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Abstract — The jointly optimum receiver is obtained
for multiuser communications in a frequency non-selective
Rayleigh fading channel with NT transmit antennas per
user andNR receive antennas. Based on a general anal-
ysis of quadratic receivers in zero-mean complex Gaussian
vectors, asymptotically tight expressions (for high SNR)
for the pair-wise error probabilities are derived. Conse-
quently, it is shown thatNT-dimensional single-user signal-
ing suffices to provide full diversity order N = NTNR for
all the users. In other words, the presence of other users
does not increase the minimum dimension required beyond
what is needed for the single-user space-time channel.

For the special case of low-rank “CDMA” signaling with
NT = 1 and provided the signatures of any two users are
linearly independent, it is shown that the error probability
of a K-user system asymptotically approaches single-user
like performance for every user. Remarkably therefore, an
increase in the number of users, and hence an increase in
the aggregate spectral efficiency, does not require the users
to transmit with more power to achieve single-user like
performance asymptotically. A signal design algorithm is
proposed to illustrate this point and examples are given.
These results are then generalized to the multiple transmit
antenna case. A new(NT +1)-dimensional signaling strat-
egy is proposed for the multiuser channel that leverages
existing single-user space-time signal designs while ensur-
ing a full diversity order and single-user like performance
asymptotically for every user.

I. I NTRODUCTION

Multiple antenna communication has received considerable
attention in recent years due in large part to the information
theoretic work in [1], [2], which showed that the use of multi-
ple transmit and receive antennas could achieve considerable
gains on the Rayleigh fading channel when the receiver has
perfect side information about the channel state. Motivated
by these promises, several researchers have recently proposed
multi-antenna coding and modulation schemes for coherent
single-user channels (cf. [3]–[7]) to show that diversity com-
munication systems, when designed intelligently, can yield
significant improvements over single antenna channels. The
information theory of the single-user space-time channel eas-
ily extends to the multiuser multi-antenna channel [1] and it
can be inferred that the gains in the capacity region are every
bit as dramatic for the multiuser channel as well.
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In this paper, we present a theory of modulation and detec-
tion for multiuserspace-time communication. In Section II,
we describe a very generalK user,NT transmit,NR receive
antenna system model. Based on our general results on the
asymptotic analysis of quadratic receivers in complex zero-
mean Gaussian vectors [8], we analyze, in Section III, the op-
timum multiuser receiver and obtain asymptotically tight ex-
pressions for the pair-wise error probabilities. In Section IV
we interpret these probabilities for the single transmit (IV-A)
and multiple transmit antennas (IV-B) cases in terms of the
minimum dimension needed to achieve full order of diversity
for all users. We also propose new optimized multiuser sig-
nal design strategies that leverage single-user space-time de-
signs in order to deliver single-user like performance in the
high SNR regime.
Notation: Throughout the paperT denotes transpose and
y complex conjugate transpose. The multi-variate circu-
larly symmetric, complex Gaussian distribution with mean-
vectorm (and covariance matrixK) is denoted byCN (m)
(CN (m;K)). E[�] denotes the expected value of the expres-
sion in brackets. For any matrixA we write its determinant
as jAj and its trace astr (A). For any vectora, we write its
`2 norm as

p
aya = kak. The logarithm to the baseb is de-

noted bylogb, the natural logarithm byln. The Kronecker
product of two matrices is denoted by
.

II. M ULTI -ANTENNA, MULTIUSER DISCRETETIME

SYSTEM MODEL

We describe a system model forK users communicating
simultaneously in a commonD–dimensional signal space.1

Each of theK users employsNT transmit antennas to send
information symbol-synchronously to anNR receive antenna
array of the base-station. Since there areNT transmit antennas
andD dimensions, each user transmits one out ofM possible
D � NT complex-valued signal matrices, drawn from the set
Sk = fSk1;Sk2; : : : ;SkMg with Skm 2 ICD�NT . The sig-
nal matricesSkm may be thought of as space-time (block-)
codewords where each element of the matrix is drawn from
a finite, QAM-like constellation withSk being thekth user’s
codebook, or they may be thought of as super-symbols of some
arbitrary constellationSk. Hence, the receiver is a decoder or
a detector in the two cases, respectively. We will refer to the
matricesSkm as (super-) symbols or signals or codewords as is
appropriate and use the general term receiver when the terms

1We suggest the term “space-dimension” communication rather than
“space-time” communications. The latter implies a basis of time-translates
of a single waveform (so thatD corresponds to the length of the coherence
interval in symbol durations), which is too restrictive as pointed out in [8].



detector or decoder are both applicable. To succinctly write
the discrete-time model for this system we need more defini-
tions.

LetHi denote theith hypothesis with1 � i � MK . With-
out loss of generality leti determine uniquely theK-tuple
(i1; i2; : : : ; iK) according toi =

PK

k=1(ik � 1)Mk�1 + 1.
We let hypothesisHi denote that userk transmits the signal
Skik for eachk. Define theD �KNT matrix of signals cor-
responding to hypothesisHi asFi = [S1i1 ;S2i2 ; : : : ;SKiK ].
Thus the discrete-time model for thenth receive antenna can
be written as

yn = FiW
1
=2hn + �n; (1)

whereyn is theD–dimensional vector of observations,W =
diag fw1; w2; : : : ; wKg 
 INT with wk being thekth user’s

average energy,hn =
�
hT1n; h

T

2n; : : : ; h
T

Kn

�T
is a KNT–

dimensional vector ofCN (0) distributed fading coefficients
with hkn containing theNT fading coefficients from the
kth user’s transmit antennas to receive antennan, and�n is the
D–dimensionalCN (0; �2ID) distributed additive noise vec-
tor. To obtain the sufficient statistics for allNR receive anten-
nas, we simply stack theyn to obtain

y =

264 y1
...
yNR

375 =
�
INR 
FiW

1
=2

� bh+ �; (2)

wherebh =
�
hT1 ; : : : ;h

T

NR

�T
contains the fading coefficients in

“receiver-antenna” order. For the analysis to come, it will be
more convenient to organize the fading coefficients user-wise

in the vectorh =
�
hT11; : : : ;h

T

1NR
; : : : ;hTK1; : : : ;h

T

KNR

�T
,

which also requires the introduction ofSkm = INR 
 Skm,
F i = [S1i1 ;S2i2 ; : : : ;SKiK ], andW = W 
 INR . With
these definitions theDNR sufficient statistics can be written as

y = F iW
1
=2h+ �: (3)

We denote the correlation matrix of the fading coefficients
as� = E

�
hhy

�
. �kk denotes thekth diagonalN � N

block of� and thus is thekth user’s fading correlation ma-
trix. The signals and fading processes are normalized so
that �
k = wk=�

2 represents the average received signal-to-
noise ratio (SNR) of thekth user per receiver antenna and per
(super-) symbol. Each user’s signals are normalized such that
their average energy over the transmit antennas is unity, i.e.,

E
h
tr
�
S
y
kmSkm

�i
= NT 8 k; (4)

where the expected value is taken overm. The fading coeffi-
cients are normalized such that

E
hehykSykmSkmehki = NR 8 k; (5)

whereehk =
�
hTk1; : : : ;h

T

kNR

�T
contains all of thekth user’s

fading coefficients. For equi-probable symbols this condition
can be written as

MX
m=1

tr
�
�kkS

y
kmSkm

�
=MNR: (6)

Note that with these normalizations the average received SNR
is independent of the number of transmit antennas. For exam-
ple in i.i.d. fading the stated conditions lead toNT�kk = IN .

III. O PTIMUM RECEIVER AND ANALYSIS

In this section we specify the optimum receiver in terms of a
quadratic form in the observations and the fading coefficients.
This allows us to make use of the general results of [8] for the
asymptotically tight analysis of the pair-wise error probabili-
ties.

A. Maximum Likelihood Receiver

The likelihood function of the sufficient statisticsy given
the fading coefficientsh and the true hypothesisHi (i.e. Fi,
is transmitted) is

p(yjh; Hi) =
1

�DNR�2DNR
exp

�
���2ky �F iW

1
=2hk2

�
:

(7)
Defining the new(KNT+D)NR–dimensional sufficient statis-

tic z = ��1
�
hT yT

�T
and the matrix

Qi =

"
W

1
=2F

y
iF iW

1
=2 �W1

=2F
y
i

�F iW
1
=2 0DNR

#
; (8)

the jointly optimum coherent receiver�C can be expressed as

�C : î = arg min
1�i�MK

zyQC

i z = arg min
1�i�MK

ÆCi ; (9)

whereÆCi is defined implicitly. Note that the sufficient statis-
ticsz areCN (0; K

zzjHi
) distributed, where

K
zzjHi

= E
�
zzy

�
(10)

=

"
��2� ��2�W

1
=
2F

y
i

��2F iW
1
=
2� ��2F iW

1
=
2�W

1
=
2F

y
i + I

#
:

B. Bounds on Symbol and Bit Error Rate

Let Ek(�C) denote the event that the receiver�C detects
userk erroneously. ThenPr fEk(�C)jHig is the symbol er-
ror probability of thekth user detected by receiver�C condi-
tioned on the hypothesisHi. It is the probability of the union
of the corresponding(M � 1)MK�1 possible events of the
form

�
ÆCj < ÆCi

	
. Since the probability of the union is usu-

ally not computable, consider the union upper bound which is
the sum of the pair-wise error probabilitiesPr

�
ÆCj < ÆCi

	
. 2

A lower bound is obtained by considering the pair-wise prob-

ability Pr
n
ÆC
bj
< ÆCi

o
, whereH

bj corresponds to one of the

M � 1 hypothesesHj that result in an error only for userk
when compared toHi. The lower bound can be tightened by

choosingH
bj such thatPr

n
ÆC
bj
< ÆCi

o
is maximized.

2
Pr

n
ÆCj < Æ

C

i

o
is only anerror probability in a binary hypothesis test.

However, the term “pair-wise error probability” is customarily used in the
literature.



The kth user’s symbol error rate (SER)Pr fEk(�C)g for
equi-probable symbols is then bounded as

Pr fEk(�C)g = M�K
MKX
i=1

Pr fEk(�C)jHig (11)

� M�K
MKX
i=1

X
8j2�i(k)

Pr
�
ÆCj < ÆCi

	
; (12)

Pr fEk(�C)g � M�K
MKX
i=1

Pr
n
ÆC
bj
< ÆCi

o
; (13)

where�i(k) is the set of the(M � 1)MK�1 indices of hy-
potheses in which thekth user’s symbol differs from its sym-
bol corresponding to the true hypothesisHi.

To obtain bounds on the average bit error rate (BER)P b

k of
thekth user, we introduce the eventHi ! Hj that hypothe-
sisHi is detected asHj (in the presence of all other hypothe-
ses). Since the eventsHi ! Hj are mutually exclusive, the
average bit error rate can be written as

P b

k =M�K
MKX
i=1

X
8j2�i(k)

bij(k)

log2M
Pr fHi ! Hjg ; (14)

wherebij(k) is the number of erroneously detected bits of
userk, when hypothesisHi is detected asHj . An upper
bound onP b

k is obtained by upper-bounding the probabili-
tiesPr fHi ! Hjg by Pr

�
ÆCj < ÆCi

	
. A lower bound onP b

k

is obtained by lower boundingbij(k) by one and using the fact
that the inner sum of probabilities is equal toPr fEk(�C)jHig,
which in turn can be lower bounded byPr

n
ÆC
bj
< ÆCi

o
, as

in (13).

C. Pair-wise Error Probabilities

The pair-wise error probabilitiesPr
�
ÆCj < ÆCi

	
are crucial

for the bounds on the symbol as well as the bit error rate.
They can be obtained via the calculation of residues (cf. [8]–
[11]). However, the residues depend on the eigenvalues of
CC

ij = KzzjHi
(Qj�Qi) and do not in general give any insight

into the dependencies on the system parameters of interest,
such as the signal and fading correlations. A remedy for this
is offered by the asymptotic (high SNR) analysis of the pair-
wise error probabilities in [8] where we examined the asymp-
totic analysis of quadratic receivers in Rayleigh fading chan-
nels and found formulas for the asymptotic error-probabilities
that require “only” the evaluation of the asymptotic eigenval-
ues ofCC

ij . The structure of these asymptotic eigenvalues fol-
lows the structure observed in [8]: half of the non-zero eigen-
values are positive and linear in��2, and the other half con-
verge to minus unity.

We state next the pair-wise error probabilities for finite SNR
in the following proposition, which can be easily obtained
from, for example, [8].

Proposition 1(Expression forPr
�
ÆCj < ÆCi

	
)

Let f�lgLl=1 be the distinct non-zero eigenvalues ofCC

ij =

K
zzjHi

(Qj�Qi) with multiplicitiesf�lgLl=1, and letf�lgLnl=1
be negative andf�lgLl=Ln+1 positive, respectively. Then

Pr
�
ÆCj < ÆCi

	
= �

LnX
k=1

Res

0@ 1

s
QL

l=1 �
�l
l

�
s+ 1

�l

��l ; sk =
�1
�k

1A :

The residue of a functionf(s) in a polea of multiplicity m
is defined to be

Res (f(s); a) =
1

(m� 1)!
lim
s!a

dm�1

dsm�1
[(s� a)mf(s)] :

For rational functions the limit is trivial, because the poles can-
cel with the(s� a)m terms.

Note that the calculation of the residues is numerically un-
stable for high-multiplicities of eigenvalues, so that for these
cases one must use, for example, a saddle point integration
technique [12].

As discussed in detail in [8], we must find the asymp-
totic eigenvalues ofCC

ij to obtain the asymptotic expression
for Pr

�
ÆCj < ÆCi

	
. To this end, we introduce some assump-

tions and notation. We assume that the users are ordered such
that users1; 2; : : : ; e suffer from an error, if the receiver would
erroneously decide for hypothesisHj when hypothesisHi is
transmitted. To avoid a complication in notation, we do not de-
note this user-ordering with any special symbols, but assume
it implicitly. Another notational convenience is to split up the
transmitted signal into two parts, the first containing the sig-
nals of thee users that suffer from an error relative toHj , and
the second part containing the�e = K � e signals correspond-
ing to the correctly detected users, i.e.,

Fi = [Fei F
c] ; Fj =

�
Fej F

c
�
; (15)

wherec signifies the common part in the two signalsFi and
Fj . The matricesFei andFej areD� eNT andFc isD� �eNT.
Similarly, we defineFe

i , F
e
j , andFc (whose sizes are multi-

plied byNR when compared toFei , F
e
j , andFc, respectively).

Furthermore, we define�ee andWee as theeN � eN upper-
left block of� andW , respectively (recallN = NTNR). �ec

and�cc (Wcc) are the corresponding upper- and lower-right
blocks of� (W).

With these and the definitions of

A =

24 �ee

�ce

F
e
iW

1
=2
ee�ee +F

c
W

1
=2
cc�ce

35 ; (16)

B = W
1
=
2

ee

�
F
e
j �Fe

i

�y
; (17)

C =
h
F
e
jW

1
=
2

ee F
c
W

1
=
2

cc �IDNR
i
; (18)

Z =

24 0eN 0 0

0 0�eN 0

� �Fe
j �Fe

i

�
W

1
=2
ee 0 0DNR

35 ; (19)

one finds after some tedious algebra that

CC

ij = ��2ABC+ Z: (20)



Since the eigenvalues ofCC

ij are the same as the eigenvalues

of bCC

ij = TCC

ijT
�1 for any invertible matrixT, we are free

to choose

T =

264 �
�1=2
ee 0 0

��ce�
�1
ee I�eN 0

�Fe
iW

1
=2
ee �Fc

W
1
=2
cc IDNR

375 ; (21)

=

264 �
1
=2
ee 0 0

�ce�
�1=2
ee I�eN 0�

T�1
�
31

F
c
W

1
=2
cc IDNR

375
�1

; (22)

where
�
T�1

�
31

= Fe
iW

1
=2
ee�

1
=2
ee+F

c
W

1
=2
cc�ce�

�1=2
ee . Defining

F
e
ji = F

e
j �Fe

i , we can calculatebCC

ij as

bCC

ij =

264
hbCC

ij

i
11

0 ���2�1
=2
eeW

1
=2
eeF

ey
ji

0 0�eN 0

�Fe
jiW

1
=2
ee�

1
=
2

ee 0 0DNR

375 ;
(23)

where
hbCC

ij

i
11

= ��2�
1
=2
eeW

1
=2
eeF

ey
jiF

e
jiW

1
=2
ee�

1
=2
ee.

Let USVy be the economy-size singular value decompo-

sition (SVD) ofFe
jiW

1
=2
ee�

1
=2
ee, whose rank is easily shown to

be rNR, wherer is the rank ofFej � Fei . HenceS is of size
rNR � rNR. Then it is not hard to show that the non-zero
eigenvalues ofbCC

ij are the non-zero eigenvalues of

M =

�
��2SyS ���2SyUy

�US 0DNR

�
: (24)

The eigenvalues ofM are found by applying a determinantal
equality [13, Section 0.8.5], i.e.,

jM� �Ij =
����2SyS� �I

�� (25)

�
�����I�US �SyS� �2�I

��1
SyUy

��� :
For small� the second determinant of the product can be ap-
proximated by

����I�UUy
��, so that we finally arrive at the

following proposition, for which we made use of [13, Theo-
rem 1.3.20], which states that the non-zero eigenvalues ofXY

are equal to those ofYX.
Proposition 2(Asymptotic Eigenvalues ofCC

ij)
The asymptotic non-zero eigenvalues ofCC

ij =KzzjHi
(Qj �

Qi) are arbitrarily close to therNR non-zero eigenvalues of

��2W
1
=
2

ee�eeW
1
=
2

eeF
ey
jiF

e
ji and minus unity with multiplic-

ity rNR.

With these eigenvalues and the results of [8], one easily
finds the asymptotic pair-wise error-probability given in the
next proposition. For ease of notation we introducejXjNZ as
the product of the non-zero eigenvalues ofX.

Proposition 3(Asymptotic Pair-Wise Error Probability)
For coherent detection the pair-wise error probability
Pr
�
ÆCj < ÆCi

	
of the optimum receiver�C approaches arbi-

trarily closely

Pra
�
ÆCj < ÆCi

	
=

�2rNR
�
2rNR�1
rNR

�
���W1=

2

ee�eeW
1=
2

eeF
ey
jiF

e
ji

���
NZ

as� goes to zero.

IV. I NTERPRETATIONS ANDSIGNAL DESIGNS

The asymptotic result of the previous section encompasses
many special cases of interest, some of which we explore in
this section. For example, we specialize toNT = 1 in Sec-
tion IV-A and gain some insights into this case, which help
understand the multiple transmit antenna case. In Section IV-
B we consider multiple transmit antennas but specialize to
K = 1 first, before we discuss the generalK-user,NT-antenna
problem. We focus on giving specific results and interpreta-
tions for the asymptotic pair-wise error probabilities and as-
sume that it is understood that the corresponding optimum re-
ceiver can be obtained by applying the specifics to�C as de-
fined above.

A. One Transmit-Antenna per User

We distinguish between linear versus generalM -ary/block-
coded modulation. In linear modulation, each user modulates
its signature sequence by a symbol drawn from a fixed alpha-
bet, like a QAM or PSK constellation. InM -ary or block-
coded modulation thekth user’smth signal vector may be
a block-code over a finite alphabet or a super-symbol drawn
from an arbitrary constellation.

A.1 Linear Modulation – Multiuser Detection and CDMA
Signature Sequence Design

If we specializeFi = FBi, whereBi is aK �K diagonal
matrix containing the users’ constellation symbols, the system
model of (1) corresponds to a synchronous code division mul-
tiple access (CDMA) model. Note that we do not make any as-
sumptions on the number of dimensionsD, so that overloaded
systems withD < K are included in the analysis. We define
Fe to be made up from the columns (signatures sequences)
of the e users that suffer from an error.Be

i , B
e
j are diagonal

matrices that contain the information symbols of these users.
Corollary 1: (Asymptotic Pair-Wise Error Probability for

Coherent CDMA Detection)
Assuming� = IKNR

3 and that any subset ofD columns of
F span theD-dimensional signal space, we have fore � D
that the pair-wise error probability of the optimum detector�C

approaches arbitrarily closely

Pra
�
ÆCj < ÆCi

�
=

�2eNR
�
2eNR�1
eNR

�
���Wee

�
Be
j �Be

i

�y
FeyFe

�
Be
j �Be

i

����NR
as� goes to zero.

ForD � e we have

Pra
�
ÆCj < ÆCi

�
=

=
�2DNR

�
2DNR�1
DNR

�
���Fe �Be

j �Be
i

�
Wee

�
Be
j �Be

i

�y
Fey

���NR :
3In this and some of the following corollaries, the assumption of i.i.d. fading

is only made to avoid having to introduce more notation.



We note that forD = 1 and BPSK modulation the sec-
ond bound specializes to the one given in [14]. Note that
as the number of users increases, the aggregate spectral effi-
ciencyK log2M increases linearly since all the users employ
the same “signature signal” which, without being wasteful of
bandwidth, can be taken to be the minimum bandwidth sinc
pulse or a raised cosine pulse with sufficient roll-off to ensure
robustness to timing jitter and user quasi-synchronism. The
second bound of Corollary 1 implies that there is no loss of
order of diversity compared to a single-user channel for any
of the users. Without any bandwidth expansion compared to a
single-user channel, multiple users can be accommodated with
no loss of diversity order. There would be, however, a loss of
energy efficiency in that each user would have to transmit at a
somewhat higher power to achieve the performance it would
have in the absence of other users, and this loss would increase
with the number of users.

Consider the caseD = 2 with aggregate spectral efficiency
of K2 log2M bps/Hz which also linearly increases with an in-
crease in the number of users albeit at half the rate of the
narrowband channel. In this case, it is easy to design two-
dimensional signature sequences over the field of complex
numbers by simply ensuring that any two users are assigned
linearly independent signals so that not only do all the users
achieve full order of diversity but even the above-mentioned
loss of asymptotic effective energy relative to single-user per-
formance is eliminated. Hence, with a bandwidth expansion
by a factor of two relative to a single-user channel, an increas-
ing number of users can be accommodated and received with
a reliability that is asymptotically equivalent to “single-user
like” performance for every user, in the sense that the upper
bound on the multiuser BER converges to the single-user up-
per bound.

To obtain such spreading signals forD > 1 dimen-
sions we suggest a signal design algorithm that minimizes
the maximum of a per-user asymptotic performance crite-
rion over all users. This criterion is derived from the upper
bound on thekth user’s asymptotic bit error rate, which in
turn results from (14) by upper-boundingPr fHi ! Hjg by
Pra

�
ÆCj < ÆCi

	
for small�, i.e.,

P b

k � M�K
MKX
i=1

X
8j2�i(k)

bij(k)

log2M
Pra fÆj < Æig

=

DX
d=1

cd(k)�
2dNR ; (26)

wherecd(k) contains all the coefficients with diversity orderd
in the upper bound on thekth user’s BER. The signal design
algorithm must minimizemax1�k�K c2(k). While the terms
cd(k) with d > 1 asymptotically do not influence the BER,
we conjecture that by minimizingmax1�k�K c2(k), the con-
vergence of the upper-bound to the lower-bound is improved,
so that the BER of a system employing optimized signals is
improved at finite SNRs (asymptotically the BER does not de-
pend on the signals provided that at least any two signature
sequences are linearly independent).

Figure 1 shows the performance of multiuser systems em-
ploying optimized signature sequences inD = 2 dimensions.
The equal-energy users (W = I) transmit spreaded BPSK
symbols from one transmit antenna to one receive antenna in
i.i.d. fading (� = I). The design algorithm yielded signal
sets for which the users’ performances are identical for finite
SNR, so that we plot the upper bound and simulated BER of
one user only. We see that asymptotically single-user perfor-
mance is achieved. However, for increasing number of users
the asymptote is reached for increasing SNR only.

Figure 2 shows the performance of the signature sequences
for K = 10 users of the previous plot in comparison with
narrow-band communications (D = 1) and a single user in
one dimension with a spectral efficiency of5bps=Hz (thus the
single user employs32-QAM). As before we chooseW = IK
and� = IK for one transmit and receive antenna. Although
an asymptotic performance criterion is optimized in the de-
sign process for the signature sequences, the advantage over
narrow-band signaling at a BER of10�2 is over15 dB for the
K = 10 narrowband system and about4 dB for theK = 5
narrowband system, which has the same spectral efficiency as
theK = 10,D = 2CDMA system. While for a BER10�2 the
gap to the single user employing32-QAM is about1 dB, the
single user is asymptotically out-performed by roughly6 dB.

Figure 3 shows bounds and simulated BERs for aNR = 2
receive antenna,K = 3 user system in which each user em-
ploys the most energy efficient8-QAM constellation. The de-
signed signals have an identical absolute value of the cross-
correlation of0:5 and the resulting BER of each user is almost
indistinguishable from that of a single-user channel. On the
other hand, at a BER of10�2, the gap to narrow-band signal-
ing is roughly5 dB. In all cases the bounds on the BERs are
not tight, due to the use ofM = 8-ary signaling.

A.2 M -ary or Block Coded Modulation

In this section, we interpret thekth column ofFi as a super-
symbol of userk which can be thought of as belonging to some
dense lattice (or more generally to an arbitrary non-lattice con-
stellation), whose individual scalar elements may be drawn
from a regular QAM-like alphabet or may be arbitrary com-
plex numbers, not necessarily restricted to be part of a finite
alphabet. When the “codeword” interpretation is appropriate,
the receiver may be thought of as a decoder.

We rewrite the general expression of the asymptotic pair-
wise error probability from Proposition 3.

Corollary 2: (Asymptotic Pair-Wise Error Probability for
Coherent Decoding)
Assuming� = IKNR and that

�
Fej �Fei

�
has rankr �

min(D; e), the pair-wise error probability of the optimum de-
coder�C approaches arbitrarily closely

Pra
�
ÆCj < ÆCi

	
=

=
�2rNR

�
2rNR�1
rNR

�
���Wee

�
Fej �Fei

�y �
Fej �Fei

����NR
NZ

as� goes to zero.



Let us reconcile this result for the fictitious case where all
K users co-operate so that we have an equivalent single-user,
K-transmit,NR-receive antenna channel. In this case, the
maximum diversity order for a givenK could be achieved if
r = K = e and the proposition corresponds to the well-known
rank criterion [6], for which of course we needD � K. By the
use of space-time codes such as the orthogonal designs of [5]
or the algebraic codes of [15] which satisfy this rank criterion,
one can achieve full diversity order (namelyKNR).

However, the multiuser rank criterion is very different from
the single-user criterion because while in the single-user chan-
nel with K transmit antennas, signals transmitted over the
different transmit antennas can be dependent (i.e., an super-
information symbol is encoded into aD � NT matrix), the
columns of this matrix in the multiuser channel arise from the
independent transmission of vectors of lengthD each from the
K different users.

B. Multiple Transmit-Antennas per User

The classical single-user multiple transmit antenna space-
time coding analysis also profits from our general analysis: in
contrast to the earlier, Chernoff bound based approaches, our
analysis provides asymptotically tight expressions for the pair-
wise error probability and considers possibly correlated fad-
ing. Finally, for the multi-transmit antenna, multiuser space
time channel, we propose a signal design algorithm that en-
sures single-user like performance asymptotically.

B.1 One User

In this case one user transmits aD � NT signal ma-
trix fSmgMm=1 with average energyw. � simplifies to the
N�N fading correlation matrix associated with all the anten-
nas. Recalling that we definedSm = INR
Sm, Proposition 3
easily simplifies to the following corollary.

Corollary 3: (Asymptotic Pair-Wise Error Probability for
Single User Reception)
Assuming that(Sj � Si) has rankr � min(D;NT), the pair-
wise error probability of the optimum receiver�C approaches
arbitrarily closely

Pra
�
ÆCj < ÆCi

	
=

�
w
�2

��rNR �2rNR�1
rNR

�
���� (Sj � Si)y (Sj � Si)

���
NZ

as� goes to zero.

Note that in addition to revealing the rank and determi-
nant criterion of [4], [6] for i.i.d. fading, this formula is
is also asymptotically tight and considers the more general
case of correlated fading. As a consequence of the asymp-
totic tightness, asymptotically tight lower bounds on sym-
bol and bit error rates can be obtained. For correlated
fading and full-diversity space-time codes, the fading cor-
relation does not affect the determinant criterion, because���� (Sj � Si)y (Sj � Si)

��� = j�j
���(Sj � Si)y (Sj � Si)���NR .

Consequently, full-diversity space-time codes that were opti-
mized for i.i.d. are also asymptotically optimal for correlated

fading. The analysis presented here also improves on our work
in [8] by providing exact expressions for the asymptotic pair-
wise error probabilities in caseSi � Sj is low rank.

B.2 Multiple Users

The observations we made for the various special cases
allow us to finally draw some conclusions about Proposi-
tion 3 for multiuser communication when each user em-
ploysNT transmit antennas. Most importantly, if every user
employs a full-diversity space-time code/constellation (requir-
ing D � NT) in the sameD dimensional signal space, the
multiuser system still achieves asymptotically a diversity or-
der ofN = NRNT, i.e., no loss in diversity order occurs when
compared to the single-user case, without any bandwidth ex-
pansion (this was also realized independently in [15] by using
the weaker Chernoff analysis that does not yield asymptoti-
cally tight bounds on pair-wise error rates). However, a loss in
energy-efficiency occurs when more users are added. This be-
havior mirrors exactly theNT = 1, D = 1 narrow-band case
discussed above. We saw that we could improve on this be-
havior by expanding the signal space toD = 2 dimensions to
design signals such that the optimum receiver achieves single-
user like performance asymptotically. One way to generalize
this idea to the multiple transmit antenna case is signal accord-
ing to

Fi = F

266664
B1i1 0 : : : 0

0 B2i2

. . . 0

0 : : :
. . . 0

0 : : : 0 BKiK

377775 ; (27)

whereF is aD � KDSU fixed “signature” matrix andBkik

areDSU � NT single user full-diversity code matrices. De-
note theDSU columns ofF that correspond to userk asFk,
i.e., F = [F1;F2; : : : ;FK ]. Using a rank inequality ([13,
Section 0.4.5]), one can show that if any compound matrix
[Fl;Fk], l 6= k, is of rank greater than or equal2DSU�NT+1,
then it is guaranteed that the asymptotic probability of an event�
ÆCj < ÆCi

�
involving e = 2 users has a diversity order of

at least(NT + 1)NR, so that this probability (and all pair-
wise error probabilities involving more than two users) can
be asymptotically neglected when compared to the single-user
pair-wise error probabilities whose diversity order isNTNR.
Thus, even in the multi-transmit antenna case single-user like
performance can be asymptotically achieved.

To find such a suitable signature matrixFwe need of course
D � 2DSU �NT + 1. Furthermore, the design algorithm dis-
cussed in Section IV-A.1 can be adapted to design an opti-
mized signature matrixF.

V. CONCLUSIONS

The general analysis of [8] is applied to coherent multiuser
space-time reception. Consequently, asymptotically tight ex-
pressions for the pair-wise error probabilities are obtained.
Several conclusions can be drawn from this analysis:
� In a one transmit antenna per user CDMA system, all users
can be detected with asymptotic single-user like performance,



if the common signal space has at least dimensionality two.
An algorithm to design “optimum” spreading sequences is pre-
sented.
� For M -ary/block coded modulation with one transmit an-
tenna per user a signal/code design criterion is presented.
� For the “classical” single-userNT transmit andNR receive
antenna space-time communications, we improve on the pre-
vious approaches by providing asymptotically tight bounds
while including channels with correlated fading.
� For the multiuser space-time problem it is established that
every user achieves the total order of diversityN = NTNR

when communicating withD-dimensional single-user space-
time codes in a commonD-dimensional signal space. To
achieve asymptotically single-user like performance for multi-
ple users, at leastNT+1 dimensions are necessary, as opposed
toNT in the single-user channel. A signal design algorithm is
given, that generalizes the algorithm forNT = 1.
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Fig. 1. While an increasing number of users can be accommodated inD =

2 dimensions with asymptotic single-user performance, the asymptote is
reached for higher SNR asK increases.
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Fig. 2. With onlyD = 2 dimensions the10 user system can asymptotically
achieve single-user performance and out-perform theK = 10 narrow-band
system by15 dB at a BER of10�2 .
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Fig. 3. For increasing constellation size, the multiuser system can still asymp-
totically achieve single-user like performance.


