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Abstract — The jointly optimum noncoherent receiver sian vectors [10]. In contrast to the coherent case, in which
is obtained for multiuser communications in a frequency we undertook the analysis without placing any restrictions on
non-selective Rayleigh fading channel withN. transmit the dimensionality on the signal space, we will assume in this
antennas per user andN; receive antennas. Based on a paper that the number of dimensiabsis greater thard{ V;..
general analysis of quadratic receivers in zero-mean com- However, the number of minimum dimensions is independent
plex Gaussian vectors, we derive asymptotically (for high of M, the size of each user’s constellation. In particular, it
SNR) tight expressions for the pair-wise error probabilities can be less thaBK, thereby relaxing the assumption made
for some cases of interest. This analysis yields the impor-in [11] for analyzing the optimum multiuser receiver for bi-
tant result that the number of dimensions needed for each nary nonorthogonal modulation for a single transmit and re-
of the K users to achieve full diversity orderN = N, N; is ceive antenna in frequency-flat Rayleigh fading channels ([12]
(K + 1) Ny, which is independent of the size of the users’ extends this work to frequency-selective Rayleigh fading with
codebooks. Our asymptotic analysis also yields a perfor- possibly multiple receive antennas, under the same assump-
mance criterion to design noncoherent multiuser signals tion). AssumingD > K N;, we find the exact asymptotic
for space-time channels. We give an example of such a depair-wise error probabilities for the optimum receiver in Sec-
sign. Gains in spectral efficiency are more difficult to real- tion II-B and show that at leadd > (K + 1)N; dimensions
ize for noncoherent (as compared to coherent) channels. are necessary to guarantee full order of diverdity= N; N

for each user. Moreover, fdp > (K + 1)N; + 1 and binary
|. INTRODUCTION signaling, the upper bound on the symbol error rate converges

In a companion paper [1], we obtained and analyzed d¢-the lower bound for high SNR; fa¥/-ary signaling the in-
herent multiuser space-time receivers for linear and nonlind@ffering users’ energies will not affect the asymptotic (union)
modulation and developed code-design criteria for the desigRPer bound on the symbol error rate, i.e., the receiver is
of CDMA signature sequences and multiuser block codes o¥@ftiori near-far resistant.
the complex field. In that work, it was assumed that the fad- While the optimum receiver still requires a knowledge of the
ing channels for all the user-antenna pairs are independent Eing statistics and the average SNR of each user, the asymp-
perfectly known at the base station receiver. These assurtgsically optimum receiver introduced in Section IIl only re-
tions are reasonable for rich scattering environments and $tdires a knowledge of the noise power and does not incur a
tionary or slow moving communicators where relatively shoR€nalty in asymptotic performance.
and infrequent pilot transmissions suffice for channel estima-The asymptotic expressions on the pair-wise error probabili-
tion algorithms to track the slow variations in the channel ali€s can be used to design signals, that minimize the maximum
curately. asymptotic error rate over all users. We give an example of

However, in highly mobile communications, the chann&tch @ design in Section IV and conclude in Section V.
fades rapidly and channel estimation may require long aN@tation: Besides the notation defln?d in [1] we define the
frequent pilot transmissions that result in significant losses Pjection matrice®y = M (MTM) ™ Mt andPy; =1—
spectral efficiency. Hence, noncoherent communications B -
comes attractive for these channels. As in the coherent cas?'
the information theory of noncoherent communication points "
to significant gains over single-antenna communications [2],
[3]. Motivated by these promises, several researches have prdn this section, we obtain the optimum noncoherent mul-
posed coding and modulation schemes for noncoherent, muitiser receiver and derive an asymptotic analysis of the pair-
antenna single-user channels [4]-[9]. wise error probabilities. Our analysis applies our general re-

In this paper, we present a theory of modulation and nosilts on quadratic receivers obtained in [10].
coherent detection famultiuserspace-time communication. The optimum noncoherent receiver does not assume know!-
The K user, N, transmit, N, receive antenna system mode¢dge of the fading coefficients, but uses knowledge about the
of this paper is exactly the same as in [1] and is hence ontitean SNR of all users and the fading statistics. Defining
ted. We obtain the optimum multiuser receiver in Section Il _ o b T 2
and analyze it based on our general results on the asymptotic Ky, = Elyy'] = FW=EWRFl +0°L, (1)
analysis of quadratic receivers in complex zero-mean Gagge jointly optimum noncoherent receivér® is simply
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= arg min 0&;°, (2) fore;; > 0.
1isM™ The residue of a functiof(s) in a polea of multiplicity m
where we defined}’° implicitly. is defined in [1].
The residue expressions are utterly unrevealing about the
essential nature of the error probabilities. For example they
Let & (®N°) denote the event that the receider detects fail to answer the basic question about the number of dimen-
userk erroneously. The symbol error rate of the user for sions necessary such that each user is detected with an error
equi-probable symbols can then be upper-bounded by rate that is asymptotically at least polynomial in the inverse
SNR. The lowest order of the polynomial, i.e., the diversity
NG _K NG NG order of the error rate when each user employs multiple trans-
Prigu(@™)} <M Z Z Pr {61' <9 } @ mit antennas, also warrants clarification, as does the question
about the minimum of dimensions and the signals that achieve
where A;(k) is the set of the(fM — 1)M%~! indices of the maximum diversity\ = N.N,. Some of the answers to
hypotheses in which thé&!* user's symbol differs from these questions are given in the following proposition.
its symbol corresponding to the transmitted hypothdsjs Proposition 2: (Minimum Number of Dimensions for Non-
Pr {&,(®~°)} can be lower-bounded by coherent Multiuser Communications)
MK To noncoherently deteét users, each transmitting one out of
NC _K NG NC M signals fromN, = 1 antenna, with an error probability that
Pr{&(@™)} > M Z Pr {6? <0 } ’ “) is asymptotically polynomial in the inverse SNR with lowest

exponent, i.e., diversity ordel;, the signal space dimension-
wherel1; corresponds to one of thef —1 hypothese#/; that iy must be at leask’ + 1. To ensure a diversity order of

resultin an error only for usédrwhen compared té/; and can 5r _ Ny Ne, a dimensionality of at leagts + 1) N, is neces-
be chosen to maximizer 6?0 < 5;‘“‘} to tighten the bound. sary.

Details for the straight-forward derivation of these bounds are

A. Bounds on the Symbol Error Rate

i=1 VjEA; (k)

givenin [1]. That at leas{K +1) N;. dimensions are necessary to achieve
o . full order of diversity for every user will become clear in hind-
B. Pair-wise Error Probabilities sight of the asymptotic analysis of the pair-wise error probabil-

As in the coherent case, the pair-wise error probabilitiies. This analysis will show that the maximum diversity order
Pr {5Nc < 5NC} are crucial for the bounds on the symbol agver all pair-wise error probabilities in a fictitious = K N;
well as the bit error rate. Note that the noncoherent optimugistem in which each of the users employs only one transmit
receiver (as opposed to the coherent receiver in [1]) involvastenna is bounded tqy) K)N Since the admissible error
in general a nonzero constant = In |K,
guadratic form, complicating the analysis somewhat. In [1(]e., aK user system in which each user emplggfstransmit
we deal with this case, for both asymptotic and non-asymptoéintennas), is a subset of the error events offhaiser sys-
scenarios. Before we come to the main results of this papem, it is clear that if the number of dimensions is less than
which are the asymptotic analysis of the pair-wise error probX” + 1) N, then it is not possible to achieve full order of di-
abilities and the insights gained from that analysis, we statersity N = N, V.
the pair-wise error probabilities for finite SNR in the follow- The proof of the first part of the proposition, that at least
ing proposition, which can be easily obtained from, for exank + 1 dimensions are necessary to achieve a diversity order

ple, [10]. of N; for N; = 1 is somewhat involved and beyond the scope
Proposition 1(Expression folPr {657¢ < 6;°¢}) of this paper. But for some insights, consider
Let {A,}IL L be the distinct non-zero eigenvalues@f® = 3 3
K K_ — I wi ipliciti L C"Njc = Kyyim, (K |H; -K \H) )
yy|H; nyH with multiplicities {z},_,, and let vy vy
{/\,}l:1 be negative anq)\l}lL:LnJr1 positive, respectively. whose eigenvalues together wit}) determine the symbol er-
With ci; = ¢ — ¢; = In \‘E:,’j\ we have ror rate. It is easy to see that; X! andF; L' are both
= invertible, thenC7° converges to a matrix independentoof
Pr {6;“‘ <6} = (and¢;; converges to a constant). Consequently, the eigen-
L values and the error probability become asymptotically inde-
3" Res exp (sci;) I pendent of the SNR. We conclude tif{=F| and F, £F
s HlLﬂ A (8 n %)‘” ’ Ak should not be both invertible, which requires eitiier- K di-
- ! mensions or, ifD < K, that all but one of th&; are low rank.
forc;; <0and In the following we argue that the latter choic® K K, F;
Pr {5NC < 5NC} _ low rank) does not achieve an error probability that is asymp-
J ¢ totically polynomial in the inverse SNR. Consequently, for this
] paper we will restrict ourselves © > K for Ny = 1. Since

exp (sc;
1+ Z Res T i( i) TN Sk T for N > 1 we can employ the argument of upper bound-
k=Ln+1 s [Lo A" (3 + ) k ing the error probability of this channel by that of a fictitious



K = KN, channel, we assume that for the general analysigenvalues ofC}” as discussed above, that the error prob-
D > KN;'. For analytical tractability we will also assumeability floors if a users tries to distinguish two signals with
that eachF; has full rankK N, in the asymptotic analysis todifferent non-zero amplitudeg'w; and, /w;. On-off keying
come. _ ~ works because one “amplitude” is zero and heRgB! = 0
But before we present the asymptotic analysis with the not invertible.
stated assumptions, we want to give some intuition as to Wh\ye now present the asymptotically tight pair-wise error
for D < K, N: = 1, and all but ondF’; low-rank the error ghapjlities forD > KN, and assuming that ead; has
probability is asymptotically not strictly a polynomial in thexy| rank K N;,. To find these exact asymptotic pair-wise error

inverse SNR. Consider single-user noncoherent Communiﬁ?@babilities, we have to find the asymptotic eigenvalues of

tions with a single transmit and receive antenna. As is already

; . : . A - Nc ENC —
pointed out in [13], a single dimension is sufficient to commu='; and¢y” = limy o In ot
J

nicate in a Rayleigh fading channel, if on—off keying is useghe easily sees thaly |, andK,y|, have the same num-

(see also a recent treatment of on—off keying in Rician fager of eigenvalues{ N, — D) that tend to zero (and cancel in
ing in [14]). The error probability for a Mark (i.e. the usegne ratio), and one easily finds

transmitsy/ 2w but the receiver decides Space) is seen in [13],

|Kyy\Hi

. For the latter constant,

[15] (and can also easily be obtained from Proposition 1) to be K ‘FTF

Py =1—exp (—% In (29 + 1)), wherey = w/o?. The &y = lir% In |Ky¢ = Naln : ) (6)
. . . . o .

error probability for a Space (i.e. the user transmits nothing, | nyHJ| ‘Fij

but the receiver decides Mark)i&; = (27 + 1)_(‘”“%). un-

like the Gaussian case, where asymptoticBiy andPs con- where the factorN; arises from the fact thatF! ;| =
tribute equally to the average bit error rdte = 1 (P + Ps) |FIFZ»|MR

(see the correction of an error in Stein’s treatment of on—off To simplify the analysis of the asymptotic eigenvalues, we

keying in the Gaussian channel in [15]), in Rayleigh fadingtroduce an effective signal matrH; defined as
P* is dominated byP;, and, more importantly, the asymp-

totic decay ofP® is P> = % In (2%) and thus noguite poly- H; = _’FiW1/2UT, 7
nomial iny~*, which shows in Figure 1 by an ever widening
gap betweerP” and Ps. where U is an upper triangular matrix resulting from the
Cholesky factorization o2 = UTU. With this we can
10° write the covariance matrix of the observationd&ag, |, =

’H{HI + oI In stating the final results for the asymptotic
pair-wise error probability, we will switch back to the original
system parameters; (F;) andX.

As in the coherent case [1], we assume that the users are or-
dered such that useis2, ..., e suffer from a (symbol-)error,
if the detector would erroneously decide for hypothdsis
when hypothesig/; is transmitted. Obviously, such an order-
ing can always be obtained. To avoid a complication in nota-
tion, we usually do not denote this user-ordering by any special
symbols, but assume it implicitly. Another notational conve-

10" H Noncoherent on—off keying . 1 nience is to split up the transmitted signal into two parts, the
+—+—+ P, error prob. for Mark ‘\\ . first containing the signals of tleeusers that suffer from an er-
PP BER . ror relative toH;, and the second part containing the: K —e
|l ==~ Pgerror prob. for Space N signals corresponding to the correctly detected users, i.e.,
10 0 é é é 1‘2 1‘5 1‘8 2‘1 2‘4 2‘7 Sb 3‘3 3‘6 3‘9
SNR per bit in dB F, =[F; F], F; = [F; FC] ,

Fig. 1. Mark, Space, and bit error rate for noncoherent on—off keying in a

single-user channel wherec signifies the common part in the two sign&ls and

This example shows that fdt = 1 andV; = 1 the above F,. The matrice®¢ andF¢ areD x eN; andF¢ is D x eNy.
claim about the less than polynomial decline in error probabgim”a”y, we defineF?, #f, Fe, He, and F°, HE (whose
ity for D < K istrue. Note also that noncoherent pulse amplijzes are multiplied by, when co?npared tde, Fe, and
tude modulation (PAM) does not work fdd > 2 on the fad- F, respectively). Furthermore, we defii. and V{)ee as
ing channef It follows from the consideration of asymptoticihe o v x eN upper-left block of and W, respectively (re-

INote that any intelligently designei user N transmit antenna system Call N = NiI\g). z?ec andX.. (W..) are the corresponding
should certainly perform better than a fictitiohS user system and this justi- upper- and lower-right blocks & (W).

fies the choice of the upper bound. , , We have to find the asymptotic eigenvaluesii° to cal-
2At least as long as there are no instantaneous amplitudes available to th

receiver, but only average energies and second order statistics about the fa&ng‘?‘te the a_symp_to'[i(_: pair-wise error prObab"iFy- Applying
as we assume in this paper. Woodbury’s identity (inverse of a small rank adjustment [16,



Section 0.7.4]) twice allows us to write shows up with multiplicityr N,. However,M;; may have
other real eigenvalues asymptotically independent.ofWe
Ce = (a”?—tﬂ-tzf n I) [P%‘ + oM, (’H}?—L]’)ix have_n’t yet been able to f?nd expressjon; for these eigenval-
! ues in closed form (numerical calculation is straight forward).
A —1\ L ~1 Even if such expressions were found, it remains unclear as
<I +0° (H;[Hj) > (H;[Hj) 'H}L] -L to how the asymptotic error probability can be expressed in
closed form: although the results of [10] can be easily ex-
tended to take care of these “extra” eigenvalues in the sense
of writing the asymptotic error probability using residues, for
most cases these residues involve poles of high multiplicity
and lack the structure previously present, so that they could
not be expressed in closed form. (Calculating these residues
with a computer, however, is no problem at all.) For this rea-
son, we present the asymptotic error probabilities only for the

For smallo? we can approximat€?© by
C =Gy = (8)

—2
o HMIPY, + HAHIH; (HIH) M - P,

C?j‘; czn bce written as the product of the matik = 5qe thaF;?TPﬁ_Ff has full ranke N,..
[#; Hj H°] andB = B, + B, — B, where Proposition 3(Asymptotic Pair-Wise Error Probability)
- For noncoherent detection and assuni?fdPﬁ_F;ﬁ has full
U_QHETP%{J. rank (requiringeN, < D — KN, or, equivalentlyD >
B = 0 , (9) (e+ K)N:), the sum of the two corresponding pair-wise error
J*Z’HCTP% probabilities of the optimum detect®™ approaches arbitrar-
_ 9 ily closely
w;h (win) A
B, - 0 Coan P = Pe{ee<ae) 4P <o)
-2 ANC\n
et (i) 0N e, (o) )
- - 1\5:{ 9
. 0 S |Zeel WengTPP%J_Fg
By = | (m'Pioms) Py | 1)
TR
L (B3], whereéi® = N In |§§:l_| > 0, which can always be assured
and[Bs], = by renumbering the ﬁypotheses accordingly.
—1 —1
T T TpLl fpl
(HC HC) HE <I+H§ (7"5 Pwﬂs) H; PHC)' I1l. ASYMPTOTICALLY OPTIMUM RECEIVER

Sinc_e the non-zero eigenvaluesAB are equalto the non- 3, optimum noncoherentreceiv®t° does not require ei-
:e;o i{genvaluesché&, Wr? carllculste the latter product andy,q instantaneous phases nor the instantaneous amplitudes of
ind after some algebra that the bottq#i — ¢)V rows are o ;sers. However, the average SNRs of the users and the
zero. Deleting these rows and the corresponding columns aliglistics of the fading coefficients, the correlation ma¥ix
applying some morehalgebra, one 1s fmalllyfleft W':]h a |':jetcire assumed to be known at the receiver. It turns out that the
Imltlan _mﬁtrgl( Mk” whoseeN' x eN upper-left, -right, an asymptotic expansion @™° does not even require knowledge
ower-right blocks are about these statistics. Moreover, it is not hard to prove that the
asymptotic pair-wise error probabilities of the asymptotic ex-

. = o HPL e ) . S ) .
Ml = o H Py Hi+ pansion receiver are identical to those of the optimum receiver.
—2 - . . . .
+7—LfT7-Lj (H}Hj) ’H}?—Lf, T_hus, the.asym_ptouc expansion receiver is asymptotically op-
timum. It is easily found by the approximation
-1
M), = HPRAHS (MRS 1 A N
M, ] Ly Koom = 0° <I —H; (021 +Hﬂii) Hi>
)11 e
~ 0_2P,ﬁi = U_?‘Pj_-i, (12)

For smalls and if ’HfTPﬁj’Hf has full rank the asymp-

tc;tlciigi?\slue:teomg are the PtOSItI\'/tE rea:t.e:g?tnv?\lfue:i/a"d for smallo and rgalizing thalKyy | H; hasD — K J_\fT

or o i F3;7t; and minus unity with. mufuplicitye eigenvalues? for eachi, so that the receiver asymptotically

(cf. [10, Appendix C]). FofoTP,ﬁj’Hf to have full rank, need not consider this parthf|Kyy|Hi| and we are left with

eN < DN, — KN is necessary (heneéV, < D — KN;).

Should%fTPﬁHf only have rank' N, < eN (ristherank @N°-4°.j —arg min o 2y'P% y + NyIn ‘FTFi
efpl we ’ it i i i-2 1<i<M* ’ ’

of Fi'Pg F7), then the positive eigenvalues linear drr -

of C}i¢ are still the positive eigenvalues of 24P, 2. —arg max o2y yiPry, - Nln ‘FTFi

Furthermore, it can be shown that the eigenvalue minus unity 1<i<ME ot R ‘

)

)



where the last equation is most easily obtained by writ- V. CONCLUSIONS

& f . . :

ing Kyy g, as (IMq ® FiW1/2) b (IM{ ®@F;W") + oL We analyze multiuser multi-antenna noncoherent commu-
PNC-1° has a geometric interpretation: The receiver compar‘é?é%?tions forD > K N; and fi_nd exact pair—wise_error pro_ba—
the energy of the sufficient statistics in the subspaces spanR#§es. Based on the analysis, we propose a signal design al-
by F; and chooses, after some normalizations, the hypot/§&rithm that minimizes the maximum of the asymptotic union
sis in whose corresponding sub-space the sufficient statisfi@nds on the users’ symbol error rates. However, it seems
have the largest energy. Note that while the receiver dd@d€ more difficultin noncoherent multiuser communications
not require any knowledge about the fading statistics or tfeimprove the spectral efficiency by adding users in a com-
users’ mean energies, knowledge about the noise level is SiPN Signal space than in coherent communications. In our

required. example, increasing the spectral efficiency by increasing the
constellation size of one user in two dimensions and (and sub-
V. INTERPRETATIONS ANDSIGNAL DESIGN sequently assigning orthogonal signal spaces to each user for

The asymptotic union bound gives a closed-form expredMultiuser system) was rlnore energy efficient than communi-
sion for the system performance depending on the employeiind IN @ common signal space.
signals and can thus be exploited to design signals that mini-
mize it. The design techniques for this minimization are ver | M. Breh 4 MKV  “Coherent mult i

P . . . . brenler an . K. Varanasl, onerent multuser space-time com-
s!m|lar to the ones deSC”b(_':‘d in [9], [8], Wher? signals are 1€ munications: Optimum receivers and signal design,Piac. Conf. In-
signed for non-coherent single-user space-time communica- form. Sciences and SysterBsltimore, MD, Mar. 2001, Johns Hopkins
tions. The space-time problem can be considered a multiumer University. . . . .
bl ith ti 2] T.L. Marzetta and B. M. Hochwald, “Capacity of a mobile multiple-

problem W'_ cooperating users. . antenna communication link in Rayleigh flat fadingdEEE Trans. In-

We consider a = 8 user example, withV, = 1 trans- form. Theoryvol. 45, no. 1, pp. 139-157, Jan. 1999.
mit antenna per user anid, = 2 receive antennas. The user§l L.ZhengandD. N. C. Tse, “Packing spheres into the Grassmann man-

. . . . . . ifold: A geometric approach to noncoherent multi-antenna channels,”
communicate in a commait dimensional signal space using  submitted tdEEE Trans. Inform. Theorypr. 2000.

M = 2 signals each. Thus the aggregate spectral efficieri¢ly B.M.Hochwald and T. L. Marzetta, “Unitary space-time modulation for
i i : i+ ar. Multiple-antenna communications in Rayleigh flat fadingEE Trans.
is 0.8 bps/Hz. Figure .2 §hows th_e bounds and simulated bit er Inform. Theoryvol. 46, no. 2, pp. 543-564, Mar. 2000.
ror rate for one user in i.i.d. fadin@X = I) and equal-energy [s] B. Hochwald, T. L. Marzetta, T. J. Richardson, W. Sweldens, and R. Ur-
interfering usersW = I); the signal design algorithm returns ~ banke, “fSystemﬁtic deslign of unitary space-time constellatid&sTE

; i< Trans. Inform. Theoryvol. 46, no. 6, pp. 1962-1973, Sept. 2000.
6_1 S|gr_1al set such that the perfo_rmances of the users are un[gis B. Hochwald and W. Sweldens, “Differential unitary space-time modu-
tinguishable from each other. Sinfe= 10 > (K +1)N:+1 lation,” IEEE Trans. Communvol. 48, pp. 2041-2052, Dec. 2000.

the upper bound converges to the lower bound. As a referefi@e B. L. Hughes, “Differential space-time modulation/EEE Trans. In-

: : : : form. Theoryvol. 46, no. 7, pp. 2567—-2578, Nov. 2000.
we give the BER of binary orthogonal signaling and the BEB] M. L. McCloud, M. Brehler, and M. K. Varanasi, “Signal constellations

of a single user, employingy/ = 4 signals inD = 2 dimen- for noncoherent space-time communications,” Pioc. Allerton Conf.
sions that were designed with the techniques of [9], [8]. Note ©on Comm., Control, and Compubonticello, IL, Oct. 2000, (invited).
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