 € compty T
and ttp: T C T’

from wft ttp have wft2: T'| V= (Tmld t 71 72) wf
by (rule wf-ty-ext-tm)

from c ttp have c2: Tmld t 71 72 € compty T"'
apply auto done

from wft2 ft1 ft2 c2

show (T', V, 7, EObj (Tmld t 71 72), Some (Tmld t 71 72)) € wt-expr
apply (rule TEObj) done

next

fix TVrrl7273f

assume wft: wi-ty TV 7 and tT: (7, Fun, f, TArrow 71 72) € T
and ttp: T C T’

from wft ttp have wft2: T'| V + 7 wf by (rule wf-ty-ext-tm)

from tT ttp have tT2: (v, Fun, f, TArrow 71 72) € T’
apply auto done

from wft2 tT2

show (T', V, 73, EMem 7 f, Some (TArrow 71 72)) € wt-expr
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apply (rule TEMem) done
qed

lemma ty-eval-ftv:
T|Vrirla
= (A7 [a=Somer'] = FTV 7' C V)
apply (induct rule: ty-eval.induct)
apply force+
done

theorem compile-preserves:
TIF|Ukpla
= (V T'F'. a = Some (T',F') A\ fun-used-invar F U A wt-fun-env T F
A no-dups T A no-freevars T
— fun-used-invar F' {} A\ wt-fun-env T' F’
A no-dups T' A no-freevars T")
(is PA= ?IHT F U a)
proof (induct rule: comp-prog.induct)
fix F T
show ?IH T F {} (Some (T,F)) by blast
next
fix FTU 71 w2 7 1’ ans mk mn pl t
assume ind: - tm-defined (Tmld t 71 ©2) T
and mtv: T | FTV (Tmldt w1 n2) b 7 | (Some 1)
and cpi: (insert (Tmld t w1 w2, (mk, mn, 7)) T) | F | U = p1 | ans
and ¢h: ?IH (insert (Tmld t w1 n2, mk, mn, ') T) F U ans
show ?IH T F U ans
apply (rule alll) apply (rule alll) apply (rule impI) apply (erule conjE)+
proof —
fix T' F’
assume a: ans = Some (T',F’) and fu: fun-used-invar F U
and wtf: wt-fun-env T F and nd: no-dups T and nf: no-frecvars T
let ?TM = (Tmld t 71 72, (mk, mn, 7'))
let ?T = insert ?TM T

have nd: no-dups ?T
apply (simp only: no-dups-def)
apply clarify
proof —
fix 7 a aa b 7’ ab ac ba
assume pT: (7, a, aa, b) € insert (Tmld t w1 w2, mk, mn, 7') T
and ppT: (7', ab, ac, ba) € insert (Tmld t w1 w2, mk, mn, 7') T
and ppp: ™ =7’
have (7, a, aa, b) = ?TM V (7, a, aa, b) # ?TM by simp
moreover { assume pim: (7, a, aa, b) = ?TM
have (7', ab, ac, ba) = ¢TM V (7', ab, ac, ba) # ?TM by simp
moreover { assume pptm: (7', ab, ac, ba) = ?TM
from ptm pptm have m = 7’ A (a, aa, b) = (ab, ac, ba)
by simp
} moreover { assume pptm: (7', ab, ac, ba) # ?TM
with ppT have ppt: (7', ab, ac, ba) € T by auto
from ptm ppp have 7’ = Tmld t 71 w2 by simp
with tnd have (', ab, ac, ba) ¢ T
apply auto done
with ppt have Fualse by simp
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hence 7 = 7' A (a, aa, b) = (ab, ac, ba) by simp
} ultimately have 7 = n’ A (a, aa, b) = (ab, ac, ba) by blast
} moreover { assume ptm: (7, a, aa, b) # ?TM
have (n', ab, ac, ba) = ¢TM V (7', ab, ac, ba) # ?TM by simp
moreover { assume pptm: (7', ab, ac, ba) = ?TM
from ptm pT have pt: (7, a, aa, b) € T by auto
from pptm ppp have # = Tmlid t w1 w2 by simp
with tnd have (7, a, aa, b) ¢ T by auto
with pt have Fualse by simp
hence 7 = 7' A (a, aa, b) = (ab, ac, ba) by simp
} moreover { assume pptm: (7', ab, ac, ba) # ?TM
from ptm pT have pt: (7, a, aa, b) € T by auto
from pptm ppT have ppt: (7', ab, ac, ba) € T by auto
from pt ppt ppp nd
have m = 7' A (a, aa, b) = (ab, ac, ba)
by (simp only: no-dups-def, blast)
} ultimately have 7 = n’ A (a, aa, b) = (ab, ac, ba) by blast
} ultimately show m = 7’ A (a, aa, b) = (ab, ac, ba) by blast
qged

have nf: no-freevars ?T

proof —
from mtv nf ty-eval-ftv
have FTV 7/ C FTV (Tmld t 71 ©2) by simp
with nf show ?thesis by simp

qed

have wt-fun-env ¢T F
apply (simp only: wi-fun-env-def)
apply (rule olll )+ apply (rule impl) apply (erule conjE)
proof —
fix "' fr172e€
assume tff: (1", f, (1,72, ¢)) € F
and ftv: FTV 7" = {}

from tff ftv wtf have (r'') Fun, f, TArrow 71 72) € T
by (simp only: wt-fun-env-def, blast)
hence tft: (7", Fun, f, TArrow 71 72) € 2T by simp

from ¢ff ftv wif have T | {} | Some 71 F e : Some 72
by (simp only: wit-fun-env-def, blast)

hence e: ?T | {} | Some 71 F e : Some 72
apply (rule wit-expr-ext-tm)
apply auto done

from tff ftv wif have nT: 71 € compty T
by (simp only: wi-fun-env-def, blast)
hence tic: 71 € compty ?T
apply (simp add: compty-def)
apply blast done

from tff ftv wif have nT: 72 € compty T
by (simp only: wi-fun-env-def, blast)
hence t2c: 72 € compty ?T
apply (simp add: compty-def)
apply blast done
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from tft e nd nf tic t2c
show (7] Fun, f, TArrow 71 72) € 2T
A 2T | {} | Some 71 F e : Some 72
AN T1 € compty ?T N 72 € compty ?T
apply clarify done
qed
with a nd nf fu ih show fun-used-invar F' {} A wt-fun-env T' F’
A no-dups T' A no-freevars T' by blast
qed
next
fix F1TTI T2T3 U1 U2wm71 71’7272 aansee’ fpl
assume (7, Fun, f, TArrow 71 72) € lookup T1
and pfl: V7la 72a ea. (m, f, T1a, T2a, ea) ¢ F1
and tvl: ty-eval T1 (FTV w) 71 (Some 71')
and tv2: ty-eval T1 (FTV 7) 72 (Some 72)
and (T1, FTV =, e, e') € comp-expr
and inst: V7. 7 € ty-used-in e’ U {71’, 72’} AN FTV 7 = {} —
(Im. (1, m) € lookup T1)
and t2: T2 = {(r, m). 7 € (ty-used-in e’ U {71',72'}) A
FTV 7 ={} A (7, m) € lookup T1 A — tm-defined 7 T1}
and epwt: (insert (w, Fun, f, TArrow 71" 72") (T1 U T2),
FTV 7, Some 71, €/, a) € wt-expr
and fta: FTV © # {} A a = None V a = Some 72’
and u2: U2 = {(r, f). (EMem 7 f, e') € subexpr}
and comp-prog (insert (w, Fun, f, TArrow 71’ 72') (T1 U T2))
(insert (m, f, 71', 72’ €') F1) (U1 U U2) pl ans
and ¢h: ?IH (insert (w, Fun, f, TArrow 71’ 72") (T1 U T2))
(insert (m, f, 71, 72/, ') F1) (U1 U U2) ans
show ?IH T1 F1 Ul ans
apply (rule olll) apply (rule alll) apply (rule impI) apply (erule conjE)+
proof —
fix T' F’
assume a: ans = Some (T’ F') and flul: fun-used-invar F1 Ul
and wif: wt-fun-env T1 F1 and nd: no-dups T1 and nf: no-freevars T1
let ?T = (insert (m, Fun, f, TArrow 71’ 72") (T1 U T2))
let ?F = (insert (m, f, 71', 72, ') F1)
let ?U = (U1 U U2)

have fu: fun-used-invar ?F ?2U
apply (simp only: fun-used-invar-def) apply (rule alll)+
apply (rule impl)
proof —
fix 7' f’
assume If: (7', f') € fun-used-env ?F
let ?E = (Jtte. (7', f', tte) € 2F) v (7', f') € U1 U U2
from tf have (7', f') € fun-used-in e’ U fun-used-env F1
by (simp, blast)
moreover { assume (7', ') € fun-used-in e’
with u2 have (7', f') € U1 U U2 by simp
hence ?E by simp
} moreover { assume (7, f') € fun-used-env F1
with flul have
tte: (Ftte. (7',f '\ tte) € F1) v (r', f') € Ul by simp
from {te obtain tte where
tf1: (t'.f'tte) € F1 Vv (7', f') € Ul by auto
moreover { assume (7',f' tte) € F1
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hence (7',f' tte) € insert (w, f, 71', 72’, ') F1 by simp
hence ?E by blast
} moreover { assume (7', f') € Ul hence ?E by simp
} ultimately have ?F by auto
} ultimately show ?E by blast
qed

have wtenv: wt-fun-env ?T ?F

apply (simp only: wi-fun-env-def)

apply (rule alll)+ apply (rule impI) apply (erule conjE)
proof —

fix T gtlt2e

assume if: (7, g, t1, t2, e) € ?F and ftv: FTV 7 = {}

have tft: (1, Fun, g, TArrow t1 t2) € 2T
proof —
from tf
have (7, g, t1, t2, ¢) = (m, f, 71', 72", ¢')
V (7, g, t1, t2, e) € F1 apply auto done
moreover { assume (7, g, t1, t2,¢) = (m, f, 71, 72", &)
hence (7, Fun, g, TArrow t1 t2) € ?T by simp
} moreover { assume if1: (7, g, t1, t2, e) € F1
from tf1 ftv wtf have (7,Fun, g, TArrow t1 t2) € T1
by (simp only: wt-fun-env-def, blast)
hence (7,Fun, g, TArrow t1 t2) € 2T by auto
} ultimately show (7,Fun, g, TArrow t1 t2) € ?T by blast
qed

have e: 2T | {} | Some t1 e : Some t2
proof —
from tf have (7, g, t1, t2,¢) = (m, f, 71', 72’ €)
V (7, g, t1, t2, e) € F1 apply auto done
moreover { assume tp: (1, g, t1, 12, ¢e) = (m, f, 71, 72/, ¢')
from ftv tp epwt fta have ?T | {} | Some t1 - e : Some t2 by simp
} moreover { assume tfI: (7, g, t1, t2, e) € F1
from ¢f1 ftv wif have T1 | {} | Some t1 F e : Some t2
by (simp only: wt-fun-env-def, blast)
hence ?T | {} | Some t1 F e : Some t2
apply (rule wt-expr-ext-tm)
apply auto done
} ultimately show ?7 | {} | Some t1 F e : Some t2 by blast
qed

have tc: t1 € compty ?T N t2 € compty ¢T
proof —
from tf have (7, g, t1, t2,¢) = (m, f, 71', 72/, €)
V (7, g, t1, t2, e) € F1 apply auto done
moreover { assume tp: (1, g, t1, 12, ¢e) = (m, f, 71, 72", €')

from tp tvl ftv eval-type-residual

have tir: t1 € residual-type by blast

hence tic: FTV t1 = {} by (rule residual-closed)
from tp tw2 ftv eval-type-residual

have t2r: t2 € residual-type by blast

hence t2c: FTV t2 = {} by (rule residual-closed)
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from tp tic have ftip: FTV 71’ = {} by simp
have 71’ € (ty-used-in e’ U {r1',72'}) apply simp done
with tp have tiu: t1 € (ty-used-in ¢’ U {r1',72'}) apply simp done
from ft1p tiu inst have exm: 3 m. (11’, m) € lookup T1 by auto
from exm obtain m1 where (71'm1) € lookup T1 apply blast done
with tp have t1l: (t1,m1) € lookup T1 by simp
have — tm-defined t1 T1 V (tm-defined t1 T1) by auto
moreover { assume ndtl: = tm-defined t1 T1
from t1u tic ¢t1l ndtl t2 have ¢t1T2: (t1,m1) € T2
apply simp done
with t1r have t1 € compty ¢T
apply (simp only: compty-def) apply blast done
} moreover { assume tmd: tm-defined t1 T1
from tmd obtain p! m1’ where pti: t1 = pl and pmi: (p1,m1’) € T1
apply auto apply blast done
from t1r ptl equiv-residual-eq have ptleq: t1 = pl
apply blast done
with pm1 have (t1,m1’) € T1 by simp
with tIr have t1 € compty ¢T
apply (simp only: compty-def) apply blast done
} ultimately have ct1: t1 € compty ?T by blast

from tp t2c have ft2p: FTV 72’ = {} by simp
have 72’ € (ty-used-in e’ U {71',72'}) apply simp done
with tp have t2u: t2 € (ty-used-in ¢’ U {71',72'}) apply simp done
from ft2p t2u inst have ezm2: 3 m. (72', m) € lookup T1 by auto
from erm2 obtain m2 where (72',;m2) € lookup T1 apply blast done
with ¢p have t2l: (t2,m2) € lookup T1 by simp
have — tm-defined t2 T1 V (tm-defined t2 T1) by auto
moreover { assume ndt2: = tm-defined t2 T1
from t2u t2c t2l ndt2 t2 have t272: (t2,m2) € T2 by simp
with t2r have t2 € compty ¢T
apply (simp only: compty-def) apply blast done
} moreover { assume ¢md: tm-defined t2 T1
from tmd obtain p! m1’ where pti: t2 = pl and pmi: (p1,m1’) € T1
apply auto apply blast done
from t2r ptl1 equiv-residual-eq have ptleq: t2 = pl
apply blast done
with pm1 have (t2,m1’) € T1 by simp
with t2r have t2 € compty ¢T
apply (simp only: compty-def) apply blast done
} ultimately have ct2: t2 € compty ?T by blast
from ctl ct2 have t1 € compty ?T N t2 € compty ?T by blast
} moreover { assume tfI: (7, g, t1, t2, e) € F1
from tf1 ftv wtf have tcl: t1 € compty T1 N t2 € compty T1
by (simp only: wt-fun-env-def ,blast)
hence t1 € compty ?T A t2 € compty ¢T by auto
} ultimately show t1 € compty ?T A t2 € compty ?T by blast
qed

from tft e tc
show (7, Fun, g, TArrow t1 t2) € ?T
A (2T, {}, Some t1, e, Some t2) € wt-expr
A t1 € compty ?T N t2 € compty ?T
apply blast done
qed
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have ndT: no-dups ¢?T sorry

have nfT: no-freevars ?T
proof —
have nf2: no-freevars T2
apply (simp only: no-freevars-def) apply clarify
proof —
fixmknTtz
assume pt2: (m, k, n, 7) € T2 and zft: € FTV 7
from pt2 t2 have I: (w, k, n, 7) € lookup T1 by simp
from pt2 t2 have pf: FTV « = {} by simp
from [ pf nf have FTV 7 = {}
apply (rule lookup-freevars) done
with zft have Fualse by simp
thus z € FTV «w by simp
qed
from nf nf2 have nf12: no-freevars (T1 U T2) by auto

from tvl nf ty-eval-ftv

have ft1: FTV 71’ C FTV w by simp

from tv2 nf ty-eval-ftv

have ft2: FTV 72’ C FTV 7 by simp

from ft1 ft2 have FTV (TArrow 71’ 72"y C FTV = by simp

with nf12 show ?thesis by simp
qed

from a fu wtenv ndT nfT ih show fun-used-invar F' {} A wt-fun-env T' F’
A no-dups T' A no-freevars T’
apply blast done
qed
next
fix F1STIT2U1 U2nr7' 71 71'"72 72 ansee’ fn
assume tf1: Vite. (7, f, tte) ¢ F1
and tful: (7, f) ¢ Ul
and bm: best-match T1 7 7 (Fun, f, ')
and pfl: (m, n, 71,72, €) € F1
and sps: subst-ty m S =T
and tvl: ty-eval T1 {} (subst-ty 71 S) (Some 71")
and tw2: ty-eval T1 {} (subst-ty 72 ) (Some 72)
and (T1, {}, subst-ty-expr e S, e') € comp-expr
and inst: V7. 7 € ty-used-in e’ U {71, 72"} N FTV 7 = {} —
(Im. (1, m) € lookup T1)
and t2: T2 =
{r, m).
T € ty-used-in e’ U {11', 72’} A
FTV 7 ={} A (1, m) € lookup T1 A — tm-defined T T1}
and epwt: (insert (7, Fun, f, TArrow 71’ 72') (T1 U T2), {}, Some 71, ', Some 72")
€ wt-expr
and u2: U2 = {(7, f). (EMem 7 f, ') € subexpr}
and comp-prog (insert (t, Fun, f, TArrow 71’ 72") (T1 U T2))
(insert (7, f, 71', 72', ¢') F1) (U1 U U2) [] ans
and ih: ?IH (insert (7, Fun, f, TArrow 71’ 72') (T1 U T2))
(insert (7, f, 71', 72', ¢') F1) (U1 U U2) ans
show ?IH T1 F1 (insert (1, f) Ul) ans
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apply (rule olll)+ apply (rule impI) apply (erule conjE)+
proof —
fix T' F’
assume a: ans = Some (T',F') and flul: fun-used-invar F1 (insert (1,f) Ul)
and wtf: wt-fun-env T1 F1 and nd: no-dups T1 and nf: no-freevars T1
let ?F = (insert (7, f, 71',72', ¢') F1)
let ?T = (insert (1, Fun, f, TArrow 71’ 72’) (T1 U T2))

have fu: fun-used-invar ?F (Ul U U2)
apply (simp only: fun-used-invar-def) apply (rule alll)+ apply (rule impI)
proof —
fix 7/ f'
assume tf: (7', f') € fun-used-env ?F
let ?E = (Jtte. (7', f, tte) € 2F) v (7', f') € Ul U U2
from tf have (7', f') € fun-used-in e’ U fun-used-env F1
by (simp, blast)
moreover { assume (7', f') € fun-used-in e’
with u2 have (7', f') € Ul U U2 by simp
hence ?E by simp
} moreover { assume (7, f') € fun-used-env F'1
with fiul have
tte: (Jtte. (7',f',tte) € F1) Vv (7', f) € (insert (r,f) Ul) by simp
from tte obtain tte where
tf1: (t'.f'tte) € F1 Vv (7', f) € (insert (7,f) U1) by auto
moreover { assume (7', tte) € F1
hence (7',f' tte) € insert (v, f, 71', 72, ¢') F1 by simp
hence ?E apply blast done
} moreover { assume (7', f') € (insert (7,f) Ul)
hence (77, f') = (7,f) vV (r'.,f)) € Ul by auto
moreover { assume (7', f') = (7,f)
with tfl have ?F apply blast done
} moreover { assume (7'.f’) € Ul hence ?E by auto }
ultimately have ?F by blast
} ultimately have ?F by blast
} ultimately show ?E by blast
qed

have wtenv: wt-fun-env ?T ?F

apply (simp only: wi-fun-env-def)

apply (rule alll)+ apply (rule impl) apply (erule conjE)
proof —

fixocgtlit2e

assume if: (o, g, t1, 12, e) € ?F and ftv: FTV o = {}

have sft: (o, Fun, g, TArrow t1 t2) € ?T
proof —
from tf
have (o, g, t1,t2,¢) = (1, f, 71, 72", €'
V (o, g, t1, t2, e) € F1 apply auto done
moreover { assume (o, g, t1, 2, ¢) = (7, f, 71/, 72, &)
hence (o, Fun, g, TArrow t1 t2) € ?T by simp
} moreover { assume if1: (o, g, t1, t2, ) € F1
from tf1 ftv wtf have (o, Fun, g, TArrow t1 t2) € T1
by (simp only: wt-fun-env-def, blast)
hence (o, Fun, g, TArrow t1 t2) € ?T by auto
} ultimately show (o, Fun, g, TArrow t1 t2) € ?T by blast
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qed

have e: (?T, {}, Some t1, e, Some t2) € wt-expr
proof —
from tf have (o, g, t1,t2,¢) = (7, f, 71', 72', €’)
V (o, g, t1, t2, e) € F1 apply auto done
moreover { assume tp: (o, g, t1, 2, ¢) = (1, f, 71/, 72/, €')
from ftv tp epwt have ?T | {} | Some t1 + e : Some t2 by simp
} moreover { assume tfI: (o, g, t1, t2, ¢) € F1
from ¢f1 ftv wif have T1 | {} | Some t1 e : Some t2
by (simp only: wit-fun-env-def, blast)
hence ?T | {} | Some t1 F e : Some t2
apply (rule wt-expr-ext-tm)
apply auto done
} ultimately show ?7 | {} | Some t1 - e : Some t2 by blast
qged

have tc: t1 € compty ?T N t2 € compty ¢T
proof —
from tf have (o, g, t1, t2,¢) = (7, f, 71', 72’ €)
V (o, g, t1, t2, e) € F1 apply auto done
moreover { assume tp: (o, g, t1, t2, ¢) = (1, f, 71/, 72", €')

from tp tvl ftv eval-type-residual

have tir: t1 € residual-type by blast

hence tic: FTV t1 = {} by (rule residual-closed)
from tp tw2 ftv eval-type-residual

have t2r: t2 € residual-type by blast

hence t2c: FTV t2 = {} by (rule residual-closed)

from tp tic have ftip: FTV 71’ = {} by simp
have 71’ € (ty-used-in e’ U {r1',72'}) apply simp done
with tp have tiu: t1 € (ty-used-in ¢’ U {r1',72'}) apply simp done
from ft1p tiu inst have exm: 3 m. (11’, m) € lookup T1 by auto
from exrm obtain m1 where (71’ /m1) € lookup T1 apply blast done
with tp have t1l: (t1,m1) € lookup T1 by simp
have — tm-defined t1 T1 V (tm-defined t1 T1) by auto
moreover { assume ndtl: - tm-defined t1 T1
from t¢1u tic t1l ndtl t2 have ¢t1T2: (t1,m1) € T2
apply simp done
with t1r have t1 € compty ¢T
apply (simp only: compty-def) apply blast done
} moreover { assume ¢md: tm-defined t1 T1
from tmd obtain p! m1’ where pti: t1 = pl and pmi: (p1,m1’) € T1
apply auto apply blast done
from t1r ptl equiv-residual-eq have ptleq: t1 = pl
apply blast done
with pm1 have (t1,m1’) € T1 by simp
with tir have t1 € compty ?T
apply (simp only: compty-def) apply blast done
} ultimately have ct1: t1 € compty ?T by blast

from tp t2c have ft2p: FTV 72’ = {} by simp

have 72’ € (ty-used-in e’ U {r1',72'}) apply simp done

with tp have t2u: t2 € (ty-used-in ¢’ U {71',72’}) apply simp done
from ft2p t2u inst have ezm2: 3 m. (12’ m) € lookup T1 by auto
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from erm2 obtain m2 where (72',m2) € lookup T1 apply blast done
with tp have t2l: (t2,m2) € lookup T1 by simp
have — tm-defined t2 T1 V (tm-defined t2 T1) by auto
moreover { assume ndt2: — tm-defined t2 T'1
from t2u t2c t2l ndt2 t2 have t272: (t12,m2) € T2 by simp
with t2r have t2 € compty ¢T
apply (simp only: compty-def) apply blast done
} moreover { assume tmd: tm-defined t2 T1
from tmd obtain p! m1’ where pti: t2 = pl and pmi: (p1,m1’) € T1
apply auto apply blast done
from t2r ptl equiv-residual-eq have ptieq: t2 = pl
apply blast done
with pm1 have (t2,m1’) € T1 by simp
with t2r have t2 € compty ¢T
apply (simp only: compty-def) apply blast done
} ultimately have ct2: {2 € compty ?T by blast
from ctl ct2 have t1 € compty ¢T N t2 € compty ?T by blast
} moreover { assume tfI: (o, g, t1, t2, ¢) € F1
from tf1 ftv wtf have tci: t1 € compty T1 N t2 € compty T1
apply (simp only: wi-fun-env-def) apply blast done
hence t1 € compty ?T A t2 € compty T by auto
} ultimately show t1 € compty T A t2 € compty ?T by blast
qged

from sft e tc show (o, Fun, g, TArrow t1 t2) € ¢T A
(2T, {}, Some t1, e, Some t2) € wt-expr A
t1 € compty ?T N t2 € compty ?T apply blast done
qged

have ndT: no-dups ?T sorry

have nfT: no-freevars ¢T
proof —
have nf2: no-freevars T2
apply (simp only: no-freevars-def) apply clarify
proof —
fixmkntzo
assume pt2: (m, k, n, 7) € T2 and zft: z € FTV 7
from pt2 t2 have I: (w, k, n, 7) € lookup T1 by simp
from pt2 t2 have pf: FTV © = {} by simp
from [ pf nf have FTV 7 = {}
apply (rule lookup-freevars) done
with zft have Fualse by simp
thus z € FTV w by simp
qed
from nf nf2 have nf12: no-freevars (T1 U T2) by auto

from tvi nf ty-eval-ftv have ft1: FTV 71’ C {} by blast
from tv2 nf ty-eval-ftv have ft2: FTV 72’ C {} by blast
from ft1 ft2 have FTV (TArrow 71’ 72") C {} by simp
with nf12 show ?thesis apply simp done

qed

from a fu wtenv ndT nfT ih

show fun-used-invar F' {} A
wt-fun-env T’ F' A no-dups T' A no-freevars T’
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apply blast done
qed
next
fix T U 7 ans f tte
assume tff: (1, f, tte) € F
and tfu: (7, f) ¢ U and comp-prog T F U || ans
and ih: ?IH T F U ans
show ?IH T F (insert (7, f) U) ans
apply (rule alll) apply (rule alll) apply (rule impI) apply (erule conjE)+
proof —
fix T' F’
assume a: ans = Some (T',F’) and fu: fun-used-invar F (insert (.,f) U)
and wtf: wt-fun-env T F and nd: no-dups T and nf: no-frecvars T
have fun-used-invar F U
apply (simp only: fun-used-invar-def)
apply (rule alll )+ apply (rule impI)
proof —
fix 7/ f’
assume tff2: (t', f') € fun-used-env F
with fu have (3 tte. (7',f',tte) € F) Vv (7'.f) € insert (1.f) U
by simp
moreover { assume z: 3 tte. (7',f ' tte) € F
from 1 obtain tte where (7',f’,tte) € F by auto
hence (Fite. (7', f', tte) € F) vV (7', f') € U by blast
} moreover { assume (7',f') € insert (r,f) U
hence (7',f") = (7,f) V (t'.f") € U by auto
moreover { assume (7',f') = (1,f)
with tff have (7', f', tte) € F by simp
hence (3 tte. (r/, [, tte) € F) Vv (', f') € U by blast
} moreover { assume (7',f) € U
hence (Ftte. (7', f', tte) € F) Vv (7', f') € U by auto
} ultimately have (Ftte. (7', f', tte) € F) V (7', f') € U by auto
} ultimately show (Jtte. (7', f/, tte) € F) Vv (7', f) € U by auto
qed
with a wtf nd nf ih show fun-used-invar F' {} A wt-fun-env T' F’'
A no-dups T’ A no-freevars T' apply blast done
ged
qed

theorem compile-sound:
assumes cp: {} | {} | {} E p U Some (T',F’)
and mainT: (Tmld 0 TInt TInt, Fun, 0, TArrow TInt TInt) € T’
and mainF: (TmId 0 TInt TInt, 0, TInt, TInt, ¢) € F'
and run: F'| T'+ EApp (EMem (Tmld 0 TInt TInt) 0) (EInt 0) = a
shows 3 v. a = Some v A T'| {} | None \- v : Some TInt
proof —
let E = EApp (EMem (Tmld 0 TInt TInt) 0) (EInt 0)
have wt: T'| {} | None = ?E : Some TInt
proof —
from mainT have 0 € tms T' apply (simp add: tms-def) apply blast done
hence wf: T'| {} = TmlId 0 TInt TInt wf apply auto done
from wf mainT
have T'| {} | None - EMem (TmlId 0 TInt TInt) 0 : Some (TArrow TInt TInt)
apply blast done
thus ?thesis by auto
qged
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have fi: fun-used-invar {} {} by auto
have wte: wt-fun-env {} {} by auto
have nd: no-dups {} by auto

have nf: no-freevars {} by auto

from cp fi wte nd nf compile-preserves
have A: fun-used-invar F' {} A wt-fun-env T' F' A no-dups T' A no-freevars T'
apply blast done

have fud: fun-used-defd F' (fun-used-in ?E U fun-used-env F'')
apply (simp only: fun-used-defd-def) apply clarify
proof —
fix 7 f
assume (7, f) € fun-used-in ?E U fun-used-env F’
moreover { assume (7, f) € fun-used-in ?E
hence (7.f) = (Tmld 0 TInt TInt, 0) apply auto done
with mainF have Jtte. (1, f, tte) € F' by auto
} moreover { assume (7, f) € fun-used-env F’
with A have Jtte. (7, f, tte) € F' apply auto done
} ultimately show Jtte. (7, f, tte) € F' apply blast done
ged
from A have wtenv: wt-fun-env T' F' by blast
from A have nd: no-dups T' by blast

from wt fud wtenv nd run wt-expr-sound
show 3 v. a = Some v A T’ | {} | None = v : Some TInt

apply blast done
qed

end

30



