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Low-Dimensional Spreading Matrices

for Multiuser Space-Time Modulation
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Abstract — In [1] we proposed a multiuser space-time scheme requires just one more dimension to achieve asymp-
modulation scheme that leverages single-user space-timeotic single-user like performance. By an “asymptotic single-
constellations and guarantees both, a full diversity order, user like” performance we mean that for high SNR the upper
as well as an asymptotic (high SNR) single-user like per- bound on the multiuser bit error rate (BER) converges to the
formance for every user. This is achieved by multiply- upper bound on the single-user BER.
ing each user’s space-time information matrix symbol by  In this paper we present a simplified design criterion (rel-
a low-dimensional “spreading matrix.” For instance, for ative to the one we proposed in [1]), so that spreading ma-
N;-transmit antennas per user and if the single-user space- trices designed according to it continue to provide asymptotic
time constellation employed requires only the minimum di-  single-user like performance for every user. The additional ad-
mension/V;,, no more than N, 4 1 dimensions are required vantage is that the simplified criterion, and hence the spread-
for the common signal space of all users, i.e., each user'sing matrices, depend only on the dimensionality of the cho-
spreading matrix is of size(N; + 1) x Ny, independent of sen single-user space-time constellation. To obtain the spread-
the number of users. ing matrices by numerical optimization we characterize each

In this paper, we present a simplified design criterion matrix using a parameterization of the Grassmann manifold.
to obtain these spreading matrices by numerical optimiza- Consequently, the optimization can be performed in an uncon-
tion. Since the columns of each user’s spreading matrix are strained manner using standard numerical optimization tech-
constrained to be orthonormal, we propose to perform the niques.
optimization using a parameterization of the Grassmann  |n an example, we design spreading matrices for two and
manifold. A special feature of the simplified criterion, and  three users ilD = 3 dimensions, each employing the Alam-
thus of the resulting spreading matrices, is that they are outi scheme [4] forV, = 2 transmit antennas. It is seen that at
independent of the particular single-user space-time con- a BER of10~3 the optimum detector can detect the three users
stellations (of a given dimension), so that different spectral within 1 dB of the single-user BER (while achieving twice
efficiencies can be attained without changing or redesign- the spectral efficiency) and outperforms a single user with the
ing the spreading matrices. same spectral efficiency by rougtiydB.

In Section Il, we describe th& user,N; transmit,N; re-
ceive antenna symbol-synchronous system model that incor-

In a multiuser space-time “narrowband” channel with seyorates the new spreading matrix-based modulation scheme.
eral transmit antennas per user, the optimum detector achieyrg optimum receiver and asymptotic pair-wise error prob-
full (transmit and receive antenna) diversity order for evegpilities are quickly obtained as special cases of [1] in Sec-
user provided each user employs a full diversity, single-us&sn 1ll. In Section IV we present the design criterion and
space-time constellation or (block-) code [1]. However, withlgorithm for obtaining the low-dimensional spreading matri-
an increase in the number of users, an increasing signaldes and give an example design when the users employ the
noise ratio (SNR) is required of each user to achieve the saiamouti scheme [4]. We conclude in Section V.
error probability.

The modulation method we proposed in [1] leverages ex- |I. MULTI-ANTENNA, MULTIUSER DISCRETE TIME
isting single-user space-time constellations and uses spread- SYSTEM MODEL
ing matrices to alleviate—and to even eliminate asymptotically _ ) _ .

(for high SNR)—the SNR penalty of the narrowband mul- e briefly describe a system model in whihusers com-
tiuser channel while requiring only a small increase in sigiunicate simultaneously in a commén-dimensional signal
nal space dimensions. In particular, the single-user spagB2ce. Each of th” users employsV, transmit antennas to
time symbol matrices of each user are multiplied by a lowy€"d information symbol-synchronously to ah receive an-
dimensional spreading matrix with orthonormal columns, THENN@array of the base-station. Since there\greansmit an-
spreading matrix has row dimension just greater than tifinas and dimensions, usef transmits one outojg Pos-
(time)-dimension of the single-user space-time constellatigf'e D > N> complex-valued signal matricé.,, € C™.
so as to achieve high aggregate spectral efficiencies whife transmitted matriceSy,, are generated by multiplying
markedly improving performance relative to the narrowbart? * Dsu signature spreading matrRk with a single-user
channel. For example, if each user empldggransmit anten- Dsv X Nr space-time symbdB,,, i.e., Sk = FiBy,. The
nas and a single-user space-time code with the minimum Fé19€-user space-time information symbol matris can

quired dimensiongV, (cf. [2], [3]), our proposed modulation ©Tiginate from, for example, the Alamouti scheme [4], or-
thogonal designs [5], or the algebraic codes of [6], or any
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I. INTRODUCTION



known that to achieve full diversity ordé¥ = NNy at least it implicitly. Another notational convenience is to partition

N; dimensions are necessary [2], [3]. For simplicity, we ashe matriced" (that contains the signature spreading matrices

sume that each user employs the same single-user space-tifral users) and; (the block-diagonal matrix of all infor-

constellation in this paper. To succinctly write the discretenation symbols) into blocks that contain the spreading matri-

time model for this system we need more definitions. ces/information symbols of theusers that suffer from an error
Let H; denote the*® hypothesis withl < i < M¥. With- relative toH;, and the second part containing the- K — e

out loss of generality lei determine uniquely thd{-tuple spreading matrices/information symbols corresponding to the

(1,02, ...,1x) according toi = Zle(ik — 1)M*=' 4+ 1. correctly detected users, i.e.,

We let hypothesisH; denote that usek transmits the sig-

nal Sy;, = F1B;, for eachk. Define theD x K D, ma- F = [F°F], (4)
trix of all signature matrice¥ = [F,F»,...,Fg], and the D. — { D¢ o ] D. — { DS 0 ] (5)
K Dg; x K Ny block diagonal matrix of all data symbolsBs, tT 0 D[’ | 0 D}

where thekt" Dy, x N, diagonal block ofD; is B;,. Fur-
thermore, define the “script” versions of these matrices werec signifies the common part in the two data matribgs
Fr=In @F, F=[F1,Fa,...,Fk), Bi, = In, ®B;,  andD;. The matrixf® is D x eDsy andF¢ is D x eDgy. Dy
(thusSy;, = FiB;,), andD; as the block-diagonal matrix andD§ aree Dsy x e Ny andD® is €Dsy; X eNy. Similarly, we
with B;, as diagonal elementsz(denotes the Kronecker ordefineF*, 7, Dy, D, andD“ (whose sizes are multiplied
tensor product). Then, following [1], the discrete-time modély N when compared to the “non-script” quantities). Fur-
can be written as thermore, we defin®.. andW,. as thee N x eN upper-left

) block of ¥ andW, respectively (recalN = Ny Ng).

y =FDW"”h+n, 1) With this notation and the results of [1] one easily finds the
asymptotic pair-wise error-probability given in the proposi-
tion, for which we assume that the fading correlation maiix
has full rankN. For ease of notation, we introduf®|yz as

wherey is the DN;-length vector of observationdy =
diag {wy, wa,..., wg} ® Iy (N = N:DNg), andwy, is the
kth user's average received enerdyis a K N-length vec- the product of the non-zero eigenvaluesf

tor of CA(0, X) distributed fading coefficients, withix; as Proposition 1: (Asymptotic Pair-Wise Error Probability)
the k" diagonal block, anaj is the DN,-lengthCA'(0,0°T) | ot ;- be the rank off® (D¢ — D¢). For coherent detection
distributed additive noise vector. The signals and fading prg;e pair-wise error probatj)ility’rl{dj < 6;} of the optimum

cesses are normalized so that= wy,/o” represents the av- o cejyerp approaches arbitrarily closeBr* {§; < 6;} =
erage received signal-to-noise ratio (SNR) of ke user per

receiver antenna and per (super-) symbol. For details on the 2 Ne (27‘]\61—1)
normalization see [1]; as an example, in i.i.d. fading our nor- 7 e
malization leads tV. X, = In. W;%Eeewz% (Dj _ Df)f Fet e (Dj _ Df) .

IIl. OPTIMUM RECEIVER AND ANALYSIS
aso goes to zero.

Defining the new(K N; + D)N,—dimensional sufficient
statisticz = o= [ hT yT ]" and the matrix IV. SIGNAL DESIGN

. ) ) A key conclusion from the above proposition is that the
_ W/2DI}'T}'DZ-W/2 —1/\7/21)13'-”r ) jointly optimum receiver achieves the total order of diver-
- _fpiwl/z 0D, ’ sity N = N; N for every user that simply employs a full trans-
mit diversity single-user space-time constellation—without any
the jointly optimum coherent receivércan be expressed as spreading ¥, = Ip,, Vk). However, for increasing num-
R ber of users, it incurs a penalty in terms of SNR, when com-
®:i= argKrZ!g}\l/[K z'Qiz = argKngi}\l/[K 9, (3) paredto single-user performance. As we suggested in [1], this
- - SNR penalty can be alleviated for sufficiently high SNR by
whered; is defined implicitly. Note that the sufficient statisensuring that the diversity order ef > 2 user error events
tics z are CN'(0, K, p,) distributed, whereK,, , = Iis at least(N; + 1)N, for which we have to ensure that
E [zz]. This fact is used in [1] to find the asymptotics of © (D — Df) has at least ranki + 1. Then for high SNR,
the pair-wise error probabilitieBr {§; < &;} by applying the the contributions of the > 2 user error events to the bound
techniques of [3] {J; < ¢;} is the event that the decisionon k'™ user’s (symbol or bit) error probability can be neglected
statisticd; is smaller thar; given thatH; is the true hypothe- when compared to the single-user error events, whose diversity
sis). For convenience, we restate the result on the asymptéfider isN = NiN;. Thus the bound on the multiuser system
pair-wise error probabilities here, but need to introduce sorfi@nverges asymptotically to the bound on a single-user system
assumptions and notation first. that uses the space-time constellatid, B, }_,. More-

We assume that the users are ordered such that ussr, if the columns ofF;, are orthonormal, then the bound
1,2,...,e suffer from an error, if the receiver would erro-on thek'" user’s error rate converges to the bound on a sin-
neously decide for hypothests; when hypothesi#; is trans- gle user’s error rate, who employs the space-time constella-
mitted. To avoid a complication in notation, we do not deion {Bm}f‘le, which we call “asymptotic single-user perfor-
note this user-ordering with any special symbols, but assumance.”

Q;



Using a rank inequality ([7, Section 0.4.5]), one can easilyould have to employl6-QAM modulation. From the fig-
show that if any compound matr{¥;, Fi], [ # k, is of rank ure, we see that at a BER o3 there is roughly 8 dB gap
greater than or equalDs;, — NV; + 1, then it is guaranteed thatbetween the spread-matrix design and the orthogonal system.
Fe (D; — Df) has rank greater than or equél + 1 fore > For larger systems with more users and/or antennas, this gap
2. To obtain this result, we just have to note tiilx: — Df) is expected to grow.
has always rankN;, due to the use of a single-user full rank
space-time constellation for each user.

To fulfill the rank criterion for any matriX¥;, Fi], | # k, We present a simplified criterion for the design of low-
we need of coursdD > 2Dy, — N + 1. The spread- dimensional spreading matrices for multiuser space-time com-
ing matrices requiring only the minimum number of dimermunications and give example designs. The matrices are con-
sions2Dg, — N; + 1 are of particular interest, because by thetrained to have orthonormal columns and are obtained by a
minimum increase in dimensionality every user can achiem@merical optimization that profits from a parameterization of
asymptotically single-user like performance. For examplthie Grassmann manifold. As promised by the analysis of [1],
when the single-user constellation requires only the minimuttre jointly optimum detector can detect each user with single-
dimensionsDy, = Ny, only one more dimension is requireduser like performance for sufficiently high SNR.

In this paper, we suggest to generate the spreading matri-
ces{F,};—, by minimizing

V. CONCLUSIONS
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time symbolsB;, according to Alamouti’s scheme [4] for

N; = 2 transmit antennas. For Figure 1, we designe

D = 3-dimensional spreading matrices for up to three equi 43|

-2

o

energy users. From the figure we see that the simulated B "’A,,l

for a single-user employing-PSK symbols in the Alamouti k
scheme is close to its upper bound, to which the upper bout

on the multiuser system&( = 2, K = 3) converge. The 10"‘O 3 5 s 1 - 15

K = 3 user system in which each user empldyBSK sym- SNR per bit in dB

bols in the Alamouti scheme has a total spectral efficienE'yJ- 1. Each user employs the Alamouti scheme and asymptotically achieves
; : single-user like performance. ThHé = 3, 4-PSK system has the same spec-

of 4 bps/Hz ,(thr(,ae use_rs each transmittihgits from each (_)f tral efficiency as thé< = 1, 16-QAM system, but the latter has3adB worse

2 antennas ir3 dimensions). If one would attempt to achievenergy efficiency at BERO—2. The lines with triangles are upper bounds

such a spectral efficiency with orthogonal users, each used plain lines are simulations.



