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Low-Dimensional Spreading Matrices
for Multiuser Space-Time Modulation
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Abstract — In [1] we proposed a multiuser space-time

modulation scheme that leverages single-user space-time
constellations and guarantees both, a full diversity order,
as well as an asymptotic (high SNR) single-user like per-
formance for every user. This is achieved by multiply-
ing each user’s space-time information matrix symbol by
a low-dimensional “spreading matrix.” For instance, for
NT-transmit antennas per user and if the single-user space-
time constellation employed requires only the minimum di-
mensionNT, no more thanNT+1 dimensions are required
for the common signal space of all users, i.e., each user’s
spreading matrix is of size(NT + 1) �NT, independent of
the number of users.

In this paper, we present a simplified design criterion
to obtain these spreading matrices by numerical optimiza-
tion. Since the columns of each user’s spreading matrix are
constrained to be orthonormal, we propose to perform the
optimization using a parameterization of the Grassmann
manifold. A special feature of the simplified criterion, and
thus of the resulting spreading matrices, is that they are
independent of the particular single-user space-time con-
stellations (of a given dimension), so that different spectral
efficiencies can be attained without changing or redesign-
ing the spreading matrices.

I. I NTRODUCTION

In a multiuser space-time “narrowband” channel with sev-
eral transmit antennas per user, the optimum detector achieves
full (transmit and receive antenna) diversity order for every
user provided each user employs a full diversity, single-user
space-time constellation or (block-) code [1]. However, with
an increase in the number of users, an increasing signal-to-
noise ratio (SNR) is required of each user to achieve the same
error probability.

The modulation method we proposed in [1] leverages ex-
isting single-user space-time constellations and uses spread-
ing matrices to alleviate–and to even eliminate asymptotically
(for high SNR)–the SNR penalty of the narrowband mul-
tiuser channel while requiring only a small increase in sig-
nal space dimensions. In particular, the single-user space-
time symbol matrices of each user are multiplied by a low-
dimensional spreading matrix with orthonormal columns. The
spreading matrix has row dimension just greater than the
(time)-dimension of the single-user space-time constellation
so as to achieve high aggregate spectral efficiencies while
markedly improving performance relative to the narrowband
channel. For example, if each user employsNT transmit anten-
nas and a single-user space-time code with the minimum re-
quired dimensionsNT (cf. [2], [3]), our proposed modulation
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scheme requires just one more dimension to achieve asymp-
totic single-user like performance. By an “asymptotic single-
user like” performance we mean that for high SNR the upper
bound on the multiuser bit error rate (BER) converges to the
upper bound on the single-user BER.

In this paper we present a simplified design criterion (rel-
ative to the one we proposed in [1]), so that spreading ma-
trices designed according to it continue to provide asymptotic
single-user like performance for every user. The additional ad-
vantage is that the simplified criterion, and hence the spread-
ing matrices, depend only on the dimensionality of the cho-
sen single-user space-time constellation. To obtain the spread-
ing matrices by numerical optimization we characterize each
matrix using a parameterization of the Grassmann manifold.
Consequently, the optimization can be performed in an uncon-
strained manner using standard numerical optimization tech-
niques.

In an example, we design spreading matrices for two and
three users inD = 3 dimensions, each employing the Alam-
outi scheme [4] forNT = 2 transmit antennas. It is seen that at
a BER of10�3 the optimum detector can detect the three users
within 1 dB of the single-user BER (while achieving twice
the spectral efficiency) and outperforms a single user with the
same spectral efficiency by roughly3 dB.

In Section II, we describe theK user,NT transmit,NR re-
ceive antenna symbol-synchronous system model that incor-
porates the new spreading matrix-based modulation scheme.
The optimum receiver and asymptotic pair-wise error prob-
abilities are quickly obtained as special cases of [1] in Sec-
tion III. In Section IV we present the design criterion and
algorithm for obtaining the low-dimensional spreading matri-
ces and give an example design when the users employ the
Alamouti scheme [4]. We conclude in Section V.

II. M ULTI -ANTENNA, MULTIUSER DISCRETETIME

SYSTEM MODEL

We briefly describe a system model in whichK users com-
municate simultaneously in a commonD–dimensional signal
space. Each of theK users employsNT transmit antennas to
send information symbol-synchronously to anNR receive an-
tenna array of the base-station. Since there areNT transmit an-
tennas andD dimensions, userk transmits one out ofM pos-
sibleD�NT complex-valued signal matricesSkm 2 ICD�NT .
The transmitted matricesSkm are generated by multiplying
aD � DSU signature spreading matrixFk with a single-user
DSU � NT space-time symbolBm, i.e.,Skm = FkBm. The
single-user space-time information symbol matricesBm can
originate from, for example, the Alamouti scheme [4], or-
thogonal designs [5], or the algebraic codes of [6], or any
other single-user space-time constellation that guarantees full
transmit antenna diversity. The dimensions of the single-user
space-time constellation are signified byDSU and it is well



known that to achieve full diversity orderN = NTNR at least
NT dimensions are necessary [2], [3]. For simplicity, we as-
sume that each user employs the same single-user space-time
constellation in this paper. To succinctly write the discrete-
time model for this system we need more definitions.

LetHi denote theith hypothesis with1 � i � MK . With-
out loss of generality leti determine uniquely theK-tuple
(i1; i2; : : : ; iK) according toi =

PK

k=1(ik � 1)Mk�1 + 1.
We let hypothesisHi denote that userk transmits the sig-
nal Skik = FkBik for eachk. Define theD � KDSU ma-
trix of all signature matricesF = [F1;F2; : : : ;FK ], and the
KDSU�KNT block diagonal matrix of all data symbols asDi,
where thekth DSU � NT diagonal block ofDi is Bik . Fur-
thermore, define the “script” versions of these matrices as
Fk = INR 
Fk,F = [F1;F2; : : : ;FK ],Bik = INR 
Bik

(thusSkik = FkBik ), andDi as the block-diagonal matrix
with Bik as diagonal elements (
 denotes the Kronecker or
tensor product). Then, following [1], the discrete-time model
can be written as

y = FDiW
1
=2h+ �; (1)

wherey is theDNR-length vector of observations,W =
diag fw1; w2; : : : ; wKg 
 IN (N = NTNR), andwk is the
kth user’s average received energy,h is a KN -length vec-
tor of CN (0;�) distributed fading coefficients, with�kk as
thekth diagonal block, and� is theDNR-lengthCN (0; �2I)
distributed additive noise vector. The signals and fading pro-
cesses are normalized so that�
k = wk=�

2 represents the av-
erage received signal-to-noise ratio (SNR) of thekth user per
receiver antenna and per (super-) symbol. For details on the
normalization see [1]; as an example, in i.i.d. fading our nor-
malization leads toNT�kk = IN .

III. O PTIMUM RECEIVER AND ANALYSIS

Defining the new(KNT + D)NR–dimensional sufficient
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the jointly optimum coherent receiver� can be expressed as

� : î = arg min
1�i�MK

zyQiz = arg min
1�i�MK

Æi; (3)

whereÆi is defined implicitly. Note that the sufficient statis-
tics z are CN (0; K

zzjHi
) distributed, whereK

zzjHi
=

E
�
zzy

�
. This fact is used in [1] to find the asymptotics of

the pair-wise error probabilitiesPrfÆj < Æig by applying the
techniques of [3] (fÆj < Æig is the event that the decision
statisticÆj is smaller thanÆi given thatHi is the true hypothe-
sis). For convenience, we restate the result on the asymptotic
pair-wise error probabilities here, but need to introduce some
assumptions and notation first.

We assume that the users are ordered such that users
1; 2; : : : ; e suffer from an error, if the receiver would erro-
neously decide for hypothesisHj when hypothesisHi is trans-
mitted. To avoid a complication in notation, we do not de-
note this user-ordering with any special symbols, but assume

it implicitly. Another notational convenience is to partition
the matricesF (that contains the signature spreading matrices
of all users) andDi (the block-diagonal matrix of all infor-
mation symbols) into blocks that contain the spreading matri-
ces/information symbols of thee users that suffer from an error
relative toHj , and the second part containing the�e = K � e
spreading matrices/information symbols corresponding to the
correctly detected users, i.e.,

F = [Fe Fc] ; (4)

Di =

�
De
i 0

0 Dc

�
; Dj =

�
De
j 0

0 Dc

�
; (5)

wherec signifies the common part in the two data matricesDi

andDj . The matrixFe isD� eDSU andFc isD� �eDSU. De
i

andDe
j areeDSU� eNT andDc is �eDSU� �eNT. Similarly, we

defineFe, Fc, De
i , D

e
j , andDc (whose sizes are multiplied

by NR when compared to the “non-script” quantities). Fur-
thermore, we define�ee andWee as theeN � eN upper-left
block of� andW , respectively (recallN = NTNR).

With this notation and the results of [1] one easily finds the
asymptotic pair-wise error-probability given in the proposi-
tion, for which we assume that the fading correlation matrix�

has full rankN . For ease of notation, we introducejXjNZ as
the product of the non-zero eigenvalues ofX.

Proposition 1: (Asymptotic Pair-Wise Error Probability)
Let r be the rank ofFe
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. For coherent detection

the pair-wise error probabilityPr fÆj < Æig of the optimum
receiver� approaches arbitrarily closelyPra fÆj < Æig =
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IV. SIGNAL DESIGN

A key conclusion from the above proposition is that the
jointly optimum receiver achieves the total order of diver-
sityN = NTNR for every user that simply employs a full trans-
mit diversity single-user space-time constellation–without any
spreading (Fk = IDSU

8k). However, for increasing num-
ber of users, it incurs a penalty in terms of SNR, when com-
pared to single-user performance. As we suggested in [1], this
SNR penalty can be alleviated for sufficiently high SNR by
ensuring that the diversity order ofe � 2 user error events
is at least(NT + 1)NR for which we have to ensure that
Fe

�
De
j �D

e
i

�
has at least rankNT + 1. Then for high SNR,

the contributions of thee � 2 user error events to the bound
onkth user’s (symbol or bit) error probability can be neglected
when compared to the single-user error events, whose diversity
order isN = NTNR. Thus the bound on the multiuser system
converges asymptotically to the bound on a single-user system
that uses the space-time constellationfFkBmg

M

m=1
. More-

over, if the columns ofFk are orthonormal, then the bound
on thekth user’s error rate converges to the bound on a sin-
gle user’s error rate, who employs the space-time constella-
tion fBmg

M

m=1
, which we call “asymptotic single-user perfor-

mance.”



Using a rank inequality ([7, Section 0.4.5]), one can easily
show that if any compound matrix[Fl;Fk], l 6= k, is of rank
greater than or equal2DSU�NT+1, then it is guaranteed that
Fe

�
De
j �D

e
i

�
has rank greater than or equalNT + 1 for e �

2. To obtain this result, we just have to note that
�
De
j �D

e
i

�
has always rankeNT, due to the use of a single-user full rank
space-time constellation for each user.

To fulfill the rank criterion for any matrix[Fl;Fk], l 6= k,
we need of courseD � 2DSU � NT + 1. The spread-
ing matrices requiring only the minimum number of dimen-
sions2DSU�NT +1 are of particular interest, because by the
minimum increase in dimensionality every user can achieve
asymptotically single-user like performance. For example,
when the single-user constellation requires only the minimum
dimensionsDSU = NT, only one more dimension is required.
In this paper, we suggest to generate the spreading matri-
cesfFkg

K

k=1 by minimizing

c = max
1�k�K

KX
l=1
l6=k

���FkFyk +FlFyl ����NR ; (6)

under the constraint that each matrixFk has orthonormal
columns. Note that the criterion (6) is easily evaluated,
because it is independent of the specific single-user space-
time constellation. It also ensures in a “fair” way that all
pairs[Fl;Fk], l 6= k, fulfill the rank criterion, which is neces-
sary to achieve single-user like performance.

Since we want to constrain our signals to have orthonormal
columns, the optimization can be performed unconstrained
in the Grassmann manifoldG(DSU; D), the space of all
DSU-dimensional subspaces ofICD . A parameterization of
G(DSU; D) which employs2DSUD �D2

SU
real parameters is

explicitly detailed in [8] following, for example, [9]. However,
with D2 real variables we can over-parameterizeG(DSU; D)
and obtain a somewhat simpler characterization (cf. [8], [9]).
The latter parameterization is built by expressing any rect-
angular matrixU 2 ICD�DSU as the product of a square
D � D unitary matrix and a fixed rectangularD � DSU ma-
trix W (typically W is taken to be the firstDSU columns
of ID). Any of theD � D unitary matrices can in turn be
expressed as the product of a real diagonal matrix� and “sim-
ple” unitary matricesVpq(�pq ; �pq) (complex Givens rotation
matrices, each parameterized by two angular parameters and
two indices). For details, see [8], [9]. Each user’s spreading
matrixFk is parameterized in this way and thus the numerical
optimization of (6) can be performed without constraints.

For our examples, we choose the constituent space-
time symbolsBik according to Alamouti’s scheme [4] for
NT = 2 transmit antennas. For Figure 1, we designed
D = 3-dimensional spreading matrices for up to three equal-
energy users. From the figure we see that the simulated BER
for a single-user employing4-PSK symbols in the Alamouti
scheme is close to its upper bound, to which the upper bounds
on the multiuser systems (K = 2, K = 3) converge. The
K = 3 user system in which each user employs4-PSK sym-
bols in the Alamouti scheme has a total spectral efficiency
of 4 bps/Hz (three users each transmitting2 bits from each of
2 antennas in3 dimensions). If one would attempt to achieve
such a spectral efficiency with orthogonal users, each user

would have to employ16-QAM modulation. From the fig-
ure, we see that at a BER of10�3 there is roughly a3 dB gap
between the spread-matrix design and the orthogonal system.
For larger systems with more users and/or antennas, this gap
is expected to grow.

V. CONCLUSIONS

We present a simplified criterion for the design of low-
dimensional spreading matrices for multiuser space-time com-
munications and give example designs. The matrices are con-
strained to have orthonormal columns and are obtained by a
numerical optimization that profits from a parameterization of
the Grassmann manifold. As promised by the analysis of [1],
the jointly optimum detector can detect each user with single-
user like performance for sufficiently high SNR.
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Fig. 1. Each user employs the Alamouti scheme and asymptotically achieves
single-user like performance. TheK = 3, 4-PSK system has the same spec-
tral efficiency as theK = 1, 16-QAM system, but the latter has a3 dB worse
energy efficiency at BER10�3 . The lines with triangles are upper bounds
and plain lines are simulations.


