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Abstract

Uplink communication in a cellular radio network is considered where the base

station in each cell employs a linear or decision feedback (DF) multiuser receiver.

The problem of minimizing the total transmit power over the receiver �lter coeÆ-

cients is considered under the constraint that all the users of the network achieve
their signal-to-interference ratio (SIR) objectives. A distributed, stochastic algo-

rithm is obtained that converges to the jointly optimal pair of power allocations

and maximum SIR decision feedback receivers.

Index Terms: Power control, cellular networks, stochastic approximation, blind
receivers.

1 Introduction and System Model

The problem of interest in this paper is that of minimizing the total transmit power
under the constraint that all the users of the network achieve their Quality-of-Service
(QoS) objective in terms of signal-to-interference ratio (SIR) on the uplink, i. e., at a
base station in a cellular system. The minimization of total power required to achieve
the SIR objectives is done over all linear and decision feedback (DF) multiuser receivers
(both feedforward and feedback �lter coeÆcients in the DF case) to yield the most power
eÆcient solution when the receivers are constrained to be of the linear or decision feedback
type. This problem was considered in [1]. A similar problem restricted to the case of
linear multiuser receivers was studied in [2]. In this paper, we follow closely the model
and problem formulation given in [1].

It is assumed that the decision feedback at each base station involves only decisions
made for in-cell users. With complete knowledge of system parameters, the joint mul-
tiuser receiver-power optimization essentially consists of alternating between an optimum
power computation step and a maximum SIR (MSIR) linear or decision feedback (non-
linear) receiver computation step. Although decentralized and stochastic versions of this
iterative optimization algorithm have been proposed in [1] [2], no convergence analysis
was presented. In this paper, a di�erent iterative algorithm is introduced for directly
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computing the jointly optimum powers that is decoupled from the computation of the
optimum (MSIR or MSIR-DF) receivers. In particular, a distributed, stochastic version
of our power control algorithm is shown to converge to the (jointly) optimum powers.

We consider a cellular network in which there are B base stations with Kj users
assigned to base j. Base j employs a set of Nj matched �lters matched to orthonormal
basis functions of a carefully chosen signal subspace that must include the signals received
from the users within its cell. While the transmissions of the in-cell mobiles are assumed
to be received at the base station symbol-synchronously, those of out-of-cell users are
not. Base j is assumed to have knowledge of the common timing of only in-cell users.

The complex baseband discrete-time model for the Nj matched �lter outputs at base
j can be expressed as

yj =
KjX
i=1

p
wijgijjsijjxij +

BX
l 6=j

KlX
i=1

p
wilgilj

�
s�iljx

�
il + s+iljx

+
il

�
+ nj; (1)

where wil and xil denote the transmit power and the transmitted symbol, respectively, of
user i of base l. The channel gain of the ith user of base j to base l is denoted by gilj. The
(possibly complex-valued) vector sijj denotes the vector representation (the \signature
sequence") of the signal of user i of base j with respect to the orthonormal basis functions
employed at base j. The vectors s�ilj and s+ilj denote the vector representations of the
segments of the signals associated with the two symbols of user i of base l that overlap
with the signals of base j. nj is an Nj-dimensional zero-mean, circularly symmetric,
Gaussian random vector with a covariance matrix equal to �2j I. De�ne the signal matrix

of in-cell users as Sjj =
h
s1jjs2jj � � � sKjjj

i
. Also de�ne the signal matrices of out-of-

cell users S+lj =
h
s+1ljs

+
2lj � � � s+Kllj

i
and S�lj =

h
s�1ljs

�
2lj � � � s�Kllj

i
, the gain matrices Glj =

diag fg1lj; g2lj; � � � ; gKlljg, and power matrices Wl = diag fw1l; w2l; � � � ; wKllg.

2 Multiuser Receivers

Each base station uses either a linear or a decision feedback receiver to decode the
information transmitted by users in its own cell. In the decision feedback case we assume
that the users in each cell are numbered according to the order in which they are decoded.
The soft-output of the linear or decision feedback receiver for user i of base j can be
written as

vij = f
y
ij

 
yj �

i�1X
k=1

bkij
p
wkjgkjjx̂kj

!
: (2)

\y" denotes conjugate-transpose and fij is the feedforward �lter. The feedback �lters
bkij = 0 for linear receivers (no decision feedback) and for decision feedback receivers,
we let bkij = skjj for k = 1; � � � ; i � 1, without loss of generality [3]. x̂kj denotes the
detected (in uncoded transmission) or decoded (in the coded case) symbols of \past"
users 1; � � � ; i�1 relative to user i of base j. Implicit in (2) is the assumption that base j
has knowledge of the codes, signals, transmit powers and channel gains of the users within
its own cell. We do not however assume that it has knowledge of these parameters for
out-of-cell users. Single-cell receivers, i. e., receivers that require only in-cell information,
were studied in [1] as were the MSIR linear and decision feedback receivers.

In this paper we focus on receivers designed for the SIR criterion. First de�ne matrices
fQljg for l; j 2 f1; 2; � � � ; Bg, withQlj(i; k) denoting the (i; k)

th element ofQlj, as follows:



the matrices Qjj are de�ned for j = 1; � � � ; B as

Qjj(i; k) =

( jf yij(skjj � bkij)j2 if k < i

jf yijskjjj2 if k � i
(3)

for i; k 2 f1; � � � ; Kjg and the matrices Qlj for j; l 2 f1; 2; � � � ; Bg with j 6= l are de�ned

as Qlj(i; k) = jf yijs�kljj2 + jf yijs+kljj2 for i 2 f1; � � � ; Kjg and k 2 f1; � � � ; Klg.
Assuming perfect feedback in the case of decision feedback receivers, the SIR in the

soft output vij of user i in base j can be expressed as


ij =
wijgijjjf yijsijjj2PB

l=1 Iijl � wijgijjjf yijsijjj2 + �2j f
y
ijfij

; (4)

where Iijl =
PKl

k=1Qlj(i; k)wklgklj.
The MSIR receivers, with and without decision feedback (that are also known, with

suitable scaling, to minimize mean-squared error) are given by the vectors fmsirij that
satisfy the equations (cf. [4], [3]))

Aijf
msir
ij = sijj i = 1; � � �Kj; j = 1; � � � ; B ; (5)

with

Aij =

0
@� i�1X

k=1

gkjjwkjskjjs
y
kjj +

KjX
k=i

gkjjwkjskjjs
y
kjj

+
BX
l 6=j

S�ljGljWl(S
�
lj)
y +

BX
l 6=j

S+ljGljWl(S
+
lj)
y + �2j I

1
A ; (6)

where the indicator � = 1 for linear MSIR and � = 0 for MSIR-DF. The MSIR-DF
receiver can have a markedly improved performance relative to the MSIR linear receiver
in both the single- and multi-cell channels [3]. Implicit in this result is the assumption
that feedback is perfect in the case of the DF receiver. As has been pointed out in [1],
while decision feedback is not perfect in general, it is possible, by decoding the users in
the decreasing order of their target SIR's, to mitigate the error propagation e�ects to
a large extent [5]. In the case of equal target SIR's, it may be possible to change the
problem slightly and set the target SIR's to be slightly di�erent from each other while
ensuring that the worst-case target SIR is equal to the required target SIR. The slight
increase in the powers required to achieve these higher set of target SIR's may be a small
price to o�set the e�ects of error propagation and achieve better overall performance.

Note that in contrast to the single-cell receivers, the MSIR linear and DF receivers
depend on the system parameters corresponding to all users including those outside the
cell of interest. Since such parameters are not available at each base station, it is of
interest to consider blind adaptive multiuser receivers for the cellular channel (cf. [1]).

3 Joint Receiver-Power Control Optimization

We now consider our central optimization problem - minimizing the minimum total power
required to achieve the SIR requirements over all possible linear or decision feedback
multiuser receivers.



3.1 Algorithms for Joint Optimization

The joint optimization of multiuser receivers and power control can be formulated (equiv-
alently to the optimization in [1]) as:

min
fij2CN

i=1;���;Kj
j=1;���;B

min
w�0


ij=
ij+1�
�

ij
=
�

ij
+1

BX
j=1

KjX
i=1

wij; (7)

where w = [w11; � � � ; wK11; � � � ; w1B; � � � ; wKBB]
T (note that the constraints 
ij � 
�ij are

equivalent to 
ij

ij+1

� 
�

ij


�

ij
+1
). The above problem can be solved in a synchronous (each

base station updates powers and receivers for all its users at the same time), distributed
manner by the following deterministic iteration (cf. [1]):

wij(n + 1) =

�ijf

y
ij(n)Aij(n)fij(n)

(
�ij + 1)f yij(n)sijjs
y
ijjfij(n)gijj

; (8)

fij(n + 1) = (Aij)
�1(n)sijj ; (9)

Assuming the target SIRs are feasible (i. e., there exists some feasible power vector for
which the SIR constraints can be met), it can be shown that the two-step distributed,
synchronous, iterative algorithm (8, 9) converges to the unique optimum pair of receivers
and power allocations for all users in the network. The proof of convergence for the
linear receiver case was shown in [2], and that for the decision feedback receiver case is
similar. We will consider here a di�erent algorithm to compute the optimum powers and
receivers that will be shown in the following section to be more suitable for a stochastic
implementation.

We begin by noting that, given there exists some feasible power vector, the unique
solution to the deterministic iteration in (8, 9) is a function only of the user codes, path
gains and noise power. In particular, since for user powers w, the SIR achieved with the
MSIR receiver is given as syijj(Aij)

�1sijgijjwij for user i in cell j, the optimum powers
w�, are such that each w�ij is given by the solution of the nonlinear equation

s
y
ijj(Aij)

�1sijjgijjwij =

�ij

1 + 
�ij
; and (10)

and the corresponding SIR maximizing MSIR receiver for the (i; j)th user is given in
terms of the optimum powers by

fij
� = (Aij

�)�1sijj : (11)

With complete knowledge of system parameters, we can also devise the following
deterministic power-receiver recursions for the (i; j)th user

wij(n + 1) = wij(n)� an

"
s
y
ij(Aij)

�1(n)sijjwij(n)gijj �

�ij

1 + 
�ij

#
; (12)

fij(n) = (Aij)
�1(n)sijj : (13)

The above two-step joint optimization iterative procedure will be used in the next section
to derive the corresponding distributed and stochastic algorithms.



4 Stochastic Joint Optimization

It was mentioned in [2] in the context of linear receivers that one could try to achieve the
jointly optimum receiver-power solution by alternately running a blind MSIR receiver
adaptation (with the powers �xed) until convergence is achieved, and a stochastic power
adaptation (with the receivers �xed) until convergence is achieved. However, switching
back and forth between a receiver adaptation and a power adaptation entails waiting at
each step for convergence. This may not be feasible within a time frame where the path
gains (and hence the optimum joint solution) remain the same. In a practical implemen-
tation, where convergence cannot be truly realized at any stage, analytical results that
give appropriate stopping criteria are needed so as to guarantee the convergence of this
procedure. Unfortunately, no such results are available at this time.

As another attempt at a blind, distributed stochastic joint optimization, the work
in [1] suggests a two step stochastic approximation based strategy, one for the power
computation and one for the �lter computation, in each iteration, to mimic the deter-
ministic iterative solution of (8, 9). Numerical simulations suggest that the combination
of the two such coupled adaptations does not necessarily converge to the jointly optimal
solution of (8, 9). Therefore, there is a need to analyse the pair of iterations in a frame-
work that provides conditions, say, on the step sizes, under which there is guaranteed
convergence in some sense. There does not appear to be an easy way to acomplish this
from what is known in the stochastic approximation literature.

We therefore seek a stochastic algorithm that is based on (12, 13) which allows us
to compute the jointly optimum powers of the joint receiver-power control optimization
solution directly in a manner that is decoupled from the receiver computation. Such an
algorithm must be distributed, in the sense that it must be implementable at each base
station with a knowledge of only the in-cell parameters available at that base station. It
must also be blind in that there should be no need for training sequences.

We form M -length blocks of the received vectors at each base. Let yj(n;m) denote
the mth vector in the nth block at base j given as

yj(n;m) =
KjX
i=1

q
wij(n)gijjsijjxij(n;m) + nj(n;m)

+
BX
l 6=j

KlX
i=1

q
wil(n)gilj

�
s�iljx

�
il (n;m) + s+iljx

+
il (n;m)

�
; (14)

where wil(n) denotes the transmit power of user i of base l during the nth block, and
x(n;m) with the appropriate sub- and superscripts denote the corresponding transmitted
symbols in the mth duration in the nth block. From the M -length block of data, base
j computes an unbiased estimate of the terms fsyijj(Aij)

�1sijjg, i 2 f1; � � � ; Kjg. Let us
denote these estimates as fsyijj( ~Aij)

�1(n)sijjg, respectively. We now use these estimates
in the following power recursion:

wij(n+ 1) = wij(n)� an

"
s
y
ijj( ~Aij)

�1(n)sijjwij(n)gijj �

�ij

1 + 
�ij

#
: (15)

The step size sequences an can be chosen to be �xed or decreasing. The estimates
fsyijj( ~Aij)

�1(n)sijjg can be formed in the following way: First we estimate (Aij)
�1 using



the recursion (over M � 1 iterations within the M -length block):

(Âij)
�1(m + 1; n) = (Âij)

�1(m;n)� (Âij)
�1(m;n)~yij(n;m)~yij(n;m)y(Âij)

�1(m;n)

1 + ~yij(n;m)y(Âij)�1(m;n)~yij(n;m)
;

(16)

where ~yij(n;m) = yj(n;m)�Pi�1
k=1 bkij

q
wkj(n)gkjjx̂kj(n;m). Note that the averaging is

done over M�1 symbol intervals (ignoring theM th inteval), because the received data in
the M th interval re
ects, due to asynchronicity of out-of-cell users, two di�erent powers
for each out-of-cell user. If M is large, leaving out one symbol interval does not cause
any signi�cant loss of eÆciency. Moreover, it makes the convergence analysis somewhat
simpler. With the �nal output of the (M �1)-length recursion in (16) (Âij)

�1(M �1; n),

we then calculate syijj( ~Aij)
�1(n)sijj = s

y
ijj(Âij)

�1(M � 1; n)sijj�bias(n) , where �bias(n) is
chosen to make the estimate unbiased. With the assumption that the received signal is
zero-mean Gaussian (as is usually done for the analysis of the Recursive Least Squares

(RLS) algorithm) �bias(n) is the constant term
(M�1)�N�1

M
.

The MSIR �lters corresponding to the optimum powers can be adaptively obtained
either concurrently with the power updation, or only when the powers have suÆciently
converged. In the latter case, with the powers �xed at w(nN), (where nN > 0 is large
enough to ensure that the user powers are suÆciently close to the optimum powers), the
MSIR �lters can be obtained blindly using well known adaptive algorithms (cf. [1]). For
blindly estimating the optimumMSIR receivers f�ij concurrently with the power updation,
one can use the following stochastic approximation based recursion indexed by (n;m),
where m is the updation number within the nth (M � 1)-length block of received vectors
(recall that the powers are updated only after every (M�1)-length interval and, therefore,
remain constant for each block):

fij(n;m+ 1) = fij(n;m)� bn
h
~yij(n;m)~yij(n;m)yfij(n;m)� sijj

i
: (17)

The step size bn is chosen to be a suÆciently small �xed number, such that the �lter
recursion in (17) can track the changing powers from (15) and estimate the optimum
�lters within an acceptable asymptotic mean squared error.

5 Convergence Analysis

We shall �rst show that the deterministic iteration in (12) converges to w�, the optimum
powers of the joint receiver-power control optimization. Let the vector valued function

p(w(n))
4
= diag

h
s
y
111(A11)

�1(n)s111g111; � � � ; syKBBB
(AKBB)

�1(n)sKBBBgKBBB

i
w(n) ;

4
= �(n)w(n) ; (18)

and �
4
=
�


�

11

1+
�

11

; � � � ; 
�

KBB

1+
�

KBB

�T
. Clearly, �(n) is a function of w(n). If we denote its value

for w(n) = w� as ��, then ��w� = �. For w > 0, we note that the function p(w) is
continuously di�erentiable and denote its derivative by p

0

(w). Let us consider the case
when the step-size an = a > 0.

Theorem 1 When the joint receiver-power control optimization has a solution, there
exists �a > 0 such that when 0 < a < �a, the algorithm in (12) is locally convergent to w�.



Proof: Let us de�ne �(n) = w(n) � w� and let jj�(n)jj be its norm. We can locally
expand p(w(n)) as

p(w(n)) = p(w�) + p
0

(w�)�(n) + o(jj�(n)jj) ; (19)

and rewrite the recursion in (12) as

�(n + 1) = D�(n) + o(jj�(n)jj) ; (20)

where D
4
= I � ap

0

(w�). We can show that p
0

(w�) is an M-matrix [8] and speci�cally,
it is positive stable, i. e., the real part of each eigenvalue of p

0

(w�), Re �k(p
0

(w�)), is

positive. Now consider �a = 2 min
h
Re �(p

0

(w�))=j�(p0

(w�))j2
i
, which, by the positive-

stableness of p
0

(w�), is positive too. Let �k(D) be the kth eigenvalue of D, so that
�k(D) = 1� a�k(p

0

(w�)). Therefore, when 0 < a < �a, and denoting �k(D) simply as �k
and �k(p

0

(w�)) as �k, we have

j�kj2 = j1� a�kj2 = 1 + a2j�kj2 � 2aRe�k = 1� aj�kj2
 
2Re �k
j�kj2 � a

!
< 1: (21)

But, if all the eigenvalues of D have modulus less than 1, we have jj�(n)jj ! 0 at the
rate of a geometric progression when jj�(0)jj is small. �

We shall now address the important problem of convergence of the stochastic
power control algorithm in (15). We �rst make the assumption that our estimates
fsyijj( ~Aij)

�1(n)sijjg are unbiased. Similar to the de�nition of �(n) in (18), we de�ne

the matrix ~�(n) = diag
h
s
y
111( ~A11)

�1(n)s111g111; � � � ; syKBBB
( ~AKBB)

�1(n)sKBBBgKBBB

i
and the vector �(n)

4
= ~�(n)w(n) � �(n)w(n). Let the error vector be de�ned as

�(n) = w(n) � w� and the vector �(n)
4
= �(n)w(n) � �. The recursion in (15) can

be rewritten in terms of the error, as

�(n + 1) = �(n)� an [�(n) + �(n)] : (22)

We consider the proof technique in [7] to show local convergence for our algorithm with
the following standard conditions on the step-size sequence:

P
n an =1 ;

P
n a

2
n <1

(note that the technique in [9] does not seem applicable). We next de�ne the set 
 =
f�(n) : jj�(n)jj2 � vg for all n, where v > 0 is some number such that a local expansion of
the vector function �(n)w(n) in (19) is valid. We then use Lyapunov's theorem for stable
matrices to get suitable bounds on quadratic terms involving �(n) in order to satisfy the
conditions in [7] that make the following result applicable in proving local convergence:

Theorem 2 When the joint receiver-power control optimization has a solution, then the
following is true of the algorithm in (15):

P (�(n) 2 
 8 n) � 1� Æ ; Æ = v�1
 
jj�(0)jj2 +K

1X
i=0

a2i

!
; (23)

(24)

where 0 < K <1.
From the local convergence result in Theorem 2, we can deduce that Æ is small, when

the domain in which the conditions of the theorem are ful�lled, is large, i. e., v is large,
when the initial approximation is good, i. e., jj�(0)jj2 is small, and when the step size
sequence is small, i. e.,

P
a2n is small.



6 Numerical Examples

Example 1 We consider the 7-cell cellular system shown in Figure 1 with 20 users in
each cell. The noise power is about 20 dB less than the average received signal power. The
processing gain is 64, and the signature sequences are unit norm random vectors. Once
chosen, the signature sequences, remain �xed throughout the adaptation. The target SIR
for each user is 8. For this example, the (deterministic) jointly optimum sum of powers
for the linear MSIR based power control is a little more than 1.2 times the power required
by the MSIR-DF based power control (a saving of 20% with DF).
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Figure 1: 7-cell cellular system with 20 users per cell

The powers are updated every 100-length block of symbol intervals for both the MSIR-
DF-PC (with and without perfect feedback) and MSIR-PC algorithms. The �lters are
estimated concurrently with the powers as described in (17).

Figure 2 shows the estimated sum of user powers for both the linear MSIR and MSIR-
DF based power control algorithms relative to their corresponding optimum (determinis-
tic) values plotted against the iteration index.

Figure 3 plots the average (over users) SIR performance of the estimated MSIR and
MSIR-DF receivers (relative to the desired common SIR of 8). Both the power control
and the receiver algorithms were run with suitably chosen �xed step sizes, the step sizes
being the same for the linear MSIR and MSIR-DF cases.

It is clear from the �gure that the estimated sum of powers as well as the average SIR
converge to their respective desired values. Note that although the MSIR-DF approach
with perfect feedback assumption is more eÆcient than the linear MSIR approach (both
in terms of sum of powers required and convergence rate of the stochastic algorithms),
the e�ects of error propagation in the DF case does have a slightly adverse e�ect. This
example with equal SIR's is, however, the worst case scenario in terms of error prop-
agation. It was also observed over di�erent numerical examples that when the powers
are updated less frequently and estimates of ( ~ADF

ij )�1(n) are computed over more symbol
intervals (yielding, therefore, better estimates), the convergence (for a given number of
power updates) improves. Since it is desirable to get acceptably close to the optimum
powers over a limited number of symbol intervals there is a trade-o� (in determining the
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Figure 2: Sum of user powers required to achieve the desired SIR's with the joint stochas-
tic optimization MSIR-PC and MSIR-PC-DF (with and without perfect feedback), plot-
ted relative to their respective optimum values.

overall performance) between the number of symbol intervals allocated to the estimation
of ( ~ADF

ij )�1(n) between power updations, i. e., the frequency of power updates, and the
total number of power updates possible within the allowed limit.

7 Conclusions

The joint multiuser receiver-power control problem has been solved on the uplink using
a new approach. The earlier known algorithms for this problem required alternating
between an optimum power computation step (given the current receivers) and a SIR
maximizingMSIR receiver computation step (given the current powers). In this paper the
jointly optimum powers are computed independently of the MSIR receivers. Convergence
has been shown analytically for not only the deterministic algorithm but, unlike in the
earlier approaches, also for the blind stochastic algorithm.
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