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Abstract — A unified framework for multiple antenna
space-time coding is presented leading to a general code
design criterion valid for arbitrary spatial and temporal
fading correlations. This framework provides insights into
the effect of each of spatial and temporal correlations on
space-time code design. The single code design expression
encompasses quasi-static, fast fading, multiple block fading
and other general correlations in the temporal dimension
as well as arbitrary rank correlations in the spatial dimen-
sion. The general coding strategy proposed consists of pre-
coding a space-time code with its size determined by the
rank of transmit correlation, the structure determined by
the Cholesky factorization of the temporal correlation and
the precoding matrix obtained from the eigenvectors of the
transmit correlation.

1. INTRODUCTION

Early works on wireless fading channels dealt with single
antenna transmission techniques that involved interleaving to
provide diversity via signal space methods [1-3]. The purpose
of interleaving was to provide a channel with a white tempo-
ral fading process. Subsequently, the more practical case of
imperfect interleaving leading to a non-trivial temporal fading
correlation matrix was considered in [4]. Signal design with
multiple antennas with identity spatial correlation matrix was
considered in [5]. However, only the extreme cases of temporal
correlation corresponding to quasi-static and fast fading were
considered and that too in a separate manner. The case of the
most general spatial correlation for multiple antennas has been
addressed with respect to code design in [6,7]. A simplified
practical model for spatial correlation was provided and ana-
lyzed in [8] but it did not account for any temporal correlation.

In this work, we formulate a unified framework for analy-
sis and design of multiple antenna space-time communication
systems under a combined spatial and temporal fading correla-
tion scenario. Such an analysis is more insightful than previous
works because the effect of each of spatial and temporal cor-
relations on code design can be understood more clearly. Our
framework shows how the code design criterion is modified as
one goes from the quasi-static regime to the fast fading regime
via other general temporal correlation matrices. Furthermore,
for rank deficient spatial fading correlation, we justify the ad-
vantage of precoding a reduced dimensional space-time code
over using space-time codes designed for the spatially white
fading channel. The space-time code structure to achieve the
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maximum diversity and improved coding gain is then proposed
for arbitrary spatio-temporal fading correlation.

This paper is organized as follows. The system model and
the associated performance analysis is presented in Section II.
The special case of non-trivial temporal correlation but spa-
tially white fading is considered in Section III. The special case
of quasi-static fading but non-trivial spatial correlation is con-
sidered in Section IV. The general case of non-trivial spatio-
temporal correlation is considered in Section V. Sample code
constructions are discussed in Section VI and conclusions are
provided in Section VII.

II. SYSTEM MODEL AND PEP ANALYSIS

Consider coding for an N transmit and N, receive antenna
system where the codeword spans a frame of length 7' time
slots. Let S and R be constant square matrices of size Ny
and Ny, respectively, that represent square roots of the trans-
mit and receive spatial correlation matrix as introduced in [8].
The fading matrix H(¢) for the ¢-th time slot is given by the
Ny x N; matrix SW(t)R*, where the entries of W (¢) for a
given ¢ are i.i.d zero-mean unit variance complex normal ran-
dom variables. However, the T-length vector of the (m,n)-th
entries of W (¢) for 1 < ¢ < T exhibits a correlation matrix X.
If X (%) is the 1 X Ny vector transmitted in the ¢-th time slot, the
received statistics can be written as

VPX(H)SW(t)R* + N(t) (1)
VX (W (HR* + N(t), @)

1

Y (1)

where N () is the noise matrix with i.i.d zero-mean unit vari-
ance complex normal entries, p is a measure of the signal-to-
noise ratio and the superscript ~refers to post multiplication
with S. Applying the vec operation to the above set of equa-
tions and using the fact that vec(ABCT) = (C ® A)vec(B),
we get

vee(Y (1)) = /p(RF @ X(t))vec(W (1)) + vec(N(t)). (3)
Define

[vec(W(1))T, ..., vec(W(T))"]"
y = [vec(Y()T,..., vee(Y(T)TT
n = [vec(N(1)T,...,vec(N(T))"]"
so thaty = \/pdiag(R' ® X(1),...,R" ® X(T))h + n rep-
resents the complete input-output relationship in the system.
Note that h is a vector of zero-mean complex normal entries
with a covariance matrix of 3 ® I, ;. and n consists of i.i.d
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zero-mean unit variance complex normal entries. Let s,r and
o be the ranks of S, R and X, respectively. The conditional
pairwise error probability P({X;(t)} — {X;(t)}/h) between
two possible codewords {X;(t)} and {X;(¢)} is

p
PUXi(0} - (X,01/) = Q(/ZIGsn) @
/2 5
-1 e~ Tz 1901 gg (5)
7 Jo ’
where G;; = diag®R! ® (X;(1) - X;(1)),...,Rt ®
(X () — X ;(M))). The Craig’s formula Q(z) =
Ow/ze 25m2(9)d9 Va > 0, has been used in the second step

above. Replacing 6 by 7/2 in the integrand of (5) and averag-

ing over the distribution of h, we obtain the Chernoff bound on
the pairwise error probability

PUX:(0) > (X501 < 5 !

‘I NpNgT + EG

(6)
For some constant § € (0, %), one can also lower bound the
@-function using the Craig’s formula as

1 7r/2 _ 22 1 5 _ 22
Q(:L‘) Z ;/ e 2sin2(8) (f Z (5 _ ;)e 25in2(5) | (7)
é

Using (7) for the conditional PEP in (4) and averaging over the
distribution of h again, we obtain the lower bound

NTNRT + sm,2 Gij

[N

F
s

P{X:i(0)} = {X;()}) =

®)
Combining (6) and (8), we obtain that the diversity order of the
PEP is given by

L —log(PUXi()} = {X;()))

p—roo log p

= rank(Gij(E %) INI‘NR)GI])

Explicitly multiplying the matrices in the product G;;(X ®
In, J\h)GL" we obtain a block partitioned matrix whose (r, c)-
th block is given by

=%, (RR® (5('(7“) = X;(r)(Xi(c) = X;(e))")
= Zre(Xi(r) = X;())(Xi(e) - X;j(0)HRIR

where the first expression follows from the fact that (A ®
B)(C ® D) = (AC ® BD) and the second because (X;(r) —
X;(r)(Xi(c) — X;(c))t) is simply a scalar. Let the sym-
b01 o represent componentwise multiplication, also known as
the Hadamard product [9]. Define the codeword difference
Xy = [(Xs(1) = X;(1)7, ..., (Xa(T) — X5(T)T]". We
then see that G;;(X ® INI‘J\h)G:z':j can be written as
Gij(Z® Iy )G, = ((X5881X]) 0 B) ® (RTR). (9)
Using the PEP to obtain bounds on the actual codeword er-
ror probability, one can conclude that the diversity order of
the actual codeword error probability is the minimum rank of
Z;; = ((XZ-]-SSTXIJ-) o ) ® (R'R) among all distinct code-
words {X;(t)} and {X;(¢)}. Furthermore, the coding gain is
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given by the minimum product of the non-zero eigenvalues of
Z;; among all ¢ # j such that rank(Z;;) is the least possible.

The general expression of Z;; must now be used to design
codebooks for arbitrary correlation matrices. We first consider
the cases for temporal and spatial correlations separately and
then finally address the issue of code design for arbitrary spatio-
temporal correlation structures.

III. SPATIALLY WHITE FADING WITH NON-TRIVIAL
TEMPORAL CORRELATION

For spatially white fading, S = In, and R = I, and we
need to maximize the minimum rank of Z;; = ((Xin;fj) o
Y) ® Ing. This reduces to maximizing the minimum rank of
(Xin!j) o ¥ among all codeword pairs. Some preliminary
observations can be made lelsing the Oppenheim’s inequality

det(A) - J] Bis < det(A o B) (10)

=1

for any two positive semidefinite matrices A and B. Applying
(10) withB = X and A = X;; X:fj and noting that the diagonal
entries of X are all 1, we see that ensuring 7' < N; and full
rank for X;; guarantees that (XinL.) o X has rank 7T and,
therefore, that Z;; has rank T'Ng. On the other hand, if X is
known to have full rank, then application of (10) with A = X
and B = X;; X:-rj shows that a diversity order of T'N; can be
achieved if all rows of X;; are non-zero and that maximizing
the minimum product of the norms of the rows of X;; ,among
all i # j, maximizes a lower bound on the coding gain. The
diversity order results under these special cases have also been
noted in [10]. However, no insights are provided therein for the
most general case.

When T' > N; and X is not full rank, one must look at the
structure of the correlation matrix 3 to arrive at a design crite-
rion. To obtain insights into the design method for an arbitrary
correlation matrix, we first state the following result.

Lemma 1: If A, B are complex matrices of size T' x m and
T xn, respectively, and By, is the k-th columnof B, 1 < k£ < n,
then

AA'oBBf = CCt, (11)

where C = [diag(B1)A, diag(B2)A, ..., diag(By)A].
Using the Cholesky decompoeltlon [9], we write & = LL1,
where L is lower triangular. If ¢ < T, then L need not be
unique. We impose a particular structure on L so that the last
T — o columns of L are zero. Also, if py, is the row index of the
first non-zero entry of the k-th column Ly, of L, then we require
that 1 = py < pa2... < p, < T. Let d}, denote the number
of non-zero entries in Ly from row index py, to pg4+1 — 1 for
1 < k <o —1. Let d, be the number of non-zero rows of
L. The proposed code design strategy and a guarantee on the
diversity order achieved is given in the following proposition.
Proposition 1: Design the codebook such that for each sig-
nal pair {X;(¢)} and {X;(¢)},¢ # j, the submatrix of X;; ob-
tained by taking the rows corresponding to the non-zero row in-
dices of Ly, between py, and pg41 — 1 has full rank min(dy,, N;)
foreach 1 < k < o — 1. Also, ensure that the submatrix of
Xj, Vi # j, obtained from the rows corresponding to the non-
zero row indices of L, has full rank min(d,, N;). Then, the



diversity order achieved is at least

Ne x> min(dy, No). (12)
k=1

The proof of Proposition 1 makes use of Lemma 1 which
implies that the rank of X; XIJ- o 3 is equal to the rank of

Xij = [diag(Ll)X,-j, ey dia,g(La)Xij]. (13)

The lower triangular nature of L and the imposed structure on
the space-time codebook can then be exploited to conclude that
the rank of )A(ij is at least the sum of the ranks of the diagonal
blocks of Xz-j, which is given by the summation in (12).

The rank of f(ij given by (13) is exactly equal to the sum-
mation in (12) if )A(ij is block diagonal but in general it could
be more. However, the rank of )A(ij is at most

min(o Ny, T) (14)

so that the maximum diversity order under spatially white cor-
relation is given by Ny min(o Ny, T'), a fact that was arrived at
in a different fashion in [10]. In Section V, we generalize the
expression for maximum achievable diversity under arbitrary
spatial and temporal correlation structure.

The coding gain with the proposed strategy under spatially
white correlation corresponds to the product of the absolute
determinant squared of the diagonal blocks of )A(ij but only if
theie diagonal blocks are square. Exen if the diagonal blocks
of X;; are not square but the matrix X;; is block diagonal, then
the coding gain can be written as the product of the determi-
nants of the hermitian form of the matrices on the diagonal of
}A(,-j. Besides these special cases, it is difficult to obtain a cod-
ing gain expression that only depends on the signal matrices.

It is easy to verify that the proposed strategy subsumes the
code design criterion for the two cases corresponding to the
quasi-static scenario (X = 117T) and the fast fading scenario
(X = Ir) [5] . Moreover, this general strategy guarantees a
certain diversity order depending on the structure of 3 even if
the system parameters do not allow us to make any conclusions
using the Oppenheim’s inequality.

IV. SPATIAL CORRELATION WITH QUASI-STATIC FADING

In the quasi-static scenario with spatial correlation, we have
¥ = 117 and the diversity order is given by the minimum
rank of Z;; = (XUSSTXL) ® (R'R). By the properties of
Kronecker products, it is easy to see that the rank of Z;; is
the product of the ranks of X;; SSTX;T- and RR and is there-
fore upper bounded by min(7, rank(S%)rank(R). It was noted
in [8] that choosing a space-time code that leads to full diver-
sity N, under spatially white fading will lead to a diversity of
rank(S)rank(R) under arbitrary spatial correlation. Full rank
space-time codes were also used for simulations on spatially
correlated channels in [11]. It was also stated in [8] that if the
space-time code is rank deficient under spatially white fading,
then the exact diversity order under arbitrary spatial correlation
can not be determined easily.

In this section, we present a space-time coding strategy that
guarantees a diversity order of min(7’, rank(S))rank(R). We

prove that the new strategy is better in terms of coding gain
compared to the suggestion in [8] of using a space-time code
that provides full diversity under spatially white fading. The
new strategy is inspired from the structure of the optimum input
distribution obtained from a mutual information point of view
[12,13]. Suppose the eigenvalue decomposition of SSt is given
by UAUY, where UtU = T and A = diag(A,,0) with A,
being a square positive diagonal matrix of size s. Then, the
idea is to use a space-time codebook of the form [ C 0 ] UT,
where C is a codeword from a T' x s space-time codebook.
Thus, we precode a smaller size space-time codebook using the

eigenvectors obtained from the transmit correlation matrix.
Averaging the conditional PEP in (5) over the density of h
and using (9), one obtains the exact expression

n/
P{Xi()} = {X;(®)}) = %/0 ‘H _ezﬁc;’f G
Tem2(p) ij ij

/2 7" v —1
/ (1+ 2(0))\m(sts‘txlL ))\n(lzrt )) do,

nlml

15)

where v is the rank of X; SSTXZJ-.

In the next proposition, we compare two classes of
space-time codes both achieving the diversity order of
rank(S)rank(R) and show that one of these classes of codes
is better in terms of code design through pairwise error proba-
bilities. We consider the non-trivial case of s = rank(S) < Ny.

Proposition 2: LetT > N;. Let C be a space-time codebook
consisting of T' x Ny sized matrices. Let rank(C; — C;) =
N;,VC;,C; € C,i # j. Consider another space-time code-
book C' consisting of T x s sized matrices obtained by re-
taining only the first s columns of the space-time codewords
in C. Consider two space-time codebooks X = CUT' and

X' = o] C" Orxn._s |Ut, where the constant & > 1 is
given by
- ( Ececl||C|] )”2 16
Ecree[[|C|7] ’

so that both X and X’ exhibit the same average energy. Let
X and X' be used on the spatially correlated channel. Then,
both X and X' exhibit a diversity order of s - . However, for
each pair of codewords C;, C; € C, i # j, that lead to a pair of
codewords in X and X, the pairwise error probability

P(X; = Xj) < P(X; = Xj) (17)

at any given SNR p.

Proof:  The codeword difference (C; — C}) has rank
s for each C},C; € C',i # j, because each codeword dif-
ference in C has rank N and T > N,. Hence, the rank of
Z;; = (X5 SSTXT ) ® (R'R) is equal to s - » when the code-
word pair (XZ,X ) is drawn from either of X or X'. Let
Xij = Xi — X, X} = X; —X),Ci5 = C; — Cj and
Ci; = C; — Cj be correspondmg codeword dlfferences in
X, X e and C', respectively. Looking at the PEP expression in
(15), we only need to compare the eigenvalues of X”SSTX”
and X;-jSSTXQj. We have that

Am(X7;S8TX};) = A (a]C;;0]Aa[C;0]T)
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= ®Am(ClA,C) = a®Am(CyACH)
= A (X;;SSTXY).

Since @ > 1, Ay (X§;88TXE) > Ay (XUSSTXI-) and so
from (15), we get that P(X} — X/) < P(X; - X;). M

Proposition 3: LetT > N and let X be a space-time code
with rank(X; — X;) = Np, VX;, X; € X,4 # j. Then, there
exists a T' x s space-time code C’ such that the new space-time
codebook X' = [C'0]U" exhibits diversity s - and the PEP for
each pair of codewords in X' is smaller than the corresponding
PEP in X.

Proof: One can write X = CUt, where C = XU is a
code that meets the conditions of Proposition 2. Thus, there
exists a code X’ of the form [C'0]UY, where C’ is a space-time
codebook of size T' x s, with the PEP for each codeword pair
in X’ smaller than the corresponding PEP in X |

Using Proposition 3, we can conclude that a space-time code
that leads to full diversity under spatially white fading will pro-
vide full diversity order of rank(S)rank(R) but it is not op-
timum in terms of coding gain and PEP minimization when
rank(S) < Np. The strategy of precoding a reduced dimen-
sional space-time code as [C'0]U" also leads to the maximum
diversity of rank(S)rank(R)) and the optimum selection of such
a space-time code will necessarily lead to smaller PEPs.

We now turn to the question of choosing the space-time code-
book C' of size T x s for use in the precoding strategy for
the spatially correlated fading scenario. One may consider the
space-time codebook 7P, where T is a T x s code that could
either be a rectangular LPST code [14], a stacked extension
of a code [15] or a rectangular TAST code [16]. The matrix
P = diag(v/P,---,v/Ps) is a diagonal matrix describing the
power allocation on each of the s columns of the code 7. If
the average energy on each column of the code in 7T is the
same, then one may consider the choice of P; as obtained from
a mutual information maximization point of view which can be
foundin [12,13]. In the case of high SNR, it is easy to show that
setting all P; to be the same is optimal in terms of coding gain
obtained from a pairwise error probability point of view. This
fact is in accordance with the high SNR optimality of the equal
power allocation on the s eigenmodes in terms of maximizing
mutual information [17].

V. SPATIO-TEMPORAL CORRELATION

We now combine the insights gained in Sections Il and IV to
propose a coding strategy under arbitrary spatio-temporal fad-
ing correlation. To deal with the spatial correlation, we consider
space-time codes with the precoding structure obtained in Sec-
tion IV, namely X = [CO]UT, where C is a T x s space-time
code. Since we now also have a non-trivial temporal correlation
matrix 3, the strategy proposed in Section III can be applied to
choose the code C appropriately in order to further exploit the
diversity inherent in the temporal dimension.

Proposition 4: Tn the precoding strategy with X = [CO]U",
where C is a T X s space-time code, let each codeword pair
C;; =C; - C;,C;,C; €C,i # j, be such that the submatrix
of C;; obtained by taking the rows corresponding to the non-
zero row indices of Ly, between py, and pg41 — 1 has full rank
min(dg, s) foreach 1 < k < o — 1. Also, let the submatrix of

C;j, Vi # j, obtained from the rows corresponding to the non-
zero row indices of L, have full rank min(d,,s). Then, the
diversity order of the error probability with X’ used on a channel
with general spatio-temporal correlation is lower bounded by

o
rx Y min(dy, ). (18)
k=1
For a general space-time code, the maximum rank of )A(,-]-S,
for )A(,-j given in Section III, cannot be more than min(7T', o - s).
Hence, the maximum achievable diversity order under arbitrary
spatio-temporal correlation is

rank(R) x min(T’, rank(S) x rank(X)), (19)

which is a generalization of the results in both [10] and [8].

VI. CODE CONSTRUCTIONS

The first two examples in this section show the advantage
of the precoding strategy over using a space-time code that is
designed for spatially white channels. The third example de-
scribes a code designed for a channel with non-trivial spatial
and temporal fading correlation.

A N,=N,=2T=2X=11TR=1

We consider three different transmit correlation structures,
namely S = I and the two correlation matrices SSt = S1,S,
where S; and S, are given in [11]. The coding scheme em-
ployed in [11] is a 2 x 2 full layer TAST code [18] with 4-
QAM information symbols providing a rate of 4 bpcu. Each
of the correlation matrices S; and S, have a rank of 1, equal
non-zero eigenvalue but different eigenvectors. Our precoding
scheme consists of using a code of the form

X10 t
BRI

where the x; are independent 16-QAM information symbols
and U is obtained from the eigendecomposition of SST. The
performance of both coding schemes under each transmit cor-
relation structure is shown in Figure 1. It is seen that the pre-
coding scheme is much better than the TAST scheme when the
transmit correlation matrix is of rank 1. Also, unlike the TAST
scheme, the performance of the precoding scheme does not de-
pend on the eigenvectors of the transmit correlation. Moreover,
the complexity of the precoding scheme is much smaller than
the TAST scheme.

B. N,=4,N,=3T=4,X=11TR=1

In this example, we consider a randomly generated matrix
S of rank 2 as the transmit correlation matrix. We consider
the naive application of the full diversity TAST codes of size
4 x 4 in this scenario. Both 2 and 3 layer TAST codes are
simulated. For the precoding strategy, however, we use a 4 X
2 space-time code that is obtained by stacking two 2 x 2 full
diversity codes of [15]. The rate of each code is fixed at 12
bpcu and the performance of these codes is shown in Figure
2. Once again, the precoding strategy leads to a higher coding
gain compared to the TAST codes.
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C. Ny=4,N,=2,T=4R=1

In this example also, we consider a randomly generated ma-
trix S of rank 2 as the transmit correlation matrix. The temporal
correlation 3 and the corresponding L in this example is set to

1000 1.0 00
0 100 0100
z= 0 01 1| L= 0010
0 011 0 010

The first code we consider is a two layer 4 x 4 TAST code.
This code provides the full diversity of 2min(4,3 * 2) = 8 in-
herent in the system. The second code is the precoded stacked
space-time code used in Example VI-B. This code provides a
diversity of only 4. Finally, we consider a third code that is ob-
tained by precoding a 4 x 2 space-time code which is a TAST
code designed for coding over two independent fading blocks
[18]. This code satisfies the conditions proposed in Section V
and provides the full diversity of 8. The performance of these
codes is shown in Figure 3. The third code meets all our cri-
terion and provides the best performance. It exploits the entire
diversity available in the system and also exhibits a coding gain
over the 4 x 4 TAST code due to the precoding strategy.

VII. CONCLUSIONS

Using a new formulation of temporal correlation and simul-
taneous incorporation of spatial correlation, we arrive at a sin-
gle code design criterion valid for arbitrary spatio-temporal fad-
ing correlations. It is found that, for rank deficient spatial cor-
relation, precoding a smaller dimensional code leads to better
coding gain than simply using a code meant for the spatially
white channel even though both lead to the same diversity or-
der. The space-time code to be precoded should be specifically
designed to further exploit the diversity inherent in the tempo-
ral dimension. The proposed code design utilizes all degrees of
freedom available in the spatio-temporal domain and leads to
better performance with lower complexity than universal codes
meant for all possible correlations.
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Fig. 3. Non-trivial spatial and temporal correlations (Example C)
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