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ABSTRACT

Uplink communication in a cellular radio network is consid-
ered where the base station in each cell employs a linear or non-
linear (decision feedback) multiuser receiver. For any such re-
ceiver, the problem of minimizing total transmit power under the
constraint that all the users of the network achieve their Quality-
of-Service (QoS) objective in terms of signal-to-interference ra-
tio (SIR) has been studied recently. Stochastic approximation
based adaptive power control algorithms have been presented
and analyzed both in the context of single user receivers and
multiuser receivers. The primary focus of this paper is on im-
proving the convergence properties of the standard stochastic
approximation based power control strategy by using the more
recent results on the stochastic approximation technique with
averaging. Convergence issues of both the “non-averaged” and
“averaged” algorithms are investigated and numerical examples
are presented to demonstrate the performance improvement due
to averaging.

I. INTRODUCTION AND SYSTEM MODEL

Recent work on a combined approach to multiuser receivers
and power control has considered decentralized, iterative and
stochastic power control algorithms for a cellular radio network
designed to meet every user’s QoS constraint in terms of SIR,
with minimum transmit powers. Power control on the uplink has
been discussed for the case where the base stations employ lin-
ear single-user receivers [1] or multiuser receivers (with or with-
out decision feedback) [2]. In this paper we introduce the con-
cept of “averaging”, a relatively recent technique in stochastic
approximation, that can significantly improve the convergence
properties of the stochastic power control algorithms in [1], [2].
The problem of computing the optimum user powers needed to
achieve target SIR’s in as few iterations as possible is of singular
importance in a non-stationary, cellular system since:
� updated user powers need to be conveyed by the base stations
to the in-cell mobiles (using a low-rate feedback channel) and
hence, power updates have to be kept to a minimum
� system parameters such as path gains can be assumed to be es-
sentially constant only over a limited period of time (the coher-
ence time in, say, a slow-fading frequency-nonselectivechannel)
and, therefore, the optimum powers will change every so often
and have to be adaptively recomputed.

The issue of convergence rate of general stochastic approxi-
mation methods has for a long time been of great interest both
from a theoretical and a practical point of view. In a couple
of fundamental papers on stochastic approximation, Ruppert [3]
and Polyak [4] showed that under certain assumptions and con-
ditions on the step-size sequence used in the adaptation, signif-

icant improvement in convergence can be achieved if the out-
put of the conventional stochastic approximation is averaged. In
this paper we show the convergence of the “averaged” stochastic
power control algorithm and demonstrate the resulting improve-
ment in performance.

We consider a cellular network [5] in which there areB base
stations andK active users withKj users assigned to basej.
Basej employs a set ofNj matched filters matched to orthonor-
mal basis functions of a carefully chosen signal subspace that
must include the signals received from the users within its cell.
While the transmissions of the mobile users of a particular cell
arrive at the bases of other cells symbol-asynchronously, it is
assumed, for the sake of simplicity, that they arrive at their own
base symbol-synchronously. Basej has timing information of
only in-cell users.

The discrete-time model for theNj matched filter outputs at
basej can be expressed as

yj =

KjX
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+
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wherewil andxil denote the transmit power and the transmitted
symbol, respectively, of useri of basel. gilj is the channel gain
of the ith user of basej to basel. The vectorssijj denote the
vector representations (the “signature sequence”) of the signal of
useri of basej w.r.t. the orthonormal basis functions employed
at basej. The vectorss�ilj ands+ilj denote the segments of the
signals associated with the two symbols of useri of basel that
overlap with the signals of basej. nj is anNj-dimensional zero-
mean Gaussian random vector with a covariance matrix equal to

�2
j I. Define the in-cell signal matrixSjj =

h
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i
whose columns are the signature sequences of the users of cell
j. Also define the signal matrices of out-of-cell usersS+lj =h
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+
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signal can therefore be written as
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where Glj = diag
�
g1lj ;g2lj ; � � � ;gKllj

	
, and Wl =

diag
�
w1l;w2l; � � � ;wKll

	
. Moreover, xj , x+l and x�l are

vectors whoseith elements arexij , x+il andx�il , respectively.



II. MULTIUSER RECEIVERS

The presentation here is similar to that in [2] and will be kept
brief. Each base station uses either a linear or a decision feed-
back receiver to decode the information transmitted by users in
its own cell. In the decision feedback case, assume for notational
simplicity, that the users in each cell are numbered according to
the order in which they are decoded. The soft-output of the lin-
ear or decision feedback receiver for useri of basej can be
written in the common form

vij = fTij

 
yj �

i�1X
k=1

bkij
p
wkjgkjj x̂kj

!
: (3)

fij is the feedforward filter. The feedback filtersbkij = 0 for
linear receivers (no decision feedback) and for decision feed-
back receivers, we letbkij = skjj for k = 1; � � � ; i�1, without
loss of generality [7]. It is assumed thatjfTij sijj j2 > 0. The
symbolT denotes transposition. ˆxkj denotes the detected (in
uncoded transmission) or decoded (in the coded case) symbols
of “past” users 1; � � � ; i�1 relative to useri of basej. Implicit
in (3) is the assumption that basej has knowledge of the codes,
signals, transmit powers and channel gains of the users within its
own cell. We do not however assume that it has knowledge of
these parameters for out-of-cell users. Hence we consider some
single-cell receivers, i. e., receivers that require only in-cell in-
formation.

First, we note that for the matched-filter (or single-user) re-
ceiver, denoted as MF, we havefij = sijj . The matched-filter
decision feedback (MF-DF) receiver also has the same feedfor-
ward filters.

A simple linear multiuser receiver that can be implemented
at each base without knowledge of the system parameters cor-
responding to out-of-cell users is the single-cell decorrelator
which for basej is given as

fTij = rowi(STjjSjj)
�1STjj : (4)

Note that such a receiver tunes-out the interference for each user
that arises due to the other users in the same cell but ignores
interference from out-of-cell users.

The single-cell decorrelating decision feedback (D-DF) re-
ceiver is specified next: consider a partition of the columns of
Sjj into two matrices, one that contains the firsti�1 columns
and the second that contains the otherKj � i+1 columns. Ac-
cordingly, letSjj =

�
S̄jj(i)Sjj(i)

�
. The feedforward filter of

the single-cell D-DF receiver of useri is given as

fTij = row1
�
STjj(i)Sjj(i)

��1
STjj(i) : (5)

This receiver subtracts interference contributed by the already
decoded users in cellj and decorrelates interference from the
as yet undecoded users in cellj [8] without consideration for
out-of-cell users.

III. OPTIMUM POWER CONTROL

Given that each base uses an arbitrary linear or decision feed-
back receiver (that does not change with the user powers), con-
sider the problem of minimizing total transmitted power subject

to the constraints that the SIR of each user in the network is not
less than some target value:

min
BX
j=1

KjX
i=1

wij

s:t: 
ij � 
�ij i= 1;2; � � � ;Kj ; j = 1;2; � � � ;B : (6)

Forj 2 f1;2; � � � ;Bg, define the diagonal matricesDj according
to

Dj = diag
n

�1j=g1jj jfT1js1jj j2; � � � ;
�Kjj

=gKjjj jfTKjj
sKjjj j2

o
:

(7)

Let tj = �2
j

h
fT1jf1j ; � � � ; fTKjj

fKjj

iT
. Define the vector of trans-

mitted powers of users in cellj aswj = [w1j ; � � � ;wKjj ]
T . De-

fine matricesfQjlg for j; l 2 f1;2; � � � ;Bg, with Qjl(i;k) de-
noting the(i;k)th element ofQjl, as follows: the matricesQjj

are defined forj = 1; � � � ;B as

Qjj(i;k) =

8<
:
jfTij (skjj �bkij)j2 if k < i
0 if k = i
jfTij skjj j2 if k > i

(8)

for i;k 2 f1; � � � ;Kjg and the matricesQjl for j; l 2
f1;2; � � � ;Bg with j 6= l are defined as

Qjl(i;k) = jfTijs�klj j2+ jfTijs+klj j2 (9)

for i 2 f1; � � � ;Kjg andk 2 f1; � � � ;Klg. With this notation, the
SIR constraints in (6) can be written for eachj as

wj �Dj

"
BX
l=1

QjlGljwl+ tj

#
: (10)

Assuming 
�ij > 0, �2
j > 0 for all i 2 f1; � � � ;Kjg, j 2

f1; � � � ;Bg in addition tojfTijsijj j2 > 0, the target SIR’s are said
to be feasibleif there exist positive and finite transmit powers
that satisfy the above inequalities. The necessary and sufficient
condition for feasibility is stated next.

Define a square, non-negative, block matrixX withB2 matrix
elements with the(j; l)th element defined as the matrix product

Xjl
4
=DjQjlGlj (11)

for eachj; l 2 f1;2; � � � ;Bg. Note that this matrix is not neces-
sarily irreducible. To show the feasibility of the target SIR’s we
require that there be a positive solution to the problem in (10).
If we consider the case where (10) holds with equality,

wj =Dj

"
BX
l=1

QjlGljwl+ tj

#
; (12)

i. e., the SIR requirements are met with equality, we can show
(using a proof by contradiction) that the positivewj (if they ex-
ist) that satisfy equation (12), are the component-wise optimum
(minimum) powersfw�jg which solve the power control prob-
lem in (6). Our next result establishes conditions under which
(12) has a unique positive solution.



Theorem 1: A necessary and sufficient condition for (12) to
have a unique positive solution, ensuring the feasibility of the
target SIR’s with minimum powers, is that�0(X ) < 1, where
�0(X ) is the maximal eigenvalue ofX [9].

Defining the matrixD= diagfD1; � � � ;DBg and denoting the
optimal powers asw�, we have

w� = (I �X )�1Dt : (13)

Implicit in this result is the assumption that feedback is perfect
in the case of nonlinear receivers. While not valid in general, it
is possible, by decoding the users in the decreasing order of their
target SIR’s, to mitigate the error propagation effects to a large
extent [8]. In this regard, equal target SIR’s may represent some-
thing of a worst-case scenario. In such cases, it may be nec-
essary for better overall performance at the cost of slightly in-
creased power requirement, to set the target SIR’s to be slightly
different from each other while ensuring that the worst-case tar-
get SIR is equal to the required target SIR.

IV. DISTRIBUTED STOCHASTIC POWER CONTROL

The solution in (13) can be computed in a centralized way
only when all the parameters of the system are known. Based
on the point Jacobi method [10] for solving a system of linear
equations, one can devise the following convergent distributed
algorithm (see [2] for details)

wij(n) = 
�ij

 
E[jvij(n)j2]
gijj jfTijsijj j2

�wij(n�1)

!
: (14)

This can be implemented at the(i;j)th mobile or in thejth

base station provided it has perfect knowledge of the mean-
squared value or power of the normalized decision statistic
vij(n)=f

T
ijsijj , in addition to its target SIR value, the path gain

to its own base station and the transmit power in the previous
interval. In general, the(i;j)th mobile or its base station will
not have perfect knowledge of the power of the decision statistic
vij(n), and we therefore we need to devise a distributed algo-
rithm that requires less information.

If the transmit powers are updated once every several sym-
bols, it is possible for the base station to estimate the mean-
squared values of the decision statistics by computing the cor-
responding sample mean-squared values. A distributed stochas-
tic power control algorithm where the transmit powers are up-
dated (either at the base stations or at the mobiles) iteratively
and synchronously once everyM symbols will be presented
next, as in [2]. When the power control algorithm is imple-
mented at the base (mobile) stations, the bases communicate the
newly updated powers (sample mean-squared values of the deci-
sion statistics) to their respective mobiles via low rate feedback
channels. The mobiles then transmit the nextM symbols at the
newly updated powers.

Form M -length blocks of the vectors of matched
filter outputs at each base. Letyj(n;m) denote
the mth vector in the nth block. The model in
(1) can be written including the time indices as

yj(n;m) =
PKj

i=1

p
wij(n�1)gijjsijjxij(n;m)+nj(n;m)+PB

l6=j
PKl

i=1

p
wil(n�1)gilj

�
s�iljx

�
il (n;m)+ s+iljx

+

il(n;m)
�

,

wherewil(n� 1) denotes the transmit power of useri of base
l during thenth block, andx(n;m) with the appropriate sub-
and superscripts denote the corresponding transmitted symbols
in themth duration in thenth block. The decision statistic for
useri of cell j is

vij(n;m) = fTij

 
yj �

i�1X
k=1

bkij

q
wkj (n�1)gkjjx̂kj(n;m)

!
;

(15)
wherex̂kj(n;m) is the detected symbol in the uncoded case, and
it is the decoded and re-encoded symbol in a coded system with
decoders that are based on the soft outputsvij(n;m) obtained
during thenth block. The time-averaged power in the decision
statistic is given by

zij(n) =
1

M �1

M�1X
m=1

jvij(n;m)j2 : (16)

The averaging in (16) is done overM �1 symbol intervals (ig-
noring theM th interval), because the received data in theM th

interval reflects two different powers for each out-of-cell user.
If M is relatively large, this does not lead to any significant loss
of efficiency. Moreover, it allows the convergence analysis to
remain fairly simple. Consider, now, the following stochastic
power control algorithm, based on the Robbins-Monro stochas-
tic approximation method [11], that iteratively updates the trans-
mit power of mobilei in cell j:

wij(n)=wij(n�1)+an

 
zij(n)


�
ij

gijj jfTijsijj j2
� (1+
�ij)wij (n�1)

!
;

(17)
wherefang denotes the sequence of step-sizes. The special case
of this algorthm for the matched-filter linear receiver reduces to
the one proposed in [1]. The mean-square convergence of (17)
is stated next. Letwj(n) be the vector of power updates of
users in cellj in thenth iteration. Letw(n) be the power vector
obtained by stackingfwj(n)gBj=1.

Theorem 2: If the target SIR’s are feasible, and assuming
perfect feedback (in the case of decision-feedback receivers),
the decentralized stochastic algorithm in (17) converges to the
optimal powers in the mean-square sense, i.e.,

lim
n!1

E
�jjw(n)�w�jj2�= 0 (18)

for a positive-valued step-size sequencean that satisfies the
Robbins-Monro conditions [11]

P1
n=1an =1 and

P1
n=1a

2
n <

1.

V. STOCHASTIC POWER CONTROL WITH
AVERAGING

A recent fundamental development in stochastic approxima-
tion is the idea of averaging as introduced in [3] and [4]. In
the former work, a linear algorithm for the one-dimensional
case was considered, and asymptotic normality of the proce-
dure was proved. Multidimensional problems were considered
in [4] and under certain assumptions, mean-square convergence
for decreasing step-size adaptive algorithms followed by aver-
aging was demonstrated. The improvement in convergence is



essentially a result of averaging a stochastic approximation that
uses a step-size sequence that decays more slowly (or, is rela-
tively “larger”) than thea=n step-size that was used in the origi-
nal Robbins-Monro formulation. It was further shown in [6] that
a.s. convergence is achieved even for a suitable fixed step-size
stochastic approximation strategy with averaging, and this was
‘optimal’ in terms of the convergence rate and the asymptotic er-
ror covariance matrix. The recursion in (17) can be modified to
include an averaging step after the “basic” recursion as follows:

wij(n) = wij(n�1)+

an

 
zij(n)


�
ij

gijj jfTijsijj j2
� (1+
�ij)wij(n�1)

!
(19)

w̃ij(n) =
1
n
((n�1)w̃ij(n�1)+wij(n�1)) ; (20)

wherean is a suitable decreasing or fixed step size sequence.
Note that the system information required and the order of
computational complexity for the recursion with averaging re-
main the same as for the non-averaged algorithm in (17). The
“smoothing” effect due to the averaging allows the basic recur-
sion step to use relatively “larger” step-sizes than would be fea-
sible for the non-averaged adaptive rules. This is essentially the
basis for the improvement in the rate of convergence that our
numerical examples will later demonstrate.

In the non-stationary cellular environment, where the path
gains can be assumed to remain essentially constant for a lim-
ited period of time, it is critical that the optimum powers be
computed as quickly as possible. To ensure tracking capabil-
ity in the non-stationary environment, one would, typically, use
a fixed step size in the basic recursion step and/or either a fi-
nite window of past estimates or a “forgetting” factor [12] in the
averaging step. For our convergence analysis of the averaging
algorithm (19), we shall consider a fixed step size version that
averages over all past estimates. Our main convergence result
for the averaged algorithm is as follows:

Theorem 3: When the target SIR’s are feasible and assuming
perfect decision feedback for the nonlinear receivers,

0< lim
n!1

E
�
n(w̃(n)�w�)T (w̃(n)�w�)�� Æ <1 ; (21)

whereÆ is a some finite constant and the fixed step-size is chosen
sufficiently small.
Proof: We will give only an outline here. The de-
tails can be worked out along the lines of the proof of
Theorem 1, part (b) in [4]. LetΓ be a K � K di-
agonal matrix with the desired SIR’s along its diago-

nal, i. e., diag
�
[
�11; � � � ;
�K11; � � � ;
�1B ; � � � ;
�KBB

]
�

. Fur-

ther, define�(n) = (Γ+X )w(n� 1) +Dt�Dz(n) where

z(n)
4
=
�
z11(n); � � � ;zK11(n); � � � ;z1B; � � � ;zKBB

�T
and t =�

tT1 ; � � � ;tTB
�T

. E [�(n)jw(n�1) =w] = 0 and, therefore,
�(n) is a zero-mean vector. By the assumption that the power
control algorithm with the chosen receivers is feasible, the ma-

trix A
4
= (I�X ) is such that (s.t.)Re(�i(A)) > 0. We now

rewrite (19) in terms of the error,�(n)
4
=w(n)�w�, as :

�(n) = (I�anA)�(n�1)�an�(n) : (22)

With the assumption that user powers are bounded above by
a sufficiently large number, i. e., 0< wij(n) � K1 <1, we
can show that supnE[jj�(n)jj2 j �(n� 1); � � � ;�(1)] � K2 <
1 almost surely (a.s.) and further,�(n) is a martingale-
difference process [13]. We consider the fixed step size
an = a to be s.t. 0< a < 2(miniRe�i(A))

�1 and de-
note the error with averaging by ¯�(n) = w̄(n) � w�. It
can be shown as in [4] that

p
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Wn�(0) +
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j=1 A

�1�(j) + 1p
n
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j=1 Zn

j �(j), whereWn, Zn
j 2

IRN�N are such thatjjWnjj � K3, jjZn
j jj � K3 for someK3 <

1, and 1
n

Pn�1
j=1 jjZn

j jj ! 0 as n!1 . With this result and

denoting�= 1p
n

Pn�1
j=1 A

�1�(j) and

nE�̄T (n)�̄(n) =Ejj�jj2+ �n ; (23)

we can further show (using in the process the martingale-
difference property of the vector sequence�(n)) that
�n ! 0 as n ! 1. Therefore, limn!1nE�̄T (n)�̄(n) =

limn!1 1
n

Pn�1
j=1 E�(j)

T (A�1)TA�1�(j) �
limn!1 1

n jjA�1jj2Pn�1
j=1 Ejj�(j)jj2 � 1

n jjA�1jj2nK2 <1 : �

The theorem implies that the MSE error goes to zero in the
limit (as opposed to the non-averaged algorithm, where the
MSE can only be guaranteed to be bounded for a fixed step-
size value). Although a discussion on “optimality” of the rate of
convergence due to averaging will not included here (and can be
found in [4]), we will see in the following numerical examples
section that the rate of convergence does significantly improve
with averaging.

VI. NUMERICAL EXAMPLES

Example 1: We consider a 7-cell cellular system as shown in
Figure 1 with 20 users in each cell. The gains to every base sta-
tion for each user is calculated using a 1=d4 path-loss law, where
d is the distance to the base station of interest. The noise power
is about 20 dB less than the average received signal power. The
processing gain is chosen to be 64, and the signature sequences
are chosen to be unit norm random vectors. Once chosen, the
signature sequences, remain fixed throughout the adaptation. In
this example the sequences of in-cell users are linearly indepen-
dent.

We consider the single-cell decorrelating receiver (4) and the
single-cell decorrelating decision feedback receiver (5) for each
user for detection on the uplink. Corresponding to these re-
ceivers, the optimum power computation is done at each base
station for users in its own cell. The user powers are updated
every 20 symbol intervals. We consider the case when the tar-
get SIR’s are all equal to 8. The optimum sum of powers (as
yielded by a deterministic computation (13)) is 0.89 units for
the linear receiver and 0.58 units for the decision feedback re-
ceiver - nonlinear detection is 52 % more power-efficient than
linear detection. Note that for this example, a common target
SIR of 8 is not feasible with matched-filter (single-user) detec-
tion with and without decision feedback. Figure 2 shows the
sum of the powers (without assuming perfect feedback for the
decorrelating-DF receiver) computed by the non-averaged (17)
and averaged (19) power control algorithms. The power control



algorithm with averaging uses a suitably larger fixed step size
(same for the linear and nonlinear receivers) than that for the
non-averaging version (again, same for the linear and nonlin-
ear receivers), and as evident from the figure, achieves a faster
rate of convergence. A comparable rate of convergence for the
non-averaged algorithm with fixed step-size in either case will
come at the price of larger asymptotic MSE. Although with per-
fect feedback the convergence in the decision-feedback case is
found to be closer to the optimum powers, the figure shows that
the power adaptation does not suffer in a significant way when
feedback is not assumed perfect. In Figure 3 we plot the stan-
dard deviation of the SIR’s achieved over all the users. Note that
the target SIR’s are achieved significantly faster with averaging.

VII. CONCLUSIONS

We have shown in this paper that the stochastic power con-
trol algorithms that have been discussed earlier for single-user
as well as multiuser receivers to achieve specified SIR perfor-
mance on the uplink of a cellular system can be considerably
improved by using the technique of averaging for stochastic ap-
proximation. Since the averaging is achieved without any in-
crease in the order of complexity and enables faster convergence
than the corresponding non-averaged algorithms, it makes the
practical implementation of the stochastic power control algo-
rithms a more attractive proposition. The convergence of the
averaged power control algorithm has been shown analytically
and improved rate of convergence demonstrated numerically.
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Fig. 1. 7-cell cellular system with 20 users per cell
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Fig. 2. Sum of powers as a function of iteration index in Example 1 for (linear)
single-cell decorrelating and (non-linear) decorrelating decision feedback
receivers. Common target SIR is 8. Note slight degradation in adaptation
performance due to imperfect feedback.
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Fig. 3. Standard deviation (over users) of SIR achieved as a function of iteration
index for Example 1 when common target SIR is 8.


