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Abstract — The jointly optimum noncoherent multiuser detec- occurs only for the user of interest), the asymptote is independent of
tor for DPSK modulation in generalized diversity Rayleigh fading the interfering users’ energies.
channels (GDRF) was presented in [1] and bounds on the error  The following three sections revisit briefly material presented in
probability were obtained. In the numerical examples of [1] these more detail in [1]: the discrete multiuser GDRF channel model is pre-
bounds were seen to converge. This paper examines analyticallysented in Section Il, and the derivation of the MEP detector is outlined
the behavior of the bounds for high signal-to-noise ratio (SNR) in Section lll. Section IV-A repeats briefly the derivation of the upper
scenarios. Slowly fading channels, where the fading coefficientsand lower bound on bit error probability. The asymptotic behavior of
are essentially constant over two successive symbol intervals, andthe bounds for high SNR scenarios is examined in Section IV-B. Nu-
fast fading channels, where the fading coefficients can vary from merical examples are given in Section V, and conclusions are drawn
one symbol interval to the next, are considered. in Section VI.

For slow fading, the asymptotic convergence of the upper bound
to the lower bound is proved. The asymptote that is reached for
high values of the SNR does not depend on the interfering users’
energies, establishing thereby the near-far resistance of the opti- Corresponding to [1], we present the discrete-time model for the
mum multiuser DPSK detector. For fast fading the error floor K user,L diversity branches GDRF channel. It is a direct extension

Il. DISCRETETIME MODEL FOR THEMULTIUSER GENERALIZED
DIVERSITY RAYLEIGH FADING CHANNEL

reached for high SNRs is bounded from below and above. of the single user model in [2] and [3]. THéL-dimensional vectors
of observations for the zeroth and the previous symbol interval can be
I. INTRODUCTION written as
1
A systematic approach to detection for DPSK modulated signals q(-1) = VARQ”2D(-1)c(-1) + n(-1), (1)

in generalized diversity Rayleigh fading (GDRF) channels was intro- = Yo

duced in [2], where the single-user detection problem was considered a) VIRQZD(0)¢(0) +n(0), @
(see also [3]). A minimum error probability (MEP) detector and ahere7 is the average signal to noise ratio (SNR) of user one and
near-optimum generalized likelihood ratio test (GLRT) detector wef@ = diag{r} ® I; andD(n) = diag{d(n)} ® I. (I. denotes a
derived and analyzed. The GDRF channel model introduced in [2],dimensional identity matrix anc the Kronecker product). The
[3] covers not only frequency-selective fading (arising from multiplg-dimensional vector contains thel users’ average energy ratios
signal paths), but also other forms of diversity: it subsumes and gestative to user one and the vectet)) andd(—1) contain the dif-
eralizes previous diversity models and is also applicable to antenndarentially encoded symbols of th€ users at the zeroth and previ-
other diversity methods (cf. [3]). The single-user results in [2] and [3Jus symbol interval. Each element df—1), d(0) belongs to an
were also applied to post-combining decorrelative multiuser detectiQiosk constellationf = {e% M—1 and thek!" element of the

However, decorrelating-type detectors are sub-optimal. K-dimensional vector of information symbdig0) € F¥ is related

The optimum multiuser MEP and GLRT detectors were obtaingg the differentially encoded symbols Hy(0) = d,(—1) bx(0).
in [1], extending the approach of [2] to the multiuser case. Since anThe matrixR is the KL x KL dimensional generalized signal
exact error probability analysis is intractable, upper and lower bounglsyrelation matrix of thell users’ signature signals and the (possibly
on the error probability of the MEP and the GLRT detectors were dgorrelated)L diversity waveforms of each such signal (for example
rived [1]. In this paper we undertake an asymptotic (high SNR) errgie time translates of the signature signaldinesolvable paths of a
probability analysis for the multiuser MEP detector. This analysis Wasultipath channel). Each user’s signal is normalized so that the di-
first presented in a technical report and a thesis [4]. agonal elements oR are unity. Possible inter-symbol-interference

The asymptotic analysis considers both slow and fast fading. In thgl) is eliminated by masking out the signal for the relevant times as
context of DPSK modulation we define slow fading to mean that thiscribed in [5].
fading coefficients are constant over at least two consecutive symbofhe K L-dimensional vector of fading channel coefficient) is
intervals. In fast fading the fading coefficients are assumed to be @efined viac™ (n) = [c](n), ..., ck(n)], whereci(n) contains
sentially constant over one symbol interval but can change from ome L fading coefficients of th&t" usersL diversity branches dur-
symbol interval to the next. For slow fading the asymptotic analyng then!” symbol interval. Bothe(n) and the additive noise vec-
sis reveals that our upper and lower bounds on the error probabilitys n(n), are zero-mean, complex, circularly symmetric Gaussian
always converge for high signal-to-noise ratios (SNR). As the loweindom vectors. Whereag—1) andn(0) are statistically indepen-
bound results from only considering the single error event (an errgént and have an identical correlation matffn(n)nt(n)] = R

the vectors of the fading parameters—1) andc(0) are not statisti-
This work was supported in part by NSF Grant ANI-9725778. cally independent(denotes the conjugate complex transpose). Their
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matrix correlation functionE[c(n)ct(m)] is denoted asi(n, m); the single error event when only an error for user one occurs. To derive
the k** L x L submatrix ofZ(n, m), Zxx(n, m), is the correla- these bounds we first consider the probability that a hypotti&sis
tion matrix of thek'" user's fading parameters. To keep the analydetected a#f;, which we denote aBu;—u;. Hence,Py, - u; is the
sis in this paper tractable we assume that the fading paths of diffprebability that (4) is minimized by; rather than by the transmitted
ent users are statistically independent of each other3.@:, m) is data symbold;. This probability can be expressed as the probability
block-diagonal withX,.(n, m) as diagonal elements. Wide sens¢hat a single quadratic form in the decision statistics is smaller than
stationarity of the fading process allows us to wiitén,n) = 3(0) some constant (cf. [1], [6])
andX(—1,0) = =7(0, —1) = 3(1). For the slowly fading channel i
(fading coefficients do not change for the duration of two successive Py,—u; = Pr (2'Fyz < cij |H; ), (5)
symbol intervalsP(—1,0) = 3(0, —1) = 32(0). In order to ensure
that7r;, is the total average received signal to noise ratio of éser whereF;; = (Kz“}q] - Kz‘l}{) andc;; = In (|Kz|Hi | / |Kz‘Hj |)
the rr_natnce%:kk are normalized such thafg,?kkR{fk)_: 1, where |, the remainder of this section, we state all expressions in terms of
Ry, is thek™ L x L sub-matrix of R (thek™ user's signal correla- Fi;, cij, and the covariance matr,, 7, of the decision statistics.
tion matrix). As F;; is Hermitian andz is a zero-mean, complex Gaussian random
vector the characteristic function of the quadratic fei&';; z is given
in Appendix B of [7] as

The decision rule for the minimum error probability (MEP) detector
for the joint detection of alK users was derived in [1]. It was shown E [efszTFijz:I _ 1 6)
there that under the assumption of independent fading processes of 1=N y (S + L)‘” ’
the different users the likelihood of the observations depends only on =1 " M
the M possible combinations of data-symb&l§0) and not on all . - . N
M>¥ combinations of differentially encoded symb6d—1), d(0)). Whe.reJ_V_l.s the nurlgber of distinct, non-zero eigenvaldes},_, with
In what follows, it is convenient to drop the time indexHif0) and ~Multiplicities {,u},_, of Ky u, Fi;. _
introduce the integer subscripl < i < M%) indicating the de- Without loss of generahty we assume that thé e!genvalues
pendence of the transmitted data symbols on the underlying hypothes A2, --., Am are negative and that thy” — M eigenvalues
sis H;. Hence,H; designates the hypothesis thatis the particular Aa+1, Aar+2, ..., An are positive. With the help of this, the proba-
realization of the vector of data symbad$0). Furthermore, we define bility Pr;— r; may be expressed in the form (see also [6])
B; = diag{b;} ® I, and stack the vectors of observations to define p _ 7
a'=[ q'(-1) q'(0) ].In[1] we derived the MEP decision rule HimHj = (7)
in the statisticsy. For the purpose of this paper it is more convenient

I1l. THEMINIMUM PROBABILITY OF ERROR(MEP) DETECTOR

M SCi4
to state the decision rule in the decorrelated statistiosherez is — Z Res e Ty Sm = —1
defined aw = (I ® R™') q. The covariance matrix of the new — s TIZV A (s + AL) Am
decision statisticg becomes B '
K, = Elzz'] = ) for ¢;; < 0. Fore;; > 0 the probability is calculated as
FOE(-1,-1)+ Q@ ~F0X(-1,0)B; Pu,»u; = (8)
~B;32(0,-1)Q F¥023(0,0) + Q |’ ~
e*¢ii -1
where@ = R~!. Note that in the above matrices the product of 1+ ZReS =N T N
3 (n,m) and©2 commutes, becausB(n, m) is block-diagonal with m=M+1 S | Y ( + >\_1)

blocks of sizeL x L and each element af is repeated. times on i _ _ _ ]
the diagonal of2. The MEP decision rule can then be stated in th both equations the residue of a functifs) in a polea of multi-
statisticsz as plicity m is defined to be
s . tge—1 m—1
1t =ar min z' K . z+In(|K;g.|), 4 1 . d
B et o mxy S el (1% ) ) Res (f(s), a) = (m—1)! a0 ds™ 1

[(s=a)" ()] - (9)
where for any matrixM we defing M| = M). . . . .

ere for any mat e definefM| = det (M) This notation is especially convenient for poles of multiplicity greater
IV. ERRORPROBABILITY ANALYSIS than one, which we will encounter in the following sections.

L . . Having obtained the probabilit#:, - # ; , we invoke a union bound
To keep the analysis simple, we restrict ourselves to binary moéjﬁ the e%ror probabilitypof usert&;neﬁgi]ven a specific hypothékis
ulation. Even with this restriction, an exact computation of the error . . .
' . ransmi n .. Computin . precisely woul
probability is intractable. Therefore we give a lower and upper bouncflst ansmitted, denoted &7, ComputingP;; precisely would

. . . . e
on the error probability of the MEP detector in [1]. After a brief review S d4"e the evaluation of the probability of the union of{i* pos-

of these bounds, we proceed by showing the asymptotic convergeﬁ'%f error events whe_re an error for user one accurs. The prOb?‘bi.“ty
of the bounds for the slowly fading case in Section IV-B.1 and giv% the union of events is upper bounded by the sum of the probabilities

bounds on the error floor for fast fading in Section IV-B.2. Withou?f tr}?§e_elr(;ortﬁvents. A\éerag‘ijng O;'r?rif_(ﬂ ftsquaII’y probablegygﬂo{;he-
loss of generality, the error probability of the first user is considerec> >/ YI€I0S the upper bound on the Tirst user's error probabiily

oK
A. Bounds on Error Probabili 2
oo o <Y Y Puem, a9
An upper bound on the error probability of user one is derived by 2 e Tk ’
invoking a union bound and a lower bound by exclusively considering B T
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where[b;];, denotes thek!” element of the vector of data symbols To be more precise about the above notation, we define an error
corresponding to hypothesis;. [b;]: # [b;]: indicates the error in vectore;; ase;; = 1 (b; — b;) and the error weight;; as the sum
the detection of the first user’s data symbol because only error evenitshe absolute values of the elementsegf. As indicated in (12) we
with possible multiple errors are considered where an error for the fiesisume that all errors of an error evéff; — H;) occur within the

user occurs. first e;; users and furthermore, that the fiesf— elements ok;; are
Alower bound on the first user’s error probability is simply obtainechinus unity and the following;;+ elements are plus unity where of
by averaging over a2’ single error events for the first user coursee;; = e;j— + eij+. Additionally, we also order thé&l — e;;

remaining users for which no error occurs in a way that the disst

1 Gl users send-1 and the nexb;;— users sene-1.
Pe 2 3x Z P~ ;- (11) With the help of the above ordering we definedax 4 matrix
j st [lij=];¢[bi]1 partitioning of any KL x KL matrix M where the diagonal ele-
[bilp=I[bjlx, 2<k<K ments have the following dimensionsze(M11) = e;j— L x e;;- L,

By this, and equations (7), (8), and (10) the bounds on the first usigeMa2) = e L X eij L, size(Mas) = 0ij4L x 0ij4 L, and
o - ize(Mas) = 05— L x o;5— L. All other entries have appropriate
error probability are fully specified, and we can proceed to show the - ; oo . ;
behavior of these bounds for high SNR Imensions. Every matrix subscript in the following sections on the
9 ' asymptotic analysis refers to the submatrix according to this partition-
B. Asymptotic Error Probability Analysis ing, unless stated otherwise. Furthermore, a subscrip{ oefers to
the corresponding submatrix of the expression in brackets according

Applying the results of [6], we only need to find the asymptoti?0 this partitioning

(high SNR) eigenvalues of;; = Kz, Fij = KzIHiK;ﬁqj -1
to find the asymptotic expression faPy; ;. To this end, we will B 1 Asymptotic Analysis for Slow Fading
first state some definitions and then reveal the results of the asymp-
totic analysis for the MEP in separate subsections for slow and fasfor the slowly fading case(= 1), we will find, that the eigenvalues
fading. We will find that the bounds on the error probability convergef Ci; Will be zero with multiplicity2(K — eq;) L, minus unity with
asymptotically for high SNR in the case of slow fading whereas féRultiplicity e;; L, ande;; L times positive and linear if for large?y.
fast fad|ng we will 0n|y be able to bound the error floor from be|0v§;—his will establish the dominance Of the Single error event and thus the
and above; numerical examples show that these bounds are still tightymptotic convergence of the upper bound to the lower bound.

The asymptotic analysis of the MEP detector is only presentedUsing the matrix inversion lemma (cf. [9]) d¥, z; as itis parti-
for a special case of the fading parameters’ covariance matrix, igoned in (3) allows us to calculal;; = K, , Kz‘l}{ —I1.C;isa
2(—1,0) = %(0,—1) = px(0). The correlation coefficient char- 2 2 plock partitioned matrix with two identical blocks on the diag-
acterizes the fade rate of the channel and is connected to the norragly| and two identical blockB on the off-diagonals. The eigenvalues
ized Doppler bandwidttBpT" for example by = Jo(mBpT') (Jois  of a matrix of this form are equal to the eigenvaluesAof+ B and
the Bessel function of the first kind of ord@y for fading with power A _ B. OnceA + B is calculated and terms tending to zero for SNR
spectrum density according to Jakes’s model j8}qual to one corre- 1o infinity are neglected, it can be shown that for high S8R has
sponds to the slowly fading channel for which the fading coefficienffie above claimed multiplicities of eigenvaluesand —1. Further-
stay constant over two successive symbol intervgissmaller than more, e;; L eigenvalues ofC;; are arbitrarily close (foy — o)
one specifies the fast fading channel in the context of this analysi§.the eigenvalues of the matrix2 [92(0) (Q+B; QB]-)‘I]
The above restriction on the fading parameters’ covariance matriggf eij+ L eigenvalues approach the eigenvalues of the lrlnatrix
implies that all users suffer from the same fade rate. This is applicgy [92(0) (Q+B; QBJ)—I] - Itis left to show that the eigen-

ble for slow fading (systems specified by high data rates and/or slg@ues of these matrices are always positive. It is not hard to prove
velocities) but is unrealistic for fast fading, because it implies that thgat

relative movement between the transmitter and all users is the same.
However, the basic behavior of the detector is very well captured with [(Q +B,OB _)71] _
this simplifying assumption and the analysis is easily extended to dif- ! ! 11
ferent fade rates for each user.

For the remaining analysis we will just consider hypotheHgs
H; whose corresponding vectors of data symbols have the follo
ing structure

(Qu — Q1395 Qa1) ', (13)

DN | =

where the right-hand side is positive definite because it is a
wchur complement of the positive definite matgx (recall @ =
R~1). A similar expression is available f({(Q +B; QBj)’l] .
which is hence also positive definite. Furthermore, fasand

bl = [ -1l 41l 415, -10. ], 3(0) are block-diagonal with block sizd, x L and the par-
T T T T T (12) titioning proposed above has block sizes that are integer mul-
b; = [ Tl —leyy Flogy —1oy ]7 tiples of L, we can write [QEJ(O)(QjLBjQBj)‘I]11 =
wherel,, is ann length vector containing ones and;;+ + e;;— + [2];; [Z(0)];; [(Q + B; QBj)_l] 1, As[€],, contains the energy
0ij+ +0ijj— = K ande;j+ + e;j— = e;j, the number of occurred ratios of the users, it is positive definite and so is the diagonal block

errors. This ordering procedure can be performed without loss of ge&ithe correlation matrix(0). Thus thee;; L eigenvalues linear ify
erality because for any error eveiif; — H;) with arbitrary ordering are all positive, establishing the remainder of the above claim.

we can reorder the users according to the above scheme, rearrandiecan also be shown that the valuef approaches a constahy}

the users’ signal correlation matriR, and the correlation matrix of for large SNR; the constant can be smaller or greater than zero
the decision statisticK | 7, and hence calculate the error probabilitya closed form expression f@; is available but of minor interest

of the corresponding error eve(l; — H;). The reordering corre- here). Using the aforementioned properties of the eigenvalue& and
sponds to inserting permutation matrices in (1) and (2). we can now apply [6, Proposition 2] and approximate the probabil-
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ity Pu,—u; givenin (7) for non-positivé;; and largey as where we dropped the subscrigtas there is no dependence on a
specific error event left. Note also that the error floor depends entirely

P, m; = (14)  on the fade rate (and the number of users for the upper bound); for
iy ghe ot (e Lotk (=ei;)* high SNR the fading dominates the system behavior, regardless of the
€ k=0 ei; L k! signals used.
(@29t |[Q%(0) (Q+B;Q@By) ] V. NUMERICAL RESULTS

In this section we present numerical examples. Six users are consid-

where the subscrife;; L x e;; L] denotes the upper left block matrix . .
of sizee;; L x e;; L of the term in brackets (the determinant of this ma?red who employ length-31 Gold-sequences as in [1]-[3]. The signal

trix multiplied by (27)” is equivalent of the product of all positive correlation mat”x" is _calculated as defined in [5] using the ISHU'.
eigenvalues because thi and[-]: elements of @ + B; QBJ_)—I mask_ described therein. There are fpur paths for each user, Whlc_h
can be shown to bg). fa;]de mdepenc(ij(_antly. Trt\e gver??edr((azlaét:\\//le power f(_)lf eactr)w fadllr\llg patkll is
d . " chosen according to the simplifie test profile ‘urban’. Normal-
For positivec;; we can approximat&, - i; as [6, Proposition 2] . 's» ) broperly leads ta3(0) = diag{0.22, 0.42, 0.26, 0.10}.
(15) The error probabilities displayed in the figures are not calculated us-
" ing the residue method used in the analysis above, because this is a
2;5 (283 PL—_ll—k) Ckf{ numerically unstable method. Instead the inverse Laplace transform
Y i is computed numerically using the saddlepoint integration technique.
A description of this numerically stable and arbitrarily precise integra-
tion method can be found, for example, in [10].

As all probabilitiesPy, -, , depend or—<is, ande;; is the number Figure 1 demonstrates the convergence of the upper bound to the

of errors, it can be easily seen that the single error event (only an eIJHWer zound on Ithehl_:)it error rlateh(BER) O.f thef M:IEP DPSK mul- |
for user one occurs, i.e2;; = 1) dominates the error probability, i.e.,tluser etector. In this example the energies of all users are equal

for high SNR we can neglect all other error events where errors océqﬂr =d_wk|/w1d=F1 th)' The aks‘yrg_ptote the bounfds_ colnverge ItDOPiSK
also for users other than the first user. Hence, the upper bound Qg0 displayed. Furthermore, the bit error rates of single-user S

verges asymptotically with the lower bound and we can approxim i P ind optimum_ cgzleBrent BbPSK dete(_:tioln aredgiveln_ asa refereﬂce.
the bit error rate for slow fading (SF) as ote the asymptotic gap between single and multiuser noncoher-

ent DPSK detection. Since we have derived an asymptotic expression

Py, »u; =~

(2y)is T | [Q@2(0) (Q + B; @B;) ']

[ei]-LXei]-L]

oK for the BER of the multiuser MEP detector, it is not hard to verify that
P LK Z Pi,om, - (16) the asymptotic efficiency of noncoherent DPSK detection is in general
2 ‘— smaller than one.
Vie{l, ..., 2K} st e5=1 Figure 2 examines the behavior of the bounds for varying inter-

] . o ) fering users’ relative energies at two fixed average SNRs of the first

From the dominance of the single error event, it is also immediser ). For simplicity, all interfering users have the same relative
ately clear that the MEP detector is near-far resistant, because ;SB@/er (i /w1 = const. fork > 2). Note the independence of the
probabilities Py, . r; do not depend on the other users energies ggymptote of the interfering users’ energies, illustrating the analytical
@], =L results. It can also be shown analytically that for vanishing interfer-
ing users’ energies, the multiuser MEP decision rule simplifies to the
single-user decision rule. Hence, it seems reasonable to conjecture

For the fast fading channel it can be shown, using techniques sintiat the lower bound captures the true BER of the MEP in regions of
lar to those for the slowly fading channel, that as SNR goes to infinigynall interfering users’ energies.
the eigenvalues dE;; approach the values %2; and 12, with mul- Figure 3 considers fast fading and depicts the bounds on the er-
tiplicity e;; L. The constant;; approache$. Inserting these values ror floor for4 — oo. Even for 100 users the upper bound is tight
in the formulae forPy, . i, and performing the necessary derivativesor relevant values o and more than one fading path. The abscissa

B.2 Analysis for Fast Fading

yields (we assumé < p < 1) in this plot is given in three different scales: the correlation coeffi-
. cientp, (1 — p)(dB), and the normalized Doppler bandwidBp T’
1-p? eijL i 2 L—1—Fk 2 k where a power spectrum density according to Jakes’s model was cho-
e & > el 1 T1,) - sen.BoT has to be multiplied with the factdf (c is the speed of

k=1 light, r, = 1/T the bit rate, andf. the carrier frequency) to obtain a

As th babilit v d d h b f(17) corresponding velocity. For a carrier frequency@Hz and a bit rate
S the probabilities’s; —; only depend on the number of erors, ¢ » ¢ one would have to multipligp T with roughly 10® to obtain

and not on the distribution of the errors within the users, the Iow%re speed in kilometers per hour

bound on the error probability of the MEP detector in fast fading chan- P P ‘

nels is simply (17) witke;; = 1. The upper bound becomes

(K—l) 1-p°
e—1 4
(26L—1—k

el —1

VI. CONCLUSIONS

M=

PIF < (18) in [1] that the upper and lower bounds on the BER of the MEP detec-
tor converge asymptotically for slow fading. The asymptotic tightness
of the bounds allows us to quantify the asymptotic BER, near-far re-
sistance, and asymptotic efficiency of noncoherent multiuser DPSK

detection in GDRF channels.

> el In this paper we give a rigorous proof for the numerical observation
X

e=1
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=
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Calculating the asymptotic BER for the single-user, slowly fading
case (a special case of the multiuser analysis above), reveals an asymp- 10" ¢ o N
totic 3dB gap between noncoherent detection of DPSK and coherent o S
detection in generalized diversity Rayleigh fading channels channels.
(This gap is also found—by other analytical means—in [3].) Prior to 102
that, this 3dB gap was known only for the special case of uncorrelated
signals in independent and identical fading paths [11]. .

Since in the multiuser, slowly fading case the asymptotic BER does g ,,|
not depend on the interfering users’ energies, the near-far resistance =
coincides with the asymptotic efficiency. The latter turns out to be ®10°F
in general smaller than unity, and hence the gap between noncoherent ® 1oL |6 D-Su-mEP
DPSK detection and coherent detection increases for multiple users, as ---  MEPasymptote
was observed in [1]. For fast fading the error floor (which is reached 107, | mg I‘;’f,'v’::s:j
only at high levels of the SNR) is bounded from below and above, | -.-. SU channel MEP

slow fading, w/w,=1

-8

where the bounds are seen numerically to be tight for relevant fade 10 oo optimum coherent
rates. The floor depends on the fade rate only. 107 ‘ ‘ ‘ ‘ ‘ RN
In summary, the analysis presented in this paper allows us to suc- 0 ° 10 SNR (@B) ot user 1 - 2 %0

cinctly quantify the performance of the MEP multiuser detector in th@ly. 1. BER comparison of the optimum multiuser DPSK, optimum multiuser coherent,
the non-trivial bounds on the BER can be replaced by more accessiblend decorrelating DPSK detector.
asymptotic expressions.
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