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Abstract —We consider signal design for the noncoher- we allow for other, more powerful, codes than the general-
ent block-Rayleigh-fading channel, in which neither the ized orthogonal designs for the information symbol. Second,
transmitter nor the receiver know the fading coefficients. we consider not only one but several information symbols and
We show that several recently proposed signal designs forfind the optimum energy-allocation between training and data
this channel can be interpreted as training-based, i.e., part phase. Even though the suggested estimator-detector receiver
of the coherence interval is used to transmit known sym- is not optimal in general, we find “noncoherent” codes, i.e.,
bols to learn the channel and in the remainder a “co- training-codes, with spectral efficiencies and error rate perfor-
herent” information symbol is transmitted. At the re- mances close to the benchmark designs of [6], which we adapt
ceiver, the estimated channel is then used as if correct,for bit error rate (BER) rather than symbol error rate (SER) as
which allows to employ efficient implementations (like the performance measure.
sphere-decoder) for the coherent decision rule. We es-
tablish conditions for which such a strategy is equivalent Il. SYSTEM MODEL AND NONCOHERENTRECEIVERS

to the optimal noncoherent dec!sion rule. Motivated by  The description of thel,-transmit, N,-receive antenna
the good performance of the training schemes even whengystem with fading that is constant ovBr dimensions fol-

the coherence time is very small (indeed minimal), we |o\s [13]. We write theD N, -length vector of sufficient statis-
propose the paradigm of training-codes to build signal- yics as

constellatlon_s _for the noncoherent bIock-Raer|gh-fac_i|ng y = /TSmh +n, 1)
channel. Training-codes leverage the advances made in co-
herent codes and thus can often address the signal-desigrwhere

and efficient-decoding problems simultaneously. « 7 = ﬁ—i whereFEg is the average transmitted symbol en-
ergy?
|. INTRODUCTION ¢ 8 = Iy, ®S,, is the mth expanded symbol1( <

HE INFORMATION theoretic work [1,2] on the capacity < M ) and S, is D x Np, normalized such that
of the noncoherent multi-antenna block Rayleigh fadinyf " = tr (S},Sm) = 1,
channel has spurred several proposals for signaling schemds contains the N\, fading coefficients, which are
for this channel [3-6}. The detection of all of the proposed’/ (0, X) distributed and normalized such that
schemes suffers from an exponential complexity in the rae| /7 1 Z%zl hTSInSmh] = N, and
of the transmission, because the optimum receiver has to teg} is the additive white Gaussian nois€A((0, 1) dis-
all signals [3, 13]. Recently however, Tarokh in [14] PrO%ributed).

posed the so-called generalized noncoherent PSK conste-Hﬁ]-S model is often written 8 = \/FS.H + N (or a
- m

tions and noncoherent orthogonal designs that allow both {Pénspose thereof), whege = vec{Y}, h = vec{H}, and
maximum-likelihood detection with complexiipdependent  _ vec{N} which is of course equiv:'ﬂlent. '

of the rate. [15] also makes use of the (generalized) ortho% Defining

onal designs [16-19] to generate noncoherent constellations

that enjoy low-complexity maximume-likelihood decoding. In ; PRI R

this paper we show that that the schemes of both, [14] and [15], Fm = —Sm (Smsm > ) S5, and (2)
can be more efficiently described as training schemes, which _ _

simplifies their generalization and allows for an exact error  ©m = 1o ‘VS’T“S’” +27, @)
rate analysis. (The generalized noncoherent PSK constella- | ) ) )

tions of [14] do not fit the training description. We considth€ OPtimum noncoherent receiver 8y, is found in [13] as
erably improve upon the original noncoherent PSK constella-
tion in [20].) Consequently, we generalize the training-designs

in two ways and considerably improve upon [14, 15]. First,
2Relative to [6, 13] we change our normalization®fndh slightly here
This work was supported in part by NSF Grant CCR-0112977 and by AR Make it more obvious that = Es/No. However, in [6, 13] we caliy the
Grant DAAD 19-99-1-029. SNR, an unfortunate nomenclature, because the received SNR is often defined

R E = . _
1We do not consider the differentially coherent schemes of [7-12], beca@®NR" = 7-% = 7. Thus we avoid the term SNR fgrhere and reserve

the underlying assumptions on the channel model are incompatible. it for the received SNRYNR*).

M . M = arg 1<I¥1ni£lM VIFny + cm. (4)




Since the maximum likelihood received™™ requires the phase, respectively:
knowledge of the fading covarian& and7, which may not

always be available at the receiver, [13] also defines a gen- yr = /T h+n,, (6)
eralized likelihood ratio test (GLRT) fd$,,,, which does not 1-7
require this information: Ys = \[T—5— By, h+ns, (7)

The optimum or the GLRT receiver continue to be given by
(4) and (5) withS,,, given by (5). However, here we are inter-
Ne ested in a receiver that estimates the fading first and then uses
= arg min — Z Y Sm (SInSm)_l Sty,, the egtima_te as if it were true for the.“coherent"’ reception of
lsms<M = each individual data symbol. We consider the minimum mean-
square error (MMSE) estimate, because for some key special

wherey,, are theD elements ofy that correspond to receivecases this receiver will also be optimal. The MMSE estimate
antennan. For independent and identically distributed (i.i.d.3nd the coherent receiver are given by

fading and unitary signaling (th&’;, columns of allS,,, are
orthogonal) both receivers are equivalent to each other and tge-c .
the receiver of [3], derived under these assumptions.

®° :m
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Coherentreceptionis premised on the knowledge of the fad-

ing coefficients. In practice, these have to be estimated andl$s receiver is in general sub-optimal, because the noise en-
the transmission is split into a training phase and a commuhRnced by the channel estimation error is in general not white
cations phase [21]. In the latter, the estimated fading coefind we decide for each data symbol individually, neglecting
cients are often used as if correct for a “coherent” modulatiéfe correlation in the noise term. In detail, consider the equiv-
scheme. Here we take the point of view that the training syralent channel model
bol together with the information bearing one can jointly be

~

- mg = ar min
IIl. TRAINING-CODES s glngSMD

viewed as a symbol of a noncoherent modulation scheme. For Yy, = 71 — TBmSﬂ + sy 9)
instance, the noncoherent orthogonal designs of [14] and the S

designs of [15] can be more simply interpreted as a trainimghere

based scheme, as we will show below. More importantly, our _ _1—7 ~

viewpoint also allows us to specify nhew noncoherent space— s =\[7 S Bon, (h B h) + s (10)

time codes_(e_md decoding algorithms) by leveraging mo_rr(—?1e channel estimateis CA”
powerful existing coherent codes (and decoders) when com-

pared to the orthogonal designs [16—19] used in [14, 15].

To estimate the fading, the symli#), is splitinto two parts,
one part known to the receiver and used as training data and
one part that transmits the information:

(0,Kyy;) distributed, where

Kin

E [ﬁﬂf] (11)

= =7t (7T 47 1) Trs

_1\ 1
V87T = 2<2+(77TT7') > by
1 VvV1—-7By,
Sm = ﬁ : ) ®)  The noise termy, of the equivalent channel model has covari-
T=7B,., ance
- - - - Ko7 — - '8 (7712714-7'747-)7131- +1
where without loss of generality we let determine uniquely nsMs g Tms ms ’
theS-tuple (mi,ms, ..., ms) according to which is in general not white (i.e. not a scaled identity)
S and may depend o#8,,,. Note that due to the MMSE es-
m = Z(ms — )M 41 timate 7, is zero-mean (conditioned o). Consequently,
—1 only for the special case & = 1, i.i.d. fading & = I),

N;T'T = I, andN;B,,, Bl, = I Vm,, the receiver is op-
and M = M3. The training symbolT is D x Ny and timal (maximum-likelihood). For more than one information
the S data symboI{Bm Mo areD,, x Ny, so thatD = symbol ¢ > 1) the receiver is clearly suboptimal, even if
=1 _ _ all other conditions are met, because the noise enhancement
Dy + 5Dy The fraction of energy of each information Syminrough the channel estimation error is treated as if indepen-
bol that is spent on training is (0 < 7 < 1). Similarly ©0  gent “Since i.i.d. fading has received by far the most atten-
Sm = Iny ® Sy, we define the expanded training and daigyp, i, the literature, we restrict ourselves to this case and next

symbols7” = In, ® T andB,, = Iy, ® By, To facilitate giscyss possible choices for the training symiiolthe data
the presentation in this section we rewrite the model in terms

Mp
of sufficient statistics corresponding to the training and da'imemS{Bm}m:la andr.



It is shown in [22] that for i.i.d. fading a training symbolgeneralized complex square design for four transmit antennas
T with orthonormal columns minimizes the total expected eliat can be used to transmit three symbols in four dimensions
L ~\ T =~ . . (see [18, 19] for an easier representation of this 3gtecode
tmation error & {(h B h) (h B h)] Since conveniently - the one given in [17]). Note that this complex 4 de-
this is also the choice that is necessary to m&Re® opti- sign with training was not identified in [14] as a noncoherent
mal, we assumé@,. TTT = I in the following discussion (in orthogonal design (it is however used in [15]). Finafb—°
addition to i.i.d. fading). would be optimal for the “non-square” codes of [17] only if
they are used in transposed form (for example, the code for
_ . . Tm,= Ny = 3 andD = 4 would be used fotV, = 4 andD = 3).
transmit antenna and one information dimensidh (= 1, However, they do not lend themselves to simplified decoding

S = Dp = 1) the usual PSK constellation fulfills of course,or g they guarantee full transmit diversity (but do give a di-
B{,B,, = 1 and thus the usual coherent decision rule is OPtersity order of three, in the example).

mum if the MMSE channel estimate is used in place of the F5, the case that the noise teriisare all white, it is not

true channef. For § = 1 and constellations consisting ofhard to find the optimum energy allocatiorand perform an
unitary matrices (forV: > 1), possibly drawn from (finite) exact performance analysis relative to the coherent reception

Mp
As for the choice of the data symbtﬁBms } L for one

groups [11] or generated through a Cayley transform [12], th¢ L g The noise covariances become
detector-estimator receivé®~° is optimal (provided: = I Vs
andN, TTT = I). The same is true for the space—time block 1—r

i ' K; 7 = 1)1
codes based on thlsguareorthogonal designs when used with Foiis <NT571 T 57 + )

training if the underlying constellation is PSK. Interestingly,
the orthogonal designs with training when viewed as noncgnd the covariance of the channel estimate is
herent codes are precisely the so-called noncoherent orthog-

onal designs proposed in [14] (wifR corresponding to the Koo — ok

identity matrix) and also correspond to the designs of [15] bh AT N

(with the training and the information interleaved, but a sim- . .
ple permutation renders the designs equivalent to (5)). NgtgUS the SNR (equivalentlézs /Ny or E; / No) degradation of

however, that without the training interpretation, the prooféa'r_"”g'a'?ed noncoherent detection versus the coherent de-
of optimality in [14] and [15] are not particularly insightful©€Ction Of =B, is

and somewhat cumbersome. Moreover, the orthogonal de-

signs with training clearly permit low-complexity (estimator- €= yr(l—1) ( 1-71 n 1) - (12)
detector) decoding since the detector is the same as in the co- AT+ Ny \ NSy 4+ ST ’

herent case—a fact that is stated in [14] but without this in-

sight* Even before [14], the use of good coherent unitaflaximizing ¢ overr leads to

constellations combined with an identity block—to be viewed
as training—has been suggested as a noncoherent constellation \/5 (1 + #) (1 + %) _1_ NS

in [9, Section V.B]. However, this observation was subse- for S>1
quently not used to generate specific constellations in [9] afg= S—1 ’
appears to have been mostly overlooked. Moreover, the ben-

efit of simplified decoding when square orthogonal designs = for S =1,
are employed, although implicitly contained in [9], was only (13)

brought to a_ltt_entipn in [14]_—but without the insight gainf?q/hich depends of for S > 1 and thus the transmitter would
from the training interpretation. Here we present the traifizye to adapt the energy distribution between training and
ing interpretation rlgorously, which allows us to e>§actly Sta@ommunicating to the power level at the receiver. We pro-
the performance degradation for the above mentioned congise to simplify the scheme by fixing the asymptotically (for
tions. In .anmon we present performance comparisons bf-_> o0) optimal 7., for all values ofy. With this choice the
tween training-codes and truly noncoherent designs below.gnR penalty¢ is easily obtained and the equivalefit /N,

Unfortunately, there are only three square, “full-rate” Offor the detection of one coherent symb\%Bms) becomes
thogonal designs and only tiex 2 Alamouti scheme [16]

can be used with complex symbols (i.e. PSK symbols, for _ 2
optimum decoding). Thd x 4 and8 x 8 are real designs ) VS-1 for §> 1
only and thus can be used with just BPSK®f-¢ were to {E 1+ Nr?\/§ S—1 ’

be optimal® In addition to these full-rate designs, there is )
NO eq.coherent

7S 1
3Note that there are fast algorithms that permit optimum decoding of PSK 7o — N5 for S =1.
for § > 1[23,24]. 41+
4Note that although the description ®°~C in (8) requires the knowledge (14)

of 7 at the receiver, an actual implementation MfBIan = I does not,

asis eas!ly seen when exparndlng the. norm t'hat is minimized. In other wordi§ntext in [9, Section V.C], lift the constraint to the PSK/BPSK constellations

we can simplifyh to 7"y without losing optimality. at the price that the information symbols cannot be chosen independently any-
5The Hamiltonian constellations, introduced in a differentially coheremhore.



Thus the schemes of [14] and [15] can be exactly analyzéide signal design algorithm has to minimize
because the error rate performance of coherent detection of

orthogonal designs is essentially the same as that of maximal- . Mo M
ratio-combining and thus known [25]. Consequently, if the P=M Z Z brm Pr,m (16)
noise termsj, are all white, it is immediately clear that the m=1 b=

training based scheme achieves the same order of transmit di- . _ _ .
versity as the corresponding coherent system that uses thenhereby, is the Hamming distance between the binary rep-

Mp i _ _
formation matrices{Bms} . Based on simulations, thisresentatlon ofn — 1 andk — 1 and

ms=1

seems to continue to be true for cases wi#n°© is not op- 7~ Nr e (21\1[{‘[1‘]\5{]{%;1)
timal. Note that the optimization overis related to the op- Py = o a7
timization of power between training and data phase in the || ‘NT_II — NTSLSmSInSk‘

information theoretic context of [22].

Although we stress the cases in whigh~¢ is the optimum is the asymptotic pairwise error probability that the receiver

receiver, in many cases it is not. Examples of this aris&for @' prefers signab, overS,, whenS,, is transmitted and

1 or for instance when the Alamouti scheme with-QAM NTS}SI = I VI [13]. Obviously, we assign to sign&), the

(M > 4) or any generalized, non-square, complex orthogortats corresponding to the binary representatioh-efl. Rela-
design is employed for the data symbol. Similadf—° is tive to [6] only the inclusion of the factdy,,,, changes and the
not optimal if an treaded algebraic space time code (TAS3ame numerical methods can be employed to minitRineer

of [26] is used to generate ti®,, . Specifically, we suggestthe Grassmann manifold. Whenever possible we design the
to construct a noncoherent (:Qr]st(.j||a_ti{$1n}%:1 from, for signal sets to directly minimiz& over all signals. For larger
example, a TAST block code for four transmit antennas [26]onstellations, when this becomes numerically infeasible, we

ForS = 1 such a code would have the structure resort to the successive update algorithm of [6]. The resulting
constellations have exponential encoding and decoding com-
17 T plexity (in the transmission rate) but serve as a benchmark for

Sm = 3 { B, } ; (15) the other designs.

V. NUMERICAL EXAMPLES
whereT is a arbitrary4 x 4 unitary matrix andB,,, is code- . . _— .
Y x y n Figure 1 compares the numerically optimized designs,

word from the TAST codd 4 1, g, as detailed in [26]L des- S . ;
; L training, and the (improved) noncoherent PSK constellations
ignates the number of layers in the code d&hthe number of ft[14] ( [20]) at a fixed BERP, = 10-? for one trans-

symbols per channel use). While only implementations tha / . .
; ; : it and receive antenne&g = 1, andD = 2 dimensions.
require testing all/ hypotheses are known for the optimu o T . ! .
q g yp P he “training-code” that uses the first dimension for a train-

noncoherent received™", the training perspective immedi-. . \
ately suggests the estimator-dete@6r © as a sub-optimum-— ing symbol and transmits a usual QAM symbol in the sec-
Oé’ld performs very close to the optimized designs and only

albeit well motivated— alternative, whose complexity can N . . .
lowered by sphere decoding (cf. [27] and [28]) due to the sp? r 1.5 bits/dimension are the improved PSK constellations
M

slightly better.
cial structure of the data symbol part of ti{Sm} [26].
=1

m

Consequently, the leveraging of coherent designs for trainir Al o -
aided noncoherent signaling addresses both, the signal ;g|
sign problem for the noncoherent multi-antenna channel (&t 5|
had occupied various researchers before [3—6]) and the dec | o
ing complexity problem (that has so far only been address
in [14, 15]) at once. 52 o ®w X 1
o R
2 B
Eisf o ]
IV. NONCOHERENTDESIGNS FORBER AS 5 : =
s : N_=N_=1, D=2, P, =10
PERFORMANCEMEASURE 2 TR b
o 1-r & 0. 0.0 min. P design 1
A signal design method based on the minimization of tt + .4+ Training with QAM
asympt'ot|c union bound on ;ymbol error rate (SER) is pn 0.6 Improved Noncoh, PSK [20]
posed in [6]. The constellations generated there outperfo :
all previous ones for communicating noncoherently over tt | ¢ X k& Noncoh. PSK[14] ]
rnultl-antenna} channel and the.des,l.gn crlterlon can be usec 20 3 % P 22 e 8 1
improve previous methods. Since in this paper we comp: E,/N, (dB)

different constellations with respect of average bit error rate

(BER), we adapt the design criterion of [6] to minimize ahig- 1. Spectral efficiency ovet, /Ny for different constellations when the bit
L error rate is fixed at0—3.
asymptotic bound on the BER, rather than on the SER. Thus



Figure 2 compares the different schemes for two transretrestingly, the gap between perfect channel knowledge and
and receive antennas i = 4 dimensions. The perfor- channel estimation is quite close to the analytic gap derived
mance of two different training-codes is displayed: to gu
antee transmit diversity the Alamouti scheme [16] with QA i . m=1
symbols is employed (for BPSK ardQAM this corresponds comparison is relative tol — 7)B,,).
to the constellations of [14, 15]). For comparison, also the
performance of transmitting uncoded QAM symbols from th  10°
two antennas in th&,, = 2 dimensions is displayed. From 4
the figure we see that the training combined with the Alan
outi scheme is withirl.5 dB of the signals that are optimized 10"
to minimize the asymptotic bound on the BER. The uncodt
transmission of QAM symbols does worse, but the gap to tl
Alamouti scheme becomes closer for increasing rates. Unf 10”
tunately, the figure also verifies that the generalization of tI%
(improved) noncoherent PSK constellation to multiple tran © .
mit antennas is of no practical interest. Since the generali; 19 |
tion is basically a repetition or delay diversity code, this is nt
too surprising.

- . M . .
‘;’\‘A{or unitary {Bm} above 8 dB asymptotically since the

-4

10

N,=N_=4, D=8, 3 bits/dimens. kS 3
== TAST "\ Y
25l o & x 4 " orth. design [15] ‘,‘ Ry
2.25¢ WO X ] V3 6 9 12 15 18 21 24 27 30
2r G ¢ 1 E/N, (dB)
1.75F o & : s
c 15l o . * o | Fig. 3. BER comparison of TAST with 3 layers addQAM with the rate
S oS 3/4-complex orthogonal design arx$6-QAM. Plain line-styles give the per-
$125F o & * o 1 formance with for estimating the channel, line-styles with diamond markers the
g E performance when a genie provides perfect channel estimates.
§ 1f of * o - 1
= B N,=N_=2, D=4, P,=10
@ 000 min. P design So far we have considereti= 1 only. In Figure 4 we com-
0.75r ¢ ¢ h¢ ‘ . 7 pare codes fob = 8 and N, = 2. [4] suggests a unitary code-
#oowow Train. wi Alamouti & QAM design that systematically generates the signal-set by starting
. ¢+ Improved Noncoh. PSK [20] | | with an initial signal and successively rotating it. The origi-
05 o+ ¢ % %% Train.w/uncoded 0AM || Nal constellation of [4] foD = 8, N, = 2 did not guarantee
‘ ‘ ‘ ‘ ‘ full transmit diversity and is improved upon in [6]. We com-
12 15 18 21 24 27 30 T 1 i I ni
EN, (dB) pare this improved systematic design with a training scheme

that transmits a unitary matrix as training symbol 8ndlam-

Fig. 2. Spectral efficiency oveE, /N, for different constellations when the biouti symbols with QPSK as information carrying symbols. For
error rate is fixed at0~2. comparison we show the performance for the (asymptotically)
optimal choice of- andr = 1/(S + 1), which ensures that the

While for N, = 2 the Alamouti scheme performs very fatraining symbol has the same energy as an Alamouti symbol.

vorably (despite the fact that it is not optimal from a capa&0f S = 3 the difference in negligible. Since the system-
ity perspective [29]), for larger number of transmit antenn@é'c constellation of [4, 6] contain®304 matrices, the train-

the price for the simplicity of the orthogonal designs becomd scheme has slightly higher spectral efficienéy96 ma-
high. In Figure 3 we compare training with the complex offices, 1.5 bits/dimension versus roughly4 bits/dimension).

thogonal design foiV, = 4 transmit antennas of [18, 19] with "&ining requires about dB more £, /N, that the improved

the training code suggested in (15). Since the orthogonal g¥Stematic design. Note however, that this comparison is on
sign transmits onlg QAM symbols while the selected TASTthe basis of frame error rate (FER) because the mapping from
code T 1558 transmits12, we need256-QAM symbols for frames to bits is not clear for the systematic design (giving a

the orthogonal design and QPSK for the TAST training cogd9ght disadvantage to the training code). More importantly,
to achieve a spectral efficiency ®bits/dimension. Note that (€ training scheme excels in terms of its simplicity for en-
to the best of our knowledge no other noncoherent consteffd Particularly de-coding and easily scales to longer frames
tions for N, = 4 have been suggested with such a high sped/or higher spectral efficiencies.

tral efficiency. As one may expect, the training-TAST code V1. CONCLUSIONS

considerably outperforms the noncoherent orthogonal design.

For comparison, the performance of both schemes with perfectnspired by the information theoretic results of [1, 2], the

channel knowledge is given (lines with diamond markers). If¢Search on signal design for the noncoherent multi-antenna
channel has so far focused on constructing sets of unitary ma-

6We chosep = e//2, 0 = ¢I™/8 and theg, rotation of [30]. trices that optimize a performance measure related to the bit
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’ ‘ [9]
' [10]
! 4 [11]
[12]
-2
[13]
“F [N.=N_=2, D=8 E
TR N [24]
Improved systematic design [6]
=== Alamouti w/ training, optimal T :
------- Alamouti w/ training, equal energ ‘\ [15]
4 | | | N

3 15 18

9
E,/N, (dB)

Fig. 4. FER comparison of Alamouti with training and the improved systgus]
atic designs of [6]. Note that the the training scheme cont&i$§ matrices
(frames, corresponding to a SEIob bits/dimension) while the systematic de-

sign

or s
are

has2304 matrices (i.e. the SE is roughly4 bits/dimension). [17]
(18]
ymbol error rate of the set. The resulting constellations
often unwieldy and in most cases displayed a decoding

complexity that is exponential in the rate (because all sym-
bols have to be tested). The recent designs of [14, 15] tac
the complexity problem and independently suggest noncoher-
ent schemes based on the generalized orthogonal designs. Welnform. Theory May 2002.
show that these—essentially identical-designs fall within i
much broader class of training codes introduced here. Train- pp. 686-693, Nov. 1991.

ing Codes are eas”y Constructed according to the pr|nc|p[é§ B. Hassibi and B. M. Hochwald, “How much training is needed in
laid-out in this paper. They scale to longer coherence intervals
(frame lengths) and/or higher spectral efficiencies and leveas] K. M. Mackenthun, Jr., “A fast algorithm for multiple-symbol differ-
the significant advances made in coherent space—time codeential detection of MPSK'IEEE Trans. Communvol. 42, no. 2/3/4,

age

designs. Simultaneously, low-complexity detection (decogy

ing)

(1]

(2]

(3]
(4]
(5]

(6]

(7]

(8]

algorithms are suggested by the training perspective.
[25]
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