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Optimum Noncoherent Multiuser Decision Feedback
Detection

Deepak Das, Member, IEEE, and Mahesh K. Varanasi, Senior Member, IEEE

Abstract—A theory of noncoherent decision feedback multiuser
detection for nonorthogonal binary modulation is developed that
parallels that of coherent decision feedback multiuser detection
for single-pulse modulation. In particular, an optimum nonco-
herent decision feedback detector is obtained that maximizes
symmetric energy over a newly defined class of decision feedback
detectors. Unlike the usual per-user performance metrics such
as asymptotic efficiency or near—far resistance, the symmetric
energy measure captures, with a single number, the asymptotic
(high signal-to-noise ratio (SNR)) bit-error performance of all
users at once. Several properties of the optimum decision feedback
detector are established, one of which is that it outperforms the
decision feedback generalized-likelihood ratio (GLR) detector
in symmetric energy. It is also shown that, regardless of the
order in which users are detected, the optimum noncoherent
decision feedback detector outperforms its non-decision feedback
counterpart in symmetric energy. Furthermore, two simple rules
are obtained for determining the order in which users must be
detected to guarantee that the optimum decision feedback detector
outperforms its non-decision feedback counterpart (which in turn,
is superior to the decorrelative GLR detector presented earlier)
in terms of asymptotic effective energy for every user. In fact,
one of the two (greedy) ordering rules also maximizes symmetric
energy among all possible orderings. Such ordering rules are not
available for the noncoherent decision feedback GLR detector
in earlier work of the authors. Feasible sets of received energies
are characterized in which it is possible, with power control, to
achieve quality-of-service objectives for each user. None of the
results in this paper make simplifying assumptions about the
effects of error propagation. The term “noncoherent” in this work
is used to denote that the receiver has no knowledge of the carrier
phases and received signal energies of any of the users.

Index Terms—Decision feedback, generalized-likelihood ratio
(GLR), multipulse modulation, multiuser detection, noncoherent
detection.

1. INTRODUCTION

HE need for noncoherent detection arises in applications
such as mobile communications where there may be
fading, oscillator phase instability, uncertain and rapid changes
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in propagation delay of the transmitted signal, etc. A common
modulation technique that lends itself to noncoherent detection
is orthogonal multipulse modulation (OMM), a simple example
of which is frequency shift keying (FSK). An M-ary symbol
is transmitted by sending one of M orthogonal, equi-energy
waveforms. OMM is appropriate for power-efficient commu-
nication where the energy per bit required to achieve a given
error rate can be lowered with increasing values of the size of
the symbol alphabet [5], [6].

The problem of noncoherent single- and multiuser detection
for nonorthogonal multipulse modulation (NMM) over the
Gaussian channel was first studied in [3]. One reason for con-
sidering nonorthogonal modulation is that it allows the system
designer to exercise greater control over bandwidth (with
OMM requiring maximum bandwidth). This paper introduces
the notion of decorrelation for the NMM multiuser channel and
obtains and analyzes three decorrelative detection rules.

The idea of noncoherent decorrelating decision feedback de-
tection was introduced in [7], where the decision feedback ver-
sions of the decorrelating optimal (minimum error rate), asymp-
totically optimal, and the GLR detectors of [3] were developed
and analyzed. Users are detected in some order and since signal
amplitudes are unknown at the receiver, decision feedback for
a particular user is achieved by projecting the received signal
onto the orthogonal complement of the subspace spanned by
the signals that correspond to the decisions of the users already
detected and all possible signals of users yet to be detected.!
It was shown that decision feedback could be achieved with
no increase in computational complexity (but with increased
storage requirement), and could result in significant gains in per-
formance over the noncoherent NMM decorrelating detectors.
Among those three noncoherent decision feedback (NDF) de-
tectors, only the generalized-likelihoos ratio (GLR)-based NDF
detector of [2] (referred to henceforth as the G-NDF detector
for brevity) has the feature of requiring the knowledge of nei-
ther the phases nor the received energies of any of the users’ sig-
nals. However, that detector does not possess the nice analytical
properties of the coherent decision feedback detectors for linear
modulation as obtained in [1]. This motivates the search for a
better theory of NDF detectors.

We define in this paper a new K -map class of NDF detectors
for a K-user synchronous channel with nonorthogonal binary

INote that in contrast, the idea of decision feedback in the sequential decision
projection (SDP) detector of [12] does not involve decorrelation of the signals
of the as yet undetected users. The undetected user signals are essentially treated
as additive noise. Consequently, the decision variables are contaminated by in-
terference and performance guarantees such as those derived in this work for
the optimal noncoherent decision feedback (O-NDF) (e.g., nonzero symmetric
energy) cannot be claimed for the SDP detector.
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modulation and solve the problem of finding the optimal de-
tector from within that class that maximizes symmetric energy
without making simplifying assumptions about error propaga-
tion. This optimum NDF detector (referred to in the rest of the
paper as the O-NDF detector), like the G-NDF detector, does
not require the energies and phases of any of the users’ signals.
Moreover, since the G-NDF detector is a member of the K -map
class of NDF detectors, the O-NDF detector outperforms it in
symmetric energy. As a by-product of our work, we also obtain
the non-decision feedback version of the optimum NDF detector
which outperforms the decorrelating GLR detector of [3], [4] for
binary modulation.

The performance analysis shows that unlike the G-NDF de-
tector, the O-NDF detector outperforms its non-decision feed-
back counterpart in symmetric energy regardless of the order in
which users are detected. It is also shown that under certain con-
ditions, the effects of error propagation in the decision feedback
detector can be neglected, i. e., the decision feedback detector
achieves genie-aided performance where all past users’ deci-
sions are assumed perfect. With the knowledge of user energy
estimates, it is possible to order users such that the user-wise
performance of the O-NDF detector can be made superior to
that of its non-decision feedback counterpart in terms of asymp-
totic effective energy. This result does not hold for the G-NDF
detector. In other words, we have a theory of noncoherent deci-
sion feedback detection for binary modulation that parallels that
of coherent decision feedback detection for single-pulse modu-
lation as obtained in [1]. The extension to M -ary modulation is
a subject for future research.

While the framework of [1] guides the problem formulations
in this paper and [2] develops and analyzes a particular nonco-
herent decision feedback strategy (the G-NDF), this paper seeks
to develop a general theory of noncoherent decision feedback
that is as rich as its counterpart for coherent decision feedback
[1]. There are a few general results regarding error probability
analysis with error propagation that do not depend on whether
the signaling is single pulse or binary or whether the detection is
coherent or noncoherent, and these we borrow from [1]. How-
ever, the primary focus of this paper is to develop the analytical
results that are necessary to place the theory of noncoherent de-
cision feedback on par with that of coherent decision feedback.
Such results cannot be inferred from either [1] or [2].

Several other papers have been published in noncoherent mul-
tiuser detection for Gaussian and fading channels (cf. [8]-[15]).
These and other papers are cited in [2] with a summary of the
results therein. The text [18] contains a brief treatment of the
subject based on some of those references. More recent papers
on the subject also include [16] and [17].

The rest of this paper is organized as follows. In Section II, we
introduce the system model. In Section III, we define a class of
noncoherent detectors with and without decision feedback. Sec-
tion IV contains a definition of symmetric energy, and the for-
mulation of, and the solution to, the optimum symmetric energy
problems for detectors with and without feedback. Per-user per-
formance bounds are obtained in terms of asymptotic effective
energy for the optimum NDF in Section V along with results on
quality-of-service (QoS)-based power control. Section VI spec-
ifies ordering rules and their properties. Section VII extends the
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results of this paper to the case where the two signals of each
user have distinct energies. Section IX concludes the paper.

II. SYSTEM MODEL

Consider a synchronous multiuser additive Gaussian noise
channel with each user employing nonorthogonal binary modu-
lation where one of two possibly nonorthogonal signals is trans-
mitted to send one bit of information. The superposition of the
K signals arrive in symbol synchronism at the receiver so that
the lowpass received signal can be modeled as

K
r(t) =Y VEwe sy, () + 2(t),

k=1

telo. 7] (1

with z(t) having a noise power spectral density (one-sided) of
o2, and sy, (t),ir € {1,2} being the two linearly independent,
complex, equiprobable, unit-energy, and time-limited signature
signals of user k. E}, denotes the kth user’s received energy per
bit, assumed equal for both signals of the same user, and 0y,
denotes the phase of the kth user’s ixth signal. It is assumed
that the phases remain constant over one signal interval, and
are independent and uniformly distributed random variables on
[0, 27].

The received signal r(¢) is first passed through a bank of
2K matched filters, matched to each of the signature signals
Ski,, (t). The output of the filter bank is a 2K -dimensional suf-
ficient statistic

T
v= [ s @
Jo
where * denotes complex conjugation
s(t) = [s1(0),85 1), ... sk (0]
with
s0(1) = [sua() sio()]. ke {L,...K}

(the integral of a vector of signals in (2) is simply the vector of
integrals of the elements of that vector). The elements in y are
denoted and arranged according to

y=[n(Dy(2) -y (Vyx(2)]"

The idea in [3] was to view the binary modulator (which is re-
ferred to in [12] and [18] as a “nonlinear” modulator) as a linear
modulator in a 2K -dimensional signal space. This is achieved
by representing user k’s information by the vector

by = [br1,bro] € {(10),(01)} )

so that (1) can be expressed as

K 2
r(t) = Z Z b/ Ere? % 51 (1) + 2(1),

t€0,T].
k=1m=1
4)
Substituting (4) into (2) we obtain the model
y=RAb+n &)

with

T
R= / 5*(1)s” (1)dt € O 2K ©)
0
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T
Rij:/ s;(t)sT (t)dt e € i je{l,....K} (D)
0

b’ = [bfb{bﬂ @)
A =diag(Ay, As, ... Ag) € CFE )
Ay =diag(\/Epe?®, \/Epel®2). (10)

Moreover, n is a zero-mean complex Gaussian random vector
with covariance matrix 2R, which we denote as n being
N(0,0%R). For simplicity, all sg,,(t) are assumed to be lin-
early independent so that R is positive definite. The results of
this paper can be extended to the more general case of linearly
dependent signaling. In this regard, the reader is referred to [2]
for a derivation and analysis of the G-NDF detector when R is
rank deficient.

A conventional detector has come to be defined in the mul-
tiuser detection literature [18] as the optimum single-user de-
tector when used in a multiuser channel. Therefore, the nonco-
herent conventional detector for binary modulation would make
the bit decisions according to (cf. [6])

P {17 if |yr(1)1* > |yr(2)]?
T2

else.
Unfortunately, this detector is near—far limited [3] in multiuser
channels since it does not account for multiaccess interference.

(11)

III. NONCOHERENT DETECTION WITH AND WITHOUT
DECISION FEEDBACK

We define a K -parameter class of decorrelating detectors that
includes the GLR detector of [3] as a particular case. By opti-
mizing performance over the K -parameter class, we will obtain
a detector that is superior in performance.

Let 2y, be the (2k — 1)th and (2k)th elements of the decorre-
lator outputs z = R~ 'y, such that

2, = Apb, + 711 (12)

where 7y, is the corresponding filtered additive noise vector. The
decision for user k is made solely based on zj, = [2;,(1)21(2)]”
as follows:

Zk _ {;» if |Zk(1)|2 > ak|zk(2)|2 (13)

if |2 (1)* < ol2r(2)]?

so that the decisions of the K users are made in parallel with the
parameters { } X, being real valued and positive.

The reader can easily verify that the noncoherent parallel
decorrelating GLR detector (henceforth referred to as the
G-NPD detector) of [3] for binary modulation is a member of
the K -parameter class of detectors defined above. In particular,
the G-NPD detector corresponds to ay = ﬁz g?g , where
Py = Q;l and @, is the kth 2 x 2 block along the diagonal
of R7'.

Next, we define decision feedback detectors. The idea of non-
coherent decorrelating decision feedback was introduced in [7]
based on which we define a new K -map class of NDF detectors.
As in coherent decision feedback detection, users are detected
sequentially and we assume without loss of generality that the
users are indexed in the order in which they are detected so that
the kth user’s decision is made after the decisions of the users

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 50, NO. 9, SEPTEMBER 2004

1,...,k—1have been made. We let i, € {1, 2} denote the de-
cision as to which of the two signals was transmitted by user m,
and ';,;n = (i1,...,4m)" denotes the symbol decisions of users
indexed 1 to m.

Consider for user k an expurgated version of the matched

filter outputs

(k) ; i : T’
ex — (y1<ll)7'"7yk71(zk*1)7yk7"'7yl() :

Consider also the matrix Rg;) which is a 2K — k + 1 prin-
cipal submatrix of R obtained by retaining its rows and columns
corresponding to the same indices that are used to retain the
elements of y to form the subvector yg;) Apply a decorrela-
tive transformation to the expurgated statistic 'yg;), and obtain
zé’f) = (Rgi))’lyg;). The 2-length subvector comprising the
kth and (k + 1)th elements of 2t%) form the decision statistic
z((l];) = (z((ll;) (1), zfll;) (2))T, for user k in the decision feedback
strategy. Under the assumption of perfect “previous” decisions
(i.e., perfect decisions for users 1,...,k — 1), zfl’;) admits the
simple model

25 = Auby, +4® (14)

where 'y(k) is filtered additive noise. Thus, zfl];) is free of mul-
tiple-access interference from both previous and future users
(i.e., users k + 1,..., K). The noise vector v¥) has a covari-
ance matrix 02>D;, where Dy, is the 2 x 2 principal submatrix
of (Rg’;))_l obtained by retaining rows & to k + 1 and columns

—1
ktok+1of (REZ)) . Note that Dy, depends on the past deci-
k—1

sions 31 . It now remains to specify the decision rule for any
user k based on z((i];).

Consider a K -map NDF detector that is parametrized by a set
of K functions or mappings

Br: {12 R, k=12...,K (15

where the domain of [y, is a set of (k — 1)-length vectors with
binary-valued elements (€ {1,2}) and the range is the positive
real line RT. These mappings decide the decision rules for the
K users defined recursively starting from user 1 to user K ac-
cording to

o . k 2k—1 k
- {17 if |25 (D17 > By )25 (2)
2

. (16)
, otherwise.

Note that decision feedback occurs at two distinct levels. The
past decisions 31_ decide how the decision statistics z((l];) are
obtained and they also influence the decision rule (16) through
the map (). We will refer to an arbitrary NDF detector as ¢,
with the K maps {0y} denoted collectively as 8. Note that the
characterization of the map [y, for a particular detector requires
the specification of its range Si, = {Bx(4) ; j € {1,2}F71}
with cardinality 2% 1. Hence, the collection of maps (3 specified
by the sets Sy, fork = 1,2, ..., K, requires 2 — 1 parameters.

The GLR-based NDF detector of [2], denoted here as
¢S NPF " can be shown to be a K-map NDF detector. The
implementation of ¢ is, therefore, identical to that of & NPF
described in detail in [2]. In particular, when $G-NDF g
specialized to binary modulation, the decision rule for user
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k can be manipulated into the form in (16) with the K maps
determined as

/;k— 1 Hk (2. 2)
3 = — = 17
Br(dy ) Hy(1,1) (17)
with Hy(4,4) being the ith diagonal element of the 2 x 2 matrix
H, = D;l with D;, as defined earlier in this section. The
sk—1

dependence of Dy, (and, hence, H}.) on the past decisions %,

is suppressed for notational simplicity. Note that the range of
Bk consists of the quantities Hy(2,2)/H(1,1) which in turn
are independent of the signal energies. Hence, & NP¥ can be
implemented without the knowledge of both carrier phases as
well as signal energies.

IV. OPTIMUM SYMMETRIC ENERGY

In this section, we define an asymptotic (high signal-to-noise
ratio (SNR)) performance measure called symmetric energy that
captures with a single parameter the performance of a multiuser
detector by taking into account the bit-error rate (BER) of all
users at once.

Definition: If the bit-error probability in the multiuser
channel for user k£ of any noncoherent detector ¢ (denoted
as Pr(o,¢)) is expressed in the form of the minimum error
probability for noncoherent detection for binary orthogonal
signaling over a single-user channel, so that we let

Pr(0.¢) = 27" exp(—ex(0, ¢)/20°)

then e (o, ¢) is the effective energy whose limit as o — 0 is
defined as asymptotic effective energy and denoted as Ex(¢).
The symmetric energy is defined as the worst case asymptotic
effective energy so that

E(P) = min Er().

1<k<K (18)

Consequently, a nonzero value of symmetric energy for a
given detector implies that the BER decays exponentially as
o — 0 for all K users with the symmetric energy being the
slowest rate of exponential decay among the BERs of the K
users. Therefore, symmetric energy characterizes the perfor-
mance of a multiuser detector with a single parameter by taking
the performance of all users into account at once, unlike the
per-user measures such as asymptotic efficiency or near—far re-
sistance. In fact, it is the asymptotic (high SNR) indicator of the
joint error rate that any one of the users is detected erroneously
[1].

Next, from the K -parameter class of decorrelating detectors
(without decision feedback), we seek the parameter set « that
maximizes the symmetric energy or

a* € argmgxf(df’). (19)

Since the asymptotic effective energy of user £ depends only
on «ay, the above optimization decouples into K independent
problems of optimizing asymptotic effective energy per user,
ie.,

ar” € arg max E(¢%). (20)
a
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We refer to the above optimum noncoherent decorrelating de-
tector as O NPD,

The solution to the above problem (without feedback) can
be obtained as a by-product of the solution to the more general
problem of maximizing symmetric energy over the K -map class
of NDF detectors

B* € arg n1§Lx€(¢>ﬁ) . (21)

To solve this problem, we must contend with the error prop-
agation issue. For the “present” user, error propagation effects
arise from making incorrect decisions for “past” users. The fol-
lowing lemma from [1] is a key enabling result.

Lemma 1: For an arbitrary K-map noncoherent decision
feedback detector, the symmetric energy (for any k) is equal
to that of the same detector which is assisted by a genie that
ensures that past user decisions are perfect (referred to as the
genie-aided detector).

Proof: The proof of Lemma 1 (stated completely in [1]
in the coherent detection context but applicable here as well)
hinges on two facts: a) the symmetric energy is equal to the
asymptotic effective energy corresponding to the union of error
events UX | §; where §; is the error event that denotes the deci-
sion for user 7 being erroneous and b) with §; , denoting the
event that the sth user’s decision is erroneous for the corre-
sponding genie-aided decision feedback detector, that the union
of error events UX | §; and UK_ 6, , are equal. O

Lemma 1 allows a key simplification of the problem in (21).
The optimization of symmetric energy described in (21) can
be equivalently performed over the detectors ¢>g which are the
genie-aided versions of ¢P.

Lemma 2: The optimization of symmetric energy in (21)
over the collection of maps [ can be decomposed into K
decoupled optimizations for each of the K users. For the kth
user, the optimization is over the map (3, and of the asymptotic
effective energy of the kth user over the class of genie-aided
versions of the K-map class of NDF detectors.

Proof: Using Lemma 1 and the definition of symmetric
energy in (18), the problem in (21) can be written as

* N : 16}
B* € arg max min Er(9y)- (22)
The asymptotic effective energy of the genie-aided detector for
user k is determined by analyzing its decision rule in (16) under
the assumption of perfect feedback. Under this assumption, we
noted earlier that the multiuser interference-free model for z((lk)
in (14) is exact. Consequently, the rule in (16) is unaffected by
maps (3, for all m # k, which implies that its bit-error prob-
ability and, hence, its asymptotic effective energy Ek(qbg ) de-
pends only on [3i. This allows us to obtain * or equivalently
the K optimum maps {3} }X_, each as a solution to the decou-
pled optimization

By € arg max Ee(9D). (23)

O
It can also be shown using the arguments in [1] that the col-
lection of optimal maps as defined in (23) will also optimize the
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group symmetric energy Uy, (¢)) = min<,,<x & (p) for each
k. This stronger optimality assures us that in maximizing the
worst user’s performance, the optimum detector will not give
a poor performance for some users (relative to what could be
achieved).

The goal is to solve the problem in (23). To this end, we obtain
the asymptotic effective energy for user & for qﬁg . Assuming
equiprobable signaling for each user Py (o, ¢>g ), the probability
of error for user & for qﬁﬂ can be written as

o) = s T Bt

where Py(o, d)?,zfl) is the genie-aided conditional proba-
bility of error for user k conditioned on past user transmitted
signals ¢!, Letting 8k(¢ﬂ) and Ek(<;5 i*~1) denote the
genie-aided asymptotlc effective energies corresponding to
Py (o, qﬁg) and Py (o, qﬁg ,i"~1), respectively, we have

Ex(¢5) = min Ex(¢5,4771)

5

(24)

since the term in the sum of conditional error probabilities that
has the slowest rate of exponential decay dominates the BER for
high SNR and decides the value of £ (¢5).

Lemma 3: The optimum [ defined by (21) can be ob-
tained as solutions for the following optimizations for each
k=1,2,...,Kand j € {1,2}F1

Be(i) € argmfgt};rfk(%w (25)
Proof: Substituting (24) into (23), we have that the op-

timum map g, is a solution of
0Or € arg maxmmé’k(qﬁg,j) (26)

3

Thus, one solution for the optimum map (3, is that which as-
signs to each j € {1,2}*" ! avalue in R such that each of the
conditional asymptotic effective energies &y, (qﬁg ,J) is individu-
ally maximized. O

Consider next, a finer characterization of the conditional
asymptotic effective energy & k(qﬁg, J). Averaging over the two
types of errors, we have

1 i .
3 > B (0,48.4)
;LI»;JJ'

Pk(07 ng,j) =

where P,i"’ J (o, qﬁg ,J) is the genie-aided conditional probability
of error for user k, conditioned further on signal 7; of user k
being detected erroneously as signal j. Let &£ (qbﬂ J) denote
the conditional asymptotic effective energy that corresponds to
P (o, gbg ,J). Consequently, we have

Ex(0f.d) = min {E12(08.0). &M WE D} @D
Therefore, the result of Lemma 3 can be restated as
./ . in {12 2 1
€ arg max min , , 28
Bi() € argmax min {£0%(00,5). €1 (67 )) - @9)
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It now remains to obtain an explicit formula for S,ik J ((;Sg J)-
Using the fact that the model for zgf) in (14) is exact for the
genie-aided detector d) , and noting hence that the decision
rule in (16) condltloned on the realization of the perfect past
user decisions i+ ! = j depends only on ((j), we have that
8,;‘ ’J(cz)g ,J) is independent of all other values in the range
of (k. Moreover, the conditional probability of error of the
decision rule in (16) can be obtained as a special case of the
general result on error probability for multichannel binary
signaling in [6, Appendix B] to obtain

ik g ik
PLA ](0 (z) J) Q (Egk(j)l Fﬁk(iﬂ)
g’ i

ag ag
g g ik J %) 2
L Faan et ot + Fge)) g
2 o2 P\~ 202 (29
where
2 .
9 (”iu) v”] ()\Lu irj )\ZZkJ)
FZAJ —
Br ()1 (v %] +’UL”)
and
Qi (U;u)z ()\z’mvz’m N )\i;j)
%) —
ot = (7 1 o) (30)
with N* = 85.(§) Ex Dy (j.§), A? = E,. Furthermore
' | Dy | Br(3)
and
,U;A»j — (wil\j)z L + wr (31)
1D 1Bk (5)
where
Wit — Dy (ir, i) — BrDi (4, )
201(3)|Dr|
and
|Dy.| = D (i, i) Dic (3 5) = |1 Di(in, ). (32)

In (29), the function Q(.,
integral representation

.) is the Marcum Q-function with the

a:2+a2

Q(a,b) :/booxexp <— !

Lemma 4: The conditional asymptotic efficiency £ ,1’” o (¢gﬂ )]
admits the formula

E41(98,4) = max {0 Filire Fﬁ(ﬁl} '

Proof: The asymptotic analysis of probabilities which
have the general form of the error probability in (29) was
obtained in [8, the Appendix] through asymptotically tight
upper and lower bounds. The result of this lemma results from
a direct application of that analysis. O

) Io(az)da.

(33)

We want to solve the optimization problem in (28) with
511’2(9557.7‘) and 5,3’1(¢>g,j) given in (33).
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Lemma 5: A necessary and sufficient condition for the op-
timum solution 3} (5) of (28) is that the two conditional asymp-
totic effective energies be equal

) ) NED

Br(3)= 5*(]) B (9)=8;(3)
Proof.' Note from the decision rule in (16) that while
1‘2( ¢ =1 increases monotonically with increasing (3,
P2 1(0 qS k ) decreases monotonically. This relation
between [3k and the two types of error probabilities holds
for any o and, in particular, it holds in the limit as ¢ — 0.
By the definition of asymptotic effective energy, therefore,
512(¢ i*~1) decreases monotonically and Ez’l(gbg,‘ilf_l)
increases monotonically with increasing (. Since both condi-
tional probablities take on values in the interval 0 to 1 and are
monotonic, we are assured of a single point of intersection for
the two conditional asymptotic effective energies. It follows,
therefore, that a necessary and sufficient condition for 3 to
maximize

min {E12 (62, 851), £21 (.85 )
can be stated as in (34). O

Proposition 1: The optimum NDF decision rule is described

foreach k = 1,2,..., K as
o (K k
zk::{l, ey (DP 212 QP (35
2, otherwise.

Proof: Using Lemma 4, the result of Lemma 5 can now
be explicitly stated as

12
max {0 Fel\ @2 Fﬂk (])1} Bu. (j)=,3; G4)

= max OFl FZI'} .
{ Ae@2 T8 [ 5, y=p: ()

The present proposition is equivalent to the statement that the
solution of the nonlinear equation in (36) is 55 (j) = 1 for any
k and j. Consider the equations in (30) in order to examine
the terms in the nonlinear equation in (36). At Bx(j) = 1, let
F;‘A%J)p 2 Fi+, p € {1,2}. It must be proved that the terms

- F}? and F21 — F?! are both positive and equal to each
other We note that for 8;(§) = 1, the following equalities hold
for the various terms defined in (31) and (32):

(36)

w2 = — 2l
12,12 21, 21
V1 Vg =V1 Uy

+v§1)2

(1% + vy ) = (of!

After some algebraic manipulation using the above equalities
we obtain

FP2—FP=F?-Fl=CWa+b—Va-b) (37
where
4Dy
C = 38
(D(2,2) — Dy(1,1))2 + 2|Dy,| 3%)
and

_ Dk(272)+Dk(171)
”‘&< 21Dy >
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and

B (D(2,2) — Dy(1,1))2 1
b_El(\/ 1Dy +|Dk|>' (39)

Clearly, C' > 0 in the above equation and it is easy to show that
(a+b) > (a—b) > 0. Therefore, the left-hand side of the equation
in (36) is (F32— F}?)? and the right-hand side is (F3! — F21)?
and they are both equal. O

The surprising implication of the above proposition is that
(* is such that for every k, every possible realization of past
user decisions i’ffl is mapped to 1. In other words, the op-
timum NDF decision rule in (35) is an unbiased comparison
of the kth user’s outputs from the decorrelation (R(k)) 1yg§).
Further, among the detectors constrained to be of the simple
quadratic form in (16), the G-NDF detector (which seems to
account for noise correlations in the decision statistic through
its Gy, (z']f_l)) compromises its symmetric energy performance
by using nonunity values of [ (ilf_l) to alleviate the lack of
knowledge of user energies and phases.

Proposition 2: The symmetric energy of the optimum N-DF
detector (denoted as ¢°O~NPF) is given as

€(¢O—NDF)
2F}
= i . (40
13}%{‘? 1{(Dk(1 1) + Dy(2,2) + 2| Dy (1, 2)|)} “0)
Proof: After some algebra, we get the following expres-
sions for the cond1t10nal asymptotic efficiencies £}? (¢3 k 1)

and £21(¢2",i{ ") defined in (33):

€<gﬁl> 4T

_ { 2B } (1)
B Dk(17 1) + Dk(27 2) + 2|Dk(17 2)|
where Dy, is defined in Section III and the dependency of Dy,
on i’ffl is suppressed for notational simplicity.
Therefore, using (24), the genie-aided asymptotic effective

energy for user & for the optimum N-DF detector is given by
O-NDF
Er(dy )

{ 2F} } 42)
= IIllIl .

i (Dr(1,1) + Dr(2,2) + 2|Dw(1,2)))

Finally, (40) follows from (42) and Lemma 1 which implies that
the symmetric energy of the O-NDF detector is equal to that for
its genie-aided version. O

Proposition 3: The symmetric energy of the G-NDF detector
(denoted as p&NPF) g given as (43) at the top of the following
page, where

i, s G-NDF pk—1
gli”(qsg

i)

Hk(lk i)

= Ep { Hi (i, H . (44
k{ k(i k) — H ) |H (i, J)|} (44)
The proof is left to the reader. Equation (44) can be obtained

by using
a1 Hi(2,2)
k—1y _ Hikl4
Ot = )

in the general expression for the conditional asymptotic effec-
tive energy for an arbitrary NDF detector in the K -map class.
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£ (¢G-NDF)

. . . 1,
= min min min{&;
ISk<SKE k=1

HogTNPE ) ER N (o TP
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(43)

We turn to the problem of finding the nondecision feedback
detector ¢pO~NPD posed in (20). In terms of the conditional
asymptotic effective energies, that problem can be equivalently
rewritten as

aj, € arg max min {S;’Q(QSO‘), E:’l(g/)a)} . 45)
ay

Proposition 4: The optimum noncoherent decorrelating
detector (denoted as ¢°NPDP) is described for each k = 1,

=10
k= 2,

Proof: We can apply Lemma 5 to obtain the necessary and
sufficient condition to solve for the optimum «}, which is
1,2 2,1
& (6%) = &7 (¢%)

ak:ak ak:al'c

if |25 (1)]2 > |22(2)[2

4
otherwise. (46)

(47)

The solution to the above equation for £ = 1 is essentially the
same as that for the optimum map (7 for the first user in the
decision feedback case in Proposition 1. Therefore, applying
the implication of Proposition 1 repeatedly for each user yields

o = 1 for all k for gO—NPD, |
Proposition 5: The asymptotic effective energy for user k for
$ONPD i5 given by
2FE},
(¢)O NPD) k (48)

Qr(1,1) + Q4(2,2) + 2|Q,(1,2)]
where @, is the kth 2 x 2 block along the diagonal of R

V. PERFORMANCE BOUNDS, POWER CONTROL,
AND QUALITY OF SERVICE

In this section, we obtain per-user bounds on BER and asymp-
totic effective energy that take into account the error propaga-
tion effects. In cellular systems that employ power control, the
base station must, in the ideal case, command the transmitters
to transmit at the least possible powers (provided such powers
are known) in order to ensure that they can achieve a prespec-
ified quality of service (QoS). We characterize (or bound) the
set of admissible powers that ensure that the noncoherent de-
cision feedback detectors will achieve given QoS objectives in
terms of asymptotic effective energies without making simpli-
fying assumptions about the effects of error propagation. Con-
sequently, we obtain (or bound) the component-wise minimal
powers needed to achieve the QoS specification.

A. Per-User Performance Bounds

An exact per-user error probability analysis of $©NPF is in-

tractable because of error propagation effects. Bounds on BER
and asymptotic effective energy can, however, be obtained as
was done for the case of the G-NDF detector in [2].

For notational simplicity, we will denote the BER of the kth
user Py (0, pONPF) as P, the corresponding genie-aided BER
Pi(o,¢9"NPF) as Py, 4 and the conditional error probability

P (0, QNPT 1) as P“‘g]( 1). Noting that the results
of [2] on bounds for the BER of the G-NDF detector apply to
any ¢” and in particular to ¢O"NPF | we have
k
Py <P < Puy (49)
m=1
where P, 4, obtained in Section IV, can be written as
P = 3 Pifl £
i
JFim

sm—1

with the pair-wise error rate P“’g( 17 7) obtained by substi-
tuting the optimum S* for (3 in (29). The upper bound in (49)
includes the effects of error propagation and the lower bound is
simply the genie-aided detector’s BER.

Using the BER bounds in (49) and the definition of asymp-
totic effective energy, we have the following simple but useful
result.

Proposition 6: The asymptotic effective energy for user k for
$©"NPF is bounded from above by its genie-aided asymptotic
effective energy and from below by the group symmetric energy

Uy (pONPFY e,
ER(QNPF) > £, (pONPF)
= m:I{rilnk} {Em(eg™P0)} (5D

is given in (42).

where the expression for & (g PF)

A simple consequence of the above proposition is the fol-
lowing.

Corollary 1: A sufficient condition for ¢O~NPF to achieve
genie-aided performance for user £ is given as

Ek(gbgO_NDF) < {nin

yeees

(e NPF). (52)

Hence, if the genie-aided asymptotic effective energies are in
nonincreasing order, i.e.,

81(¢§)-NDF) Z 52(¢?-NDF) Z L Z gK(qs(;-NDF)

then the upper and lower bounds on asymptotic effective energy
coincide for all users and error propagation effects can be ig-
nored for high SNR. This sufficient condition is satisfied when
the signal energies of the users are sufficiently disparate. To
quantify this, we define the amplitude ratios kg EXV. Ei/Ep41
and the genie-aided asymptotic efficiencies

Ex(dg NPT/ By,

Notice from (42) that, for a given order of detection,
7 ( N%NDF) depends only on the signal correlations. Hence,
$O~NPF achieves genie-aided performance for all users if

n(¥PF) 2

forke{l,...,K}.

M1 (05 )

2
Kk 2~ 5 NDFy
£T m(¢QNPF)

Vk. (53)
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As a simple example, consider the signal correlation matrix
R with R;; = pli=il. For p = 0.2, it can be evaluated that

m(pONP) =y (¢QNPF) = 0.7869.

The condition in (53) requires that n% = F1/FE5 > 1.In this ex-
ample then, if the stronger user is detected first and the weaker
user last, the second user will always achieve genie-aided per-
formance.

B. Power Control and QoS

Corollary 2: A sufficient condition on the user energies that
guarantees QoS constraints in the form of required asymptotic
effective energies x1,...,Xxx for users 1 to K, respectively
(with users detected in the same order 1 to K), is that

FEy, Zmax{&

, X—I‘} Vke{l,...,K} (54)
nk,g

9’
Mk.g
where 71 , = 71 as there is no decision feedback for user 1.

The proof is easily deduced from (51). The conditions in
(54) quantify (including error propagation effects) the intuitive
idea that, in general, higher asymptotic effective energies re-
quire higher received energies. Note that (54) does not, however,
guarantee genie-aided performance. Consider, for instance, a
two-user channel where the required asymptotic effective en-
ergies are such that xo > xi. Clearly, if £y = x2/7 and
Es > x2/ 7)2,4, the condition in (54) is satisfied whereas that in
(52) is not, and, therefore, genie-aided performance is not en-
sured.

Of the energies that satisfy the sufficient condition in (54),
those that satisfy the inequalities with equality are not only com-
ponent-wise minimal but also result in genie-aided performance
for all users. The reader can verify that the upper and lower
bounds on asymptotic effective energies given by (51) coincide
in this case. A stronger result is possible when users are detected
in the decreasing order of the QoS constraints.

Corollary 3: 1If users are detected in the decreasing order of
the QoS constraints, i.e., if x; > x2 > -+ > xk, then

Ex > Xk /Mg, Vke{l,....,K} (55)

is a necessary and sufficient condition to achieve the QoS con-
straints. Moreover, when E, = Xx/7k 4, genie-aided perfor-
mance is achieved for each user and these energies are compo-
nent-wise minimal among all sets of energies that satisfy the
QoS constraints.

The proof is straightforward and left to the reader. Corollary 3
is deceptively simple. It gives easy formulas for the set of ad-
missible received energies and the component-wise minimal re-
ceived energies such that the optimal decision feedback detector
achieves the given QoS constraints without making any simpli-
fying assumptions about the effects of error propagation. Note
that when the QoS constraints are all equal, such a result was ob-
tained for the coherent decorrelating decision feedback detector
in [19]. In that case, the order of detection need not be speci-
fied although the minimal energies will in general depend on it.
Note also that the minimal energies needed for the optimal de-
cision feedback detector are the least (component-wise) among
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energies required to achieve the given QoS requirements for any
other detector in the K -map class of decision feedback detec-
tors.

Corollary 2 is more general but less sharp. For an arbitrary
order of detection, it specifies an inner bound on the set of ad-
missible received energies for which the QoS constraints are
satisfied without making any simplifying assumptions on the
effects of error propagation. The component-wise minimal re-
ceived energies within this inner bounding region is therefore an
upper bound on the component-wise minimal energies needed
to achieve the QoS objectives. The problem of characterizing
the exact set of admissible received energies or even a larger
inner bound than the one given by Corollary 2 appears to be a
difficult one.

VI. RULES FOR ORDERING USERS

In this section, we prove that the symmetric energy of the
O-NDF detector is greater than or equal to the optimum decorre-
lating detector independently of the order of detection. It would
also be desirable to ensure a per-user performance gain with de-
cision feedback. This is indeed possible for the O-NDF detector,
and we will provide simple ordering rules by which this can be
guaranteed. The computations required to implement these or-
dering rules can be done off-line but they depend on a knowl-
edge of the user energies. However, our energy-dependent or-
dering rules suggest data-dependent rules that can be imple-
mented without knowledge of the received energies.

A key result that is required in proving the above claims is that
the genie-aided version of the O-NDF detector should user-wise
outperform its decorrelating (or non-decision feedback) coun-
terpart in asymptotic effective energy for any order of detection.
Such a result is very easily proved in the case of coherent de-
cision feedback detectors such as the successive canceler, the
decorrelating decision feedback detector, and the optimum de-
cision feedback detector [1]. In the case of noncoherent deci-
sion feedback detection, however, the problem is less obvious.
In fact, such a result is not true for the G-NDF detector (cf. [2]).

As a matter of notation, X > Y (X > Y) denotes that the
matrix X —Y is positive (nonnegative) definite. X oY denotes
the element-wise product or Schur product of the matrices X
and Y [20]. Let 0 denote a matrix of zeros. Let v X denote a
matrix obtained from X by replacing each element of X with
its square root.

Lemma 6: a)If A > B > 0,and C > D > 0, where A,
B, C, and D are Hermitian symmetric matrices, then A o C' >
BoD >0.b)IfA> B > 0then VA > VB.

Proof:

a) Using the Schur product theorem [20], which states that
the Schur product of two positive-definite matrices is pos-
itive definite, we have (A—B)oC > 0 and Bo(C—-D) >
0. Hence, AoC > BoC > Bo D > 0, where the last
inequality also follows because of the Schur product the-
orem.

b) (By Contradiction) Suppose VB > \/A when, in fact,
A > B > 0. By part a) of this lemma, VB o VB >
VAo /A, or B> A, a contradiction. O
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Recall that for perfect past user decisions, the inverse of the
covariance matrix of the effective noise term in the kth user’s
decision statistic in (14) for the genie-aided decision feedback
strategy is Dk_,1 and the inverse of the covariance matrix of the
effective noise term in the kth user’s decision statistic in (12) for
the decorrelating strategy is Q;l .Moreover, the matrix D}, ! de-
pends on the past symbols i’f_ ! The next lemma gives a general
relationship between D, ' and Q. *.

Lemma 7: D;' > Q;* forany it e {1,2}+1.
Proof: Note that Dy, and Q, are covariance matrices,
and, hence, they are positive definite. Consider the two

- N . .
quadratic forms z' Rz and z) Rg’;):z:g,i) where z € C*F,
r = [:z:?...?z%]T, and z;, € C*. Moreover, R is as
defined in Section III,

and 4; is user {’s information symbol, ¢; € {1, 2}. Clearly
=" RY2l) = o' R

ifz;(j) = 0forj # ¢ foreach 1 <1 < (k — 1). Hence, we
have

mgi)TRgi)mgi) > min z'Rr.

x; x, fixed

min

zgi) , &y, fixed

(56)

Using a result from [21], the minimum in the right-hand
side of (56) is equal to x;Q,:lmk and the minimum in the
left-hand side is identically equal to :EJ,QD;l:Bk. Hence,
mLDk_.l:ck > le;lmk. Since this inequality is true for any xy,
vyce 1have D,;l > Q,;l. The proof is, of course, valid for any
i . O

Proposition 7: The asymptotic effective energy of the op-
timum decorrelating detector ¢ NP can be no greater than
that of the genie-aided detector gbg)'NDF for every user, i.e.,

Ee(p9NPT) > E,(ONTP), k=1,2,....,K. (57)

Proof: 1t is sufficient to show that for any i’f_l

8k(¢_§)-NDF7 ille—l) 2 gk(d)O-NPD)' (58)

Using the expressions for the asymptotic effective energies of
the genie-aided optimum NDF detector and the optimum decor-
relating detector in (41) and (48), respectively, and with the
Frobenius norm [20] of a matrix X defined as

X[ 2 Y (X

ij=1
it follows that (58) is equivalent to

VDl _
V@B =

Using Lemma 7, we have @, > D;. which implies by Lemma

6 that \/Q, > +/Dy. If the matrices /@, and /Dy were

positive definite, then using a result from [20], we would have
II\/ QI3 > ||v/Dy||3 and our claim would be proved. The rest
of the proof shows that /@), and /D, are indeed positive def-
inite.

(59)
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By factoring det(Q),,) (which is positive), we have

V Qk(L l)Qk(272) - |Qk(172)| >0

which means that det(,/Q;,) > 0. Using this fact and from an
inspection of /@, , we have that both its eigenvalues are posi-
tive which implies /@, is positive definite. The same argument

applies for \/Dy,. O

We are now ready to state the result that we were aiming to
prove.

Proposition 8: The symmetric energy of the optimum deci-
sion feedback detector ¢p©NPF is greater than that of the op-
timum decorrelating detector ¢©"NFP (and, hence, a fortiori
greater than that of & NFP) for any order of detection.

Proof: Theresultis a simple consequence of Lemma 1 and
Proposition 7. O

The preceding result is the noncoherent counterpart of the re-
sult on the robustness of symmetric energy performance of the
coherent decorrelating decision feedback detector to the order
of detection (see Proposition 1 of [1]). Somewhat surprisingly,
such a result is not true of the relative performances of the
$SNPD and the ¢S NP In fact, it is possible to find an ex-
ample where the symmetric energy of ¢S NPF is less than that
of & NPD for every permutation of the users.

Proposition 7 is also the basis for obtaining algorithms that
determine the order of detection for the optimum NDF detector
with certain performance guarantees. Let the users be numbered
1, ..., K to start with and let the desired ordering be o1, . .., 0.

) ’

Proposition 9 [Ordering Rule I]:  ¢° NPT outperforms

#O™NPD in terms of asymptotic effective energy for every user,
if they are detected in the order of nonincreasing asymptotic
effective energies for the optimum decorrelating detector, i.e.,
01,...,0x are such that

O-NPD O-NPD
Con 220

Proof: The ordering rule in (60) implies that
O-NPD : O-NPD
Eon (@ S {0 (@ )}-

(60)

(61)

Using Proposition 7, we know that
5(07 ) (QS?_NDF) Z 8(07 ) (¢O-NPD)
for any user 7. Therefore, it follows that

S(ak.)(<f>o_NPD) < me{{nin i, {S(OW)(qﬁ?'NDF)} . (62)

Using Proposition 7 for user k, it is also true that
Eon) (B NPF) 2 €y (#°7P)
which combined with (62) yields

N E (63)

It now only remains to invoke Proposition 6. O

Although a simple way to ensure that decision feedback guar-
antees an enhancement in user-wise performance over the op-
timum decorrelating detector with the optimum NDF detector,
Ordering Rule I is by no means the best way to achieve such
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an improvement. Moreover, the margins of improvements in
performance with decision feedback can be made significantly
higher with a more sophisticated ordering rule. Before we state
our improved ordering rule, we need the following extension of
Proposition 7, the proof of which is similar. The details are left
to the reader.

’

swapping users o; and oy, k > j, with other users fixed, leads
to an increase in the genie-aided asymptotic effective energy for
user o; and a decrease in the genie-aided asymptotic effective
energy for user oy, for the optimum NDF detector.

Lemma 8: Given any order of detection o01,09,...,0x,

One implication of Lemma 8§ is that the genie-aided asymp-
totic effective energy of any user attains its highest value with
maximum “user-expurgation,” i.e., if it were detected last.
Moreover, there cannot be one ordering where the genie-aided
asymptotic effective energy of every user is the highest over all
possible orderings. Lemma 8 also gives an intuitive explanation
of why Ordering Rule I is a good one. By ordering users in
nonincreasing order of asymptotic effective energies for the
optimum decorrelating detector, the worse the performance of a
user is with the optimum decorrelating detector, the higher the
performance gain it tries to ensure for that user in the decision
feedback strategy. This intuition can be extended to obtain
higher performance gain margins with decision feedback while
retaining the key property of Ordering Rule I.

Proposition 10 [Ordering Rule II]: Let the new ordering
of users, o1, ...,0x, be such that user o; achieves the highest
asymptotic effective energy among all users when they are
detected by ¢°O"NPP_ Having ascertained oy, ...,05_1 in this
ordering rule, the next user oy is chosen from the remaining
K — k+1 users as the user that achieves the highest genie-aided
asymptotic effective energy among those remaining users if
each one of those users were to be detected next. This ordering
rule ensures that the asymptotic effective energy of every
user for the O-NDF detector is greater than the corresponding
asymptotic effective energy for the optimum decorrelating
detector.

Proof: Let us suppose that the statement of the theorem
is not true for user o,,, the mth user in Ordering Rule II. This
implies by (51) that

£ (07N) > min (£ (@5 P} (6
By Proposition 7, we know that
g(om)(qﬁ;)—NDF) > g(om)(('bO—NPD).
This implies that 3 some j < m such that
E(om)((ﬁO—NPD) > g(oj)<¢;)—NDF>_ (65)

Now swap users o; and o,,, the new ordering being
{017 <305 -1,05,-..,0m—1, Om}.

This implies by (65) that £ )(¢7NPF) is greater than
5(0_7)(¢90'NDF) with o1, ...,0j_1 fixed. This violates the cri-
terion of the ordering rule used in selecting the jth user, thereby
leading to a contradiction. O
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Proposition 11: Ordering Rule 11 for ¢©NPF maximizes

symmetric energy over all possible NDF detectors and over all
possible K'! orderings.

Proof: We need only prove that the O NPF detector for
Ordering Rule IT has a symmetric energy that is no less than that
of the $©"NPF detector for any other ordering rule.

An argument in [22] (which is made in the context of co-
herent decision feedback detection and based on the signal-to-
interference-plus-noise ratio criterion under the perfect feed-
back assumption) can also be used in the present context to show
that Ordering Rule II maximizes the worst case genie-aided
asymptotic effective energy. Moreover, Lemma 1 implies that
the worst case genie-aided asymptotic effective energy is equal
to the worst case asymptotic effective energy (without the as-
sumption of perfect feedback), which is the symmetric energy.
Hence, the proposition. O

In the implementation of Ordering Rule I, £, (¢©~NP) has
to be calculated for every user k, i.e., a total of K asymptotic
effective energy computations are required. In the case of Or-
dering Rule II, the computation that was required for Ordering
Rule T has to be done just to determine user o;. Additionally,
to determine oy, (for k > 2), £;(¢9NPF), j e {1,...,K} —
{o1,...,0r_1}, has to be calculated for each of the (K —k+1)
values of j. The computations for ordering users can of course
be done off-line and must be updated every time the user ener-
gies change.

A. Data-Driven Ordering Rules

In this subsection, we consider the problem of ordering users
when the energies are unknown. Here we are guided by the or-
dering rules for the known energy case but rely on the matched
filter outputs y to determine the order of detection. Such ran-
domized ordering rules that mimic Ordering Rule II are as fol-
lows.

Data-Driven Ordering 1: For every received matched
filter output y, i.e., for every symbol period 7', choose
the first user to be detected, as that which has the max-
imum value for the decorrelator output |21 (j)|? (over
all k € {1,2,...,K} and j € {1,2}). Having made a
decision for the first user, choose the second user to be
that which has the maximum value for the “expurgated”
decorrelation output |z((;c)(J )|? over the remaining K — 1
users and j € {1,2}, and so on.

Data-Driven Ordering IlI: As a variation of the above
idea, the maximum value of ||zx(1)|® — |2x(2)|?| over
all % is used to choose user 1 and the maximum value of

@ 1y12 _ 1,32 (9))2 . _
246" (1) |24 (2)|7 | over all the remaining K — 1
users to determine user 2, and so on.

The data-driven orderings, while random, tend to often re-
sult in the same order as long as the received energies stay con-
stant. Some changes from the most likely order will of course
occasionally result. The implementation of the decision feed-
back detector for such randomized orderings is computationally
no more complex than that for a fixed order. However, more
feedforward and feedback decorrelation coefficients need to be
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stored to account for the possibility of having to perform deci-
sion feedback detection for more than just one ordering.

VII. BINARY SIGNALING WITH UNEQUAL ENERGIES

In this section, we seek to extend the results of this paper to
the more general case where the received energies of the two sig-
nals of a particular user can be distinct. It is assumed that while
the absolute values of the energies are unknown, the ratios of
the two energies are known at the receiver. This is a reasonable
assumption since such ratios would most likely be equal at the
receiver and the transmitter.

We show that the unequal energy problem can be trans-
formed into an equal energy problem. For the more general
case, let the kth user’s signal energies be denoted by Fj; and
E}s. The linear model for the matched filter outputs in (5)
will remain the same except that Ay, in (10) will now be equal
to diag(yv/Eg1e/%1, \/Ey2e/%2). Consequently, the decision
statistic for the decision feedback strategy as given in (14) for
perfect previous users’ decisions is given for j = {1,2} as

259 (7) = VErg e by + v ® ().

The decision statistic for the nondecision feedback strategy cor-
responding to (12) is

ze(j) = VErie by +m(3), = {12}.

With the knowledge of only the ratio Ei; we can now scale
z1(2) to obtain the following model for the decision feedback
detector:

(66)

(67)

25 (1) = VEe b +70 (1)
\/? W(2) =2 (2) = VEme™bio + 7 (2).  (68)
For the decorrelating detector, we have the model
2e(1) = VEe1 e by + (1)
\/%zk@) =2,(2) = VEue b + 7(2).  (69)

The scaled decision statistics zfif) = (zfl’;)( ) 2((11;)( )T and

Zr = (2x(1) 2,(2))T for user k for the decision feedback and
non-decision feedback detection strategies, respectively, can be
seen to be the equal energy models corresponding to (14) and
(12) with the following modifications. The noise vector 'y(k) =
(v*)(1) %) (2))T has a covariance matrix whose first row is

Ejq

k2

<Dk(1, 1)1/ 22D, (1, 2))

and second row is

< P Dy(2,1) P Du(2 2))

Eyo %2
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where D, is defined in Section III. The noise vector 7, =
(7(1) 7£(2))7 has a covariance matrix whose first row is

Ekl

(Qk(L D\ 5, @ 2))

and second row is
E E
( L2 52, 2))

where @), is defined in Section III.

Adapting the O-NDF detector and the optimum decorrelating
detector for the equal energy case in Section IV to the scaled
version of the unequal energy case, we have that the O-NDF
decision rule for the more general unequal energy case to be
given by

R e, (k) (k)
3 — {1, if |2 (D > 125 (2) (70)
2, else
and, similarly, the optimum decorrelating rule is
R : 29 |5 2
W= {y HOF>RE) an
2, else.

The genie-aided asymptotic effective energy for user & for the
optimum unequal energy NDF detector is given by (72) at the
bottom of the page, and the asymptotic effective energy for user

k for the optimum decorrelating detector ¢Q-NFP is given by
O-NPD
Ee(Pue )
) 2Ey;
= min

! Qk(171) +

FLQK(2,2) + 2/ £21Q4(1,2)]

(73)

where the subscript ue stands for “unequal energy” and j €
{1,2}. The expressions for symmetric energy, £(¢9- FP) and
E(PQ-NPF) are easily derived by substituting(73) and (72), re-
spectively, in the symmetric energy as implied by Lemma 1. We
therefore have an extension of Proposition 2 to the unequal en-

ergy case.

VIII. NUMERICAL EXAMPLES

We start with a two-user channel with signal correlation ma-
trix

1.0000 —0.1666 —0.6745 0.0075

R— —0.1666 1.0000 0.4251 0.2866 (74)
—0.6745 0.4251 1.0000 —0.3303
0.0075 0.2866 —0.3303 1.0000

Fig. 1 plots the symmetric energy of the conventional (11),
the O-NPD and the GLR-based (G-NPD) decorrelating detec-
tors as a function of the energy ratio F»/F; (in decibels). The
sum of the energies is fixed at &1 + E2 = 1. Both decorrelating

ZEkj

Er( 8;1\;])1:) = min min
11{71 7 (Dk(17 1) +

(72)

2D (2,2) + 24/ £L D (1,2)))
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Fig. 1.
detectors.

detectors far outperform the conventional detector. Notice also
that the O-NPD detector performs uniformly better than G-NPD
detector as it must. Fig. 2 plots in addition the symmetric en-
ergy of the optimum and GLR decision feedback detectors. The
symmetric energies of the decision feedback detectors are com-
puted for the case where the users are detected in a fixed order
(user 1 first and user 2 second). Both decision feedback detec-
tors perform uniformly better than their non-decision feedback
counterparts. However, recall that this is guaranteed to happen
for all possible signal correlations only for the optimum decision
feedback detector. When the second user is sufficiently stronger
than the first, the symmetric energy performances of optimum
(or GLR) detectors with and without decision feedback are in-
distinguishable. When the second user is more than 1 dB weaker
than the first user, there is a more than 4-dB gap in symmetric
energy between the O-NDF detector and the G-NPD detector of
[3] and [4].

Fig. 3 compares the performance of the detectors in Fig. 2
when the decision feedback for the O-NDF and the G-NDF
detectors has been implemented with reordering, i.e., users have
been reordered to optimize the symmetric energy over the two
possible orders of detection for each given user energy ratio.
This time, the decision feedback detectors further outperform
their nondecision feedback counterparts with the difference
showing up for sufficiently positive values of F2/FE; because
of the correct choice of order of detection. For Fy/F; > 4 dB,
there is at least a 3-dB gap in the symmetric energies of the two
decision feedback detectors.

“E/E%ndB”
) 111’1

Symmetric energy versus user energy ratio E» / E; for a two-users system for the conventional, optimum (O-NPD) and GLR-based (G-NPD) decorrelating

Next, consider a two-user channel where there is low correla-
tion between signals of each user but high correlation between
signals of different users with

1 0.02 0.2 08

0.02 1 0.7 0.3
R= 0.2 07 1 0.1 (75)
08 03 01 1

With the energies of users 1 and 2 being F1 = 5 and Fy = 1,
Fig. 4 shows the BER bounds for user 2 corresponding for the
optimum and GLR detectors with and without feedback. For
each of the decision feedback detectors, the first user’s perfor-
mance would be identical to the corresponding decorrelating de-
tector and is therefore not shown. The BER performance in this
example of both the decision feedback detectors is uniformly
better than that of the corresponding decorrelating detectors, and
shows, as promised by the gains in asymptotic effective ener-
gies, a significant improvement in BER. The following asymp-
totic effective energies can be obtained: &1 (¢p“NFP) =0.4172,
E1(pONPDY = 0.4770, Ey(¢%NPP) = 0.0817, Ey(¢ONFP) =
0.1045, £(pSNPF)=0.3233, and £y (¢Q™NPF) =0.4750. The
symmetric energies are £(p%NFP) = 0.0817, £(pONFP) =
0.1045, £(¢%NPF)=0.3233, and £ (¢°"NPF) =0.4750. Thus,
the symmetric energy gain due to decision feedback is 6 dB
for the GLR-based detectors and 6.6 dB for the optimum de-
tectors. The symmetric energy difference between the optimum
and GLR decorrelating detectors is 1.1 dB and that between their
decision feedback versions is 1.6 dB. Moreover, the upper and
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Fig. 2. Symmetric energy versus user energy ratio E. / E for a two-users system for the conventional detector, the optimum (O-NPD) and GLR-based (G-NPD)
parallel detectors, and the optimum (O-NDF) and GLR-based (G-NDF) NC-DFDs for a fixed order of detection.

lower bounds on BER for the G-NDF and the O-NDF detectors
converge in Fig. 4 as they must since the condition in (52) is
satisfied.

Consider a three-user channel with a signal correlation ma-
trix given by (76) at the bottom of the page, and let £/; = 1,
FE5; = 1.2 and E3 = 1.5 respectively.

The asymptotic effective energies for the optimum decor-
relating detector are &1 (¢©NPP) = 0.7078, Ey(¢ONFP) =
0.8281, and &3(¢p°NFP) = 0.7185. For the decorrelating
GLR detector, we have & (¢ NFD) = 0.6970, £o(¢pSNPD) =
0.8184, and &3(¢%NFP) = (0.7074. The genie-aided asymp-
totic effective energies for the two decision feedback detectors

for this order of detection are E»(¢QNPF) = (.8884,
E3(¢pQNPF) = 0.8884, and & (¢S NPF) 0.7985,
Es(¢g NPT 0.7434. Hence, every user’s asymptotic

effective energy for the genie-aided O-NDF detector is at least
as high as that for the optimum decorrelating detector. This
ensures, by Lemma 1, a gain in symmetric energy for the
O-NDF detector. Notice that the same is not true, however,

for the GLR-based detectors. An application of the asymptotic
effective energy bounds in (51) to this example shows that
per-user performance does not necessarily get a boost with
decision feedback for the second and the third users for the
O-NDF detector. For the G-NDF detector, the performance of
the second user, in fact, degrades due to decision feedback.

Next, we consider the same three-user channel for which the
ordering in terms of decreasing user energies (which in our ex-
ample is the order user 1 — user 2 — user 3) does not guar-
antee user-wise performance gain for the O-NDF detector. Or-
dering Rule I stipulates, based on the asymptotic effective ener-
gies for the optimum decorrelating detector, that user 2 be de-
tected first, user 3 next, and user 1 last. In the new order of de-
tection, the asymptotic effective energy for user 2 is 0.8281 and
the genie-aided asymptotic effective energy for user 3 is 0.7231,
and for user 1 is 0.7477. The reader can use Proposition 6 to
check that there is a user-wise performance gain as promised by
Proposition 9 for the optimum NDF detector over the optimum
nondecision feedback detector.

1.0000 —0.3585 —0.1876
—0.3585 1.0000 —0.0208

R— —-0.1876  —0.0208 1.0000
—0.3580 0.1979 —0.0453
0.0847 0.3200 —0.0871
—0.0055 0.3000 —0.4488

—0.3580 0.0847 —0.0055
0.1979 0.3200 0.3000
—0.0453 —0.0871 —0.4488 (76)
1.0000 0.3167 0.1103
0.3167 1.0000 0.1645
0.1103 0.1645 1.0000
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Symmetric energy versus user energy ratio K- / E; for a two-users system for the conventional detector, the optimum (O-NPD), and GLR-based (G-NPD)

parallel detectors, and the optimum (O-NDF) and GLR-based (G-NDF) NC-DFDs with reordering to optimize symmetric energy.
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Fig. 4. BER comparison of the optimum NC-DFD (denoted O-NDF in
legend), GLR based NC-DFD (G-NDF), optimum decorrelating detector
(O-NPD), and GLR decorrelating detector (G-NPD) : E;/E, = 5, BER
bounds for both ¢% ™ NPF and ¢©NPF converge.

Ordering Rule II, on the other hand, requires user 2 to be
detected first, user 1 second, and user 3 last. For this ordering,
asymptotic effective energy for user 2 is 0.8281 and the genie-
aided asymptotic effective energy for user 1 is 0.7471, and for
user 3 is 0.7690. Again it can be verified using Proposition 6
that there is a user-wise performance gain for the optimum NDF

detector over the optimum decorrelating detector as promised
by Proposition 10.

IX. CONCLUSION

An analytical framework for noncoherent decision feedback
detection is introduced in this paper in the context of nonorthog-
onal binary modulation. A new K-map class of noncoherent
decision feedback detectors that includes the GLR-based NDF
detector of [2] is defined. The optimum NDF detector in this
class that maximizes symmetric energy is derived. This detector
has the desirable property of not requiring the knowledge of the
re-ceived energies and the phases of the users. Even the non-de-
cision feedback counterpart of the O-NDF detector outperforms
the decorrelating GLR detector proposed in [3], [4]. Results on
performance analysis of the O-NDF detector include lower and
upper bounds on symbol error probability from which feasible
sets of received energies are found within which it is possible,
with power control, to meet QoS constraints in terms of asymp-
totic effective energy for each user. For fixed received energies,
the performance analysis indicates that the O-NDF detector out-
performs its non-decision feedback counterpart in terms of sym-
metric energy regardless of the order of detection. Performance
bounds for decision feedback detection yield sufficient condi-
tions under which the O-NDF detector achieves its perfect feed-
back, or genie-aided, performance, and conditions under which
the O-NDF detector outperforms the optimum decorrelating de-
tector. Ordering rules to ensure user-wise performance gains for
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the optimum NDF detector over the optimum decorrelating de-
tector are also obtained.
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