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Abstract—The design requirements for space–time coding
typically involves achieving the goals of good performance, high
rates, and low decoding complexity. In this paper, we introduce
a further constraint on space–time code design in that the code
should also lead to low values of the peak-to-mean envelope
power ratio (PMEPR) for each antenna. Towards that end, we
propose a new class of space–time codes called the “low PMEPR
space–time” (LPST) codes. The LPST codes are obtained using the
properties of certain cyclotomic number fields. The LPST codes
achieve a performance identical to that of the threaded algebraic
space–time (TAST) codes but at a much smaller PMEPR. With

antennas and a rate of one symbol per channel use, the LPST
codes lead to a decrease in PMEPR by at least a factor of
relative to a Hadamard spread version of the TAST code. For
rates beyond one symbol per channel use and up to a guaranteed
amount, the LPST codes have provably smaller PMEPR than
the corresponding TAST codes. Additionally, with the concept
of punctured LPST codes proposed in this paper, significant
performance improvement is obtained over the full diversity
TAST schemes of comparable complexity. Numerical examples
are provided to illustrate the advantage of the proposed codes in
terms of PMEPR reduction and performance improvement for
very high rate wireless communications.

Index Terms—Algebraic number theory, diversity methods,
peak-to-mean power ratio, Rayleigh fading, space–time codes,
space–time modulation, sphere decoding.

I. INTRODUCTION

SPACE–time coding is a signaling strategy for multiple-
input multiple-output (MIMO) wireless systems. Consider

a MIMO channel with transmit and receive antennas with
independent Rayleigh fading between each transmit–receive
antenna pair and additive white gaussian noise (AWGN) at the
receiver. The quasi-static fading model is assumed so that the
fading remains constant over the entire duration of a codeword.
The design of space–time codes for the wireless channel has
traditionally been treated as a problem of minimization of the
probability of error for a fixed rate and signal-to-noise ratio
(SNR). It is conveniently presumed that the transmit antennas
do not impose a limitation on the possible characteristics of the
signals that comprise the space–time code. In practice, however,
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hardware restrictions present an additional factor for the selec-
tion of good space–time codes. For example, the peak-to-mean
envelope power ratio (PMEPR) of the signals transmitted is an
important parameter to be considered during hardware design.
High values of PMEPR pose difficulty in the design of amplifier
operating characteristics and raise the cost of the transmitter.
Additionally, the antennas designed for a signaling scheme
with a smaller PMEPR exhibit a larger transmission efficiency;
thereby, resulting in a higher average received SNR with the
same power consumption at the transmitter.

The aim of this paper is to design high-rate space–time codes
that simultaneously achieve both good performance and low
PMEPR and yet are efficiently decodable. For good perfor-
mance, the code must satisfy the full diversity rank criterion
and have high coding gain. For low PMEPR, the amplitude
variation of the actual signal transmitted by the code must be as
small as possible. For efficient decoding, the space–time code
should have sufficient structure. A quick review of the existing
space–time coding schemes is presented in this paper which
shows that they all meet a few but not all of these desirable
properties.

In this paper, we propose a new class of codes called the low
PMEPR space–time (LPST) codes. These codes are shown to
satisfy all the requirements of space–time code design men-
tioned above. The LPST codes belong to the family of linear
dispersion codes based on information symbols drawn from a
finite constellation on the complex plane such as the quadrature
amplitude modulation (QAM) or the hexagonal constellation.
The LPST codes can be designed for any rate of symbols per
channel use with and are shown to possess full di-
versity. The performance of the LPST codes is identical to that
of the high-performance threaded algebraic space–time (TAST)
codes [1]. However, the PMEPR of the LPST codes is much
lower than that of the TAST codes. In fact, for a rate of
symbols per channel use, it is proved that the LPST codes actu-
ally exhibit the least possible PMEPR among all linear disper-
sion codes based on the same input constellation. For the case
of and being a power of , the LPST code only
transmits QAM information symbols in each position of the
space–time codeword, thus becoming an attractive readily im-
plementable code with existing hardware structures. For ,
the PMEPR with the LPST code is no greater than times the
PMEPR of the input constellation. Several interesting proper-
ties regarding the relative behavior of PMEPR for each antenna
with the LPST codes are presented here. The LPST codes can
also be decoded efficiently using the sphere-decoding algorithm
[2]. The LPST codes are obtained by exploiting the algebraic
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properties of certain algebraic number fields which were first
introduced for coding on fading channels in [3].

The proposed LPST codes also lend themselves to the process
of puncturing so that an increase in rate is obtained with a small
sacrifice in transmit diversity. The increase in rate is shown to
offer a significant performance improvement over the original
LPST scheme for moderate/reasonable range of the SNR and
high spectral efficiencies. The punctured LPST codes also in-
herit the low PMEPR advantage of the parent LPST codes.

This paper is organized as follows. The system model and the
associated definitions, such as diversity and PMEPR, are pre-
sented in Section II-A. A brief review of existing space–time
designs is presented in Section II-B. A detailed summary of the
contributions of this paper is provided in Section II-C. An in-
troduction to the required tools of algebraic number theory is
provided in Section II-D. The cyclotomic number fields used in
this paper are described in Section III. The rate one LPST codes
are introduced in Section IV. The general LPST codes of higher
rates are introduced in Section V. The merits of the puncturing
process are presented in Section VI. Numerical comparison of
the proposed LPST codes with TAST for specific examples are
described in detail in Section VII. The conclusions are summa-
rized in Section VIII.

II. PRELIMINARIES

A. Definitions

In the complex baseband model, let be the space–time code-
book of sized matrices. Each row of the codeword
corresponds to the signals transmitted on a particular antenna.
Let be the matrix of fading coefficients with indepen-
dent and identically distributed (i.i.d.) entries, where

denotes the complex normal distribution with mean
and variance . With the quasi-static assumption, the fading

matrix remains constant for the entire duration of the code-
word and changes independently across codewords. Let be
the matrix of noise samples with i.i.d. en-
tries. If is transmitted, then the received statistics are
given by

(1)

and the average received SNR is . The spectral ef-
ficiency of the transmission scheme in context is
bits per channel use (bpcu). It is assumed that the channel state
information, i.e., the matrix , is available at the receiver so
that the optimum decoding rule is

(2)

The diversity order for any decoding rule is defined as

SNR
where is the corresponding codeword error probability. It
was shown in [4] that the diversity order for the decoding rule
in (2) is times the transmit diversity, defined as the minimum
rank among the differences of any two distinct codewords in .
Thus, with an sized space–time codebook, the maximum
achievable diversity order is .

With any space–time code , the PMEPR for the th transmit
antenna, denoted by , is given by

(3)

where denotes the expectation over all codewords .
All the codewords are assumed to be equally likely. The defini-
tion of remains the same irrespective of the fading model and
the extent of channel state information known at the receiver.
Note that , as defined above, is invariant to a scaling of the
codebook by a constant. Hence, the PMEPR is independent of
SNR. Also, the formulation of PMEPR in this manner is more
meaningful than in [5] as we address the PMEPR for each an-
tenna separately.

It will be useful to also define the PMEPR of any multidi-
mensional complex vector valued constellation. For an -di-
mensional constellation , the PMEPR of the th coordinate is
given by

(4)

where denotes the expectation over all constellation points
.

A multidimensional constellation is said to exhibit full modu-
lation diversity (FMD) if any pair of distinct constellation points
differ in all the coordinates. The space–time codes considered in
this paper employ FMD complex constellations obtained from a
unitary transformation (i.e., rotation) of a vector of input infor-
mation symbols. Such special rotations were constructed using
the tools of algebraic number theory in [3], [6], [7]. A descrip-
tion of the relevant results of algebraic number theory used in
this paper will be summarized in Section II-D.

The symbol denotes a finite constellation of points in the
complex plane and will be one of two types, or , in this
paper. Let and . The constellations and
are obtained as

odd integers

odd integers

where the size is an even power of . The constellation is
just the standard -QAM constellation and is the hexagonal
constellation carved out of the lattice [8]. The average energy
of is denoted by and the constellation point in with
the maximum envelope by . The PMEPR of is given by

. In particular

and

The operator refers to the Kronecker product of two ma-
trices [9]. The -dimensional identity matrix is denoted by .
The symbol represents the floor function and the symbol

represents modulo operation of an integer with respect to
the integer . An matrix is a Hadamard matrix if
it consists of only and if .
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B. Existing Space–Time Designs

The design of space–time code should simultaneously ac-
count for several desirable properties. For good performance,
the space–time code should possess maximum diversity and
should also support high rates. For implementation advantage,
the space–time code should minimize the PMEPR for each
antenna. For decoding simplicity, the space–time codes should
have enough structure to enable the maximum-likelihood
decoding without performing an exhaustive search. In the
following, we mention some earlier works on space–time code
design and conclude that none of the existing codes meet all
the above mentioned criteria.

Early works on space–time coding schemes considered
coding over a long block length using the concepts of
trellis-coded modulation over finite alphabets such as QAM
and phase-shift keying (PSK) [4]. Even though good perfor-
mance and low values of PMEPR can be obtained with these
codes, such designs lead to very low rates and also incur large
decoding delays.

Short-length space–time codes were proposed in the form of
orthogonal designs in [10]. These space–time codes provide full
diversity and also low values of PMEPR because the code con-
sists only of the symbols of the input constellation and their con-
jugates. However, beyond , these codes suffer a loss in
rate in terms of the number of independent information symbols
sent by the codeword and, consequently, do not lead to good
performance.

The class of linear dispersion space–time codes proposed in
[11], [12] support much higher rates than the orthogonal designs
and are also efficiently decodable using the sphere-decoding al-
gorithm. In a linear dispersion code, the codewords are linear
combinations of matrices of size . The matrices are
referred to as the dispersion matrices. The coefficients of the
linear combination, also referred to as symbols, are drawn from
a finite constellation in the complex plane. The rate of the code
is defined to be symbols per channel use. The choice of dis-
persion matrices for good performance was made in [11], [12]
using a numerical search and did not provide any guarantee on
the diversity order or the resulting PMEPR.

The class of diagonal algebraic space–time (DAST) codes
[13] or equivalently the space–time linear constellation pre-
coding (ST-LCP) scheme [14] are a special case of linear
dispersion codes where the effective dispersion matrices are
obtained from algebraic means. These codes are obtained
by rotating a multidimensional QAM constellation using an
FMD generator matrix and transmitting the coordinates of the
resulting lattice point along the diagonal of the codeword. With

QAM information symbols on the diagonal, the DAST
codes achieve a rate of one symbol per channel use. The DAST
codes satisfy the full transmit diversity rank criterion [4] and
also provide a lower bound with respect to the minimum
determinant criterion [4]. However, the design of DAST codes
disregards the required constraints of low PMEPR.

The generalization of DAST codes for higher rates in terms of
symbols per channel use are presented in [1], [15]. The resulting

codes are referred to as the TAST codes. The TAST codes were
an extension of DAST in the sense that, to achieve a rate of
symbols per channel use, independent and nonoverlapping
layers of multidimensional FMD lattice points were threaded in
a matrix and scaled appropriately to ensure full transmit diver-
sity. Since the TAST codes essentially consist of several layers
of DAST codes, the TAST codes inherit the high PMEPR dis-
advantage of the DAST codes.

When is or a multiple of , it was suggested in [13]
to spread the DAST codewords using a Hadamard transform to
reduce the PMEPR without affecting the system performance.
For the TAST code corresponding to the special case of ,

, an example of Hadamard spreading to reduce the PMEPR
was provided in [1]. Nevertheless, the PMEPR even with the
Hadamard transform remains as high as that of the rotated QAM
constellation. Implicitly, a further reduction in the PMEPR of
the DAST or TAST codes was thought to be unavoidable. In
this paper, however, a class of algebraic codes is proposed that
exhibits a performance as good as that of the TAST codes and
yet does not suffer from the high values of PMEPR.

C. LPST Code Design Summary

In this work, we propose a new class of space–time codes
called the LPST codes. These LPST codes are an improvement
over the existing codes summarized above because they possess
all the desirable properties for a space–time code. The LPST
codes exhibit full transmit diversity and can be designed for high
rates in terms of symbols per channel use. The LPST codes are
also designed with the PMEPR constraints in mind. The PMEPR
obtained with the LPST codes is much lower than that of com-
peting codes with similar performance. The LPST codes are also
efficiently decodable using the sphere-decoding algorithm. Sev-
eral properties of the proposed LPST codes are investigated in
this paper and the key results are summarized as follows.

1. For a rate of one symbol per channel use, the LPST codes
only transmit information symbols from the QAM con-
stellation whenever is a power of .

2. It is proved that the PMEPR obtained for each antenna
with the LPST codes of rate one symbol per channel use
is the least possible among all possible linear dispersion
codes based on the same input constellation.

3. The performance of LPST codes is identical to that of
the TAST codes at any rate and for any given set of code
parameters.

4. We propose a generalization of the Hadamard spreading
to reduce the PMEPR of the TAST codes. In spite of this
improvement for the TAST codes, we prove that there ex-
ists a guaranteed rate of number of symbols per channel
use up to which the LPST codes exhibit a smaller PMEPR
compared to the TAST codes spread in the Hadamard
fashion.

5. For a rate of symbols per channel use, the PMEPR for
each antenna with the LPST code is no more than times
the PMEPR of the input constellation.
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6. With the LPST codes, the transmit antennas can be di-
vided into certain groups such that each antenna in a par-
ticular group exhibits the same PMEPR behavior with re-
spect to the code parameters.

7. The proposed LPST codes lend themselves to the process
of puncturing that leads to an increase in rate by sacri-
ficing the full transmit diversity of the code. The punc-
tured LPST codes are still decodable using the efficient
sphere-decoding algorithm and preserve the PMEPR ad-
vantage of the original LPST code.

While this paper was under review, a modified construction of
the TAST codes appeared in [5]. The codes in [5] are obtained by
modifying the TAST scheme so that for any , all the
layers in the code are filled but with only information symbols
in each layer. Although aiming to achieve similar objectives,
the codes proposed in [5] are different from the LPST codes
proposed in this paper in several aspects. The following points
compare and contrast some of the key results of this paper and
those of [5] and further reinforce the contribution of this work.

1. For the case of one symbol per channel use, both the LPST
codes and the modified TAST codes of [5] exhibit iden-
tical performance. Moreover, both achieve the least pos-
sible PMEPR among all linear codes. However, unlike
the code of [5], all the symbols transmitted by the LPST
code in this case are from the QAM constellation when-
ever is a power of , thereby avoiding any constellation
expansion.

2. As opposed to [5], the proof of optimality of PMEPR at
one symbol per channel use presented in this paper is
among general linear space–time codes irrespective of
any symmetry among the one-dimensional constellation
transmitted across space and time. Our formal proof
shows the need for assuming a certain structure on the
input information constellation, namely, if is the
maximum envelope point of the input constellation,
then is also a valid constellation point. Without
enforcing this constraint on the input constellation, the
claim of optimality of PMEPR among linear space–time
codes presented in [5] is incorrect. We note that this
constraint on the input constellation is indeed satisfied
by the QAM and hexagonal constellations carved from
the lattice. Our derivation is therefore not only more
general but also more rigorous than the argument given
in [5]. Also, the PMEPR with a space–time code is de-
fined in this paper with respect to each transmit antenna
and therefore provides a more detailed and practically
meaningful view compared to [5].

3. For rates beyond one symbol per channel use, the modi-
fied TAST scheme of [5] is obtained by using a smaller
number of input information symbols linearly combining
at any position as compared to the original TAST con-
struction of [1]. This is argued to be beneficial in reducing
the PMEPR but, except for some special cases, no formal
proof of this fact is provided in [5]. In this paper, we ex-
plicitly prove that with our construction of LPST codes,

there exists a guaranteed number of layers up to which the
PMEPR of LPST codes is necessarily smaller than that of
the TAST codes.

4. The modification of the TAST scheme in [5] does not pre-
serve the performance of the original TAST code. This
poorer performance of the modified TAST scheme is also
indicated by our numerical results in Section VII. The
PMEPR reduction in [5], therefore, occurs at the expense
of a loss in performance. On the other hand, the per-
formance of the LPST codes presented in this paper is
identical to that of the original TAST codes. Hence, the
PMEPR improvement is obtained without a loss in per-
formance using the LPST codes. An example comparing
the PMEPR and performance with the LPST and the mod-
ified TAST scheme of [5] is provided in Section VII.

5. For the tradeoff of diversity versus complexity presented
in [5], it is suggested that complexity reduction for a rect-
angular space–time code should be achieved by nulling
out some layers. However, this method increases the
PMEPR of the space–time code due to presence of zero
positions and an unnecessarily larger number of informa-
tion symbols combining in the remaining positions. We
show in this paper that the diversity versus complexity
tradeoff can be achieved without any significant increase
in PMEPR using punctured LPST codes.

D. Algebraic Number Theory

The essential facts of number theory required in this paper
are summarized here for the sake of reference. For the proofs of
the following results and a detailed study of algebraic number
theory, the reader is referred to [16], [17].

Let , , and be the field of rationals, reals, and complex
numbers, respectively. Let be the ring of rational integers and

the set of natural numbers. Let and be subfields of
such that . For any field , let denote the ring

of polynomials in with coefficients in .

• A number is said to be algebraic over if it
is a root of some polynomial in . Every number
algebraic over is a root of a unique monic irreducible
polynomial called the minimal polynomial

. The degree of is said to be the degree
of over . If , then is simply called an
algebraic number. An algebraic number is said to be an
algebraic integer if the coefficients of belong to

. The set of all algebraic integers in forms a ring .
• If all elements of are algebraic over , then is

called an algebraic extension of . If the extension is fi-
nite-dimensional, then the dimension, denoted by

is called the degree of over . A finite-dimen-
sional algebraic extension of is known as an algebraic
number field.

• If is a tower of finite-dimensional alge-
braic extensions, then

• If is algebraic over , then the smallest alge-
braic extension of containing is denoted by .
The extension is finite-dimensional with degree
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, say. A basis for
the extension is .

• Let be an algebraic extension of . A field isomor-
phism from to a subfield of is said to be an auto-
morphism if . The set of all automorphisms of
that keep the elements of fixed, forms a group called
the Galois group . The extension of

is said to be Galois if the set of all elements in that
remain invariant with respect to all the automorphisms in

is itself.
• The algebraic extension is normal if all

roots of are elements in . In this case, each
automorphism of is obtained by map-
ping to one of the roots of . For instance, let

and be
the roots of . Any element has the
unique representation , where ,

. The image of under the th automorphism
of is given by

The number will be referred to as the th conjugate
of .

• The algebraic number field is known as
the th cyclotomic number field. The degree of over
is , where , known as the Euler function of ,
is the number of natural numbers smaller than that are
coprime to . For instance, the fields and are
the cyclotomic fields and , respectively.

• If is even, then the only roots of unity in are the th
roots of unity. If is odd, then the only roots of unity in
are the th roots of unity. This result implies that
is a subfield of if and only if is a multiple of and

is a subfield of if and only if is a multiple of .
Moreover, for odd, .

• If is an algebraic number field of degree , then the
set is the ring of algebraic integers in .
There exists a basis called the
integral basis such that any element of has a
unique representation
with , . As an example, the algebraic
number fields and are of degree over . The
ring of Gaussian integers
is the ring of algebraic integers in . The set

is the ring of algebraic integers
in .

• Let , where is an algebraic
field extension of and is an algebraic integer. If

, then the elements are linearly
independent in over . Let be generated as

Then, the set forms a subring of .

III. SPECIAL ALGEBRAIC FIELDS

In this section, we introduce the notation for certain number-
theoretic tools that we use later for the development of the pro-
posed LPST codes. Consider the following two disjoint sets of
integers:

(5)

(6)

The algebraic number fields needed in this paper will depend
on whether or . However, to simplify the
presentation, a common notation will be followed for the two
cases described next.

1. : Define the element so that the alge-
braic number field contains as a subfield. The
degree

and the minimal polynomial of over is
, where the constant . More-

over, is a Galois extension of . Set ,
, and the finite constellation .

2. : In this case, define the element so
that the algebraic number field contains as a
subfield. The degree

and the minimal polynomial of over is
, where the constant

. Once again, is a Galois extension of .
Set , , and the finite constellation

.

The conjugates of in both cases above are given by
, , where . The

set forms a basis of the extension .
For the set of numbers , the element

is an algebraic integer in . Let each in-
formation symbol be chosen from the finite subset of .
Let be the conjugates of obtained by appli-
cation of the automorphisms of to . We then
have that

(7)

One can view the conjugates of as the coordinates of an
-dimensional complex constellation . This constellation is,

in fact, a rotation of the input constellation and exhibits full
modulation diversity [3]. The generator matrix of the rotated
constellation is , where

and is the inverse discrete Fourier transform (IDFT)
matrix given by
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Thus, . Let be the PMEPR for the th
coordinate of the rotated constellation .

IV. RATE ONE LOW PMEPR SPACE–TIME CODE

In this section, we consider space–time codes of rate one
symbol per channel use. The design of a new full diversity
space–time code that transmits information symbols from is
presented and the optimality of the resulting PMEPR is proved.

We begin by introducing an algebraic description of a par-
ticular DAST code obtained from the number fields chosen in
Section III. Let be the code that consists of
codewords of the form . This algebraic
representation of the DAST code is more useful for our purpose
as opposed to the generic construction in [13]. We now consider
space–time codes of the form

(8)

where and are fixed full-rank matrices normalized so that
the transmitted power is the same as that with and

. If the matrices and are unitary then the performance of
the code is exactly the same as that with and
[18], [19]. When and are identity matrices, the PMEPR of
the transmit antennas is given by (3) and (4) to be ,

. The factor of in appears due to the absence
of signal on the off-diagonal positions of the codeword. This
factor can be avoided if is a Hadamard dimension, i. e., or a
multiple of , by choosing and to be the normalized
Hadamard matrix [13]. The effect of the Hadamard

transform is to repeat a scaled version of the in the th
column. The PMEPR of the DAST code with the Hadamard
transform is

A closed-form expression for was obtained in [20] for
and is given by

(9)

Now, , .1 Thus, even with
the Hadamard transform, the PMEPR of all transmit antennas
is times more than the PMEPR of the QAM
constellation , a factor that grows almost linearly for large .
For , the are not even the same for each but one
can set , to get that

Hence,

where

Therefore, if and is a multiple of , then the
PMEPR with the Hadamard transform is at least a factor of
times the PMEPR of the input constellation . If and

1In fact, setting z = z , 1 � l � M , shows that � has to be at least �
as defined in (9).

is not a multiple of , then a Hadamard spread is not even
possible for the original DAST code.

A. A New Rate One Space–Time Code

In this subsection, a unitary spreading matrix is pre-
sented for such that by setting and

, the PMEPR for each transmit antenna becomes ex-
actly equal to the PMEPR of the input constellation , thereby
outperforming the Hadamard transform in this objective by at
least the factor mentioned earlier.

It is first noted that multiplication of by ,
, leads to an algebraic integer whose representation

in the basis is given by

Such a cyclic shift of the representation of and multiplication
by in the first positions is due to the special structure of

so that . Thus,

...
...

(10)

where the matrix formatting function is given by

(11)
The matrix representation of , as in (10), is an instance of a

well-known linear map of a number field to itself (see [16, Ch.
2, Problem 17]). Applying the automorphisms of to
(10) and compiling all the equations into a matrix notation,
we get that

(12)

If , then and we get from
(12) that

(13)

Thus, the conjugates are, in fact, the eigen-
values of the matrix . It can now be seen from
(13) and (8) that setting and leads to the
new space–time code which will be referred to
as the rate one LPST code.

For , all the entries of are elements
of the input -QAM constellation as multiplication of any point
in the square QAM constellation by leads to another
point in the same constellation . Hence, the proposed spread
for results in a space–time code that transmits only
QAM information symbols at the rate of one symbol per channel
use and the PMEPR for each antenna becomes equal to the
PMEPR of . This is an advantage over the modified TAST
scheme of [5] because there is no constellation expansion with
the proposed LPST code. For , multiplication of a
constellation point in by does not necessarily lead
to another constellation point in . Nevertheless, since ,
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the PMEPR for each antenna with the proposed spread is equal
to the PMEPR of . Therefore, there is no increase in PMEPR
of the new space–time code with respect to the input constella-
tion for any . Moreover, this has been achieved
without any change in the performance of the code since the ma-
trix is unitary.

B. PMEPR Optimality of

It is shown now that a space–time code that transmits only
information symbols from , as in , has the
smallest PMEPR for each transmit antenna among all codes
that transmit a linear combination of independent information
symbols from . The following proposition is valid for all
linear space–time codes, irrespective of their rate and transmit
diversity. For the definition of PMEPR to make sense, it is
assumed that each row of the codeword has at least one position
with not all coefficients of the linear combination being zero.
Each entry of the space–time code is a linear combination of
independent information symbols but the same information
symbol can occur in any number of entries.

Proposition 1: Let be a complex constellation with the
maximum envelope point satisfying . Then,
for all space–time codes that transmit linear combina-
tion of independent information symbols from in every posi-
tion, the PMEPR of any transmit antenna is lower-bounded by
the PMEPR of .

Proof: Consider the th transmit antenna with the
space–time code . For , let the signal ,

, be a linear combination of independent information
symbols from . Thus, we have

(14)

for nonzero complex numbers , . For the th
antenna, let the maximum of among all code-

words be obtained for some codeword and let the
maximum be attained in the position for some .
Let correspond to

where , for each , is a complex number de-
scribing the position of the maximizing symbol relative to

on the complex plane. We then have that

(15)

We also have that

(16)

By the definition of and , we get that the PMEPR is

(17)

We now show that the quantity implicitly defined in (17) is
greater than or equal to .

By definition of , , and the fact that ,
we can conclude that the quantity is greater

than for all and any choice of
the variables , . Now fix a

between and . The average of over all

, is smaller than be-
cause the expected value of a positive random variable is always
smaller than an upper bound for the random variable. Hence,

(18)

using the fact that the first and second moments of the symbols
in are and , respectively. By adding the inequalities in
(18) for all , we get that is at least . Thus, and
we conclude the proof.

Corollary 1: The proposed code is optimal
with respect to PMEPR among all linear space–time codes
over .

Proof: The input information constellation of the linear
code is either or and hence satisfies the
condition of Proposition 1. Furthermore, the PMEPR for each
antenna with the code meets the lower bound of
Proposition 1.

Proposition 1 and Corollary 1 provide a rigorous proof of the
fact that the PMEPR with any general linear space–time code
is lower-bounded by the PMEPR of the input information con-
stellation and therefore the code is optimal with
respect to PMEPR. The proof makes explicit use of the fact that
the maximum envelope point in the input information con-
stellation is such that . This fact is conveniently
satisfied by both and constellations. It can be shown easily
that there exists an input constellation and an associated linear
space–time code such that the PMEPR of the linear code is
smaller than that of the input constellation. However, such an
input constellation must necessarily satisfy .

V. HIGH-RATE LOW PMEPR SPACE–TIME CODES

In this section, we consider the design of higher rate LPST
codes and study their properties. The proposed LPST codes are
shown to achieve full diversity, high number of symbols per
channel use, low values of PMEPR, and also admit efficient de-
coding. The development of LPST codes in this section is orga-
nized as follows. We first introduce a compact and analytically
useful representation of the TAST codes which aids the alge-
braic development of the LPST codes. A generalization of the
Hadamard spreading scheme to reduce the PMEPR of the TAST
codes is proposed. Subsequently, the construction of high-rate
LPST codes is presented and the PMEPR advantage over the
Hadamard spread of the TAST codes is proved. Several proper-
ties of the PMEPR with the LPST codes are then explored. Fi-
nally, the performance of the LPST codes is discussed and the
decoding strategy at the receiver is presented.

The -layer TAST code, denoted by , consists of
independent DAST codes arranged in nonoverlapping layers.
However, we present here a more useful representation of the



1698 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 51, NO. 5, MAY 2005

-layer TAST code as a sum of permuted DAST codes. Let
be the vector of

information symbols from the input constellation , where
. The algebraic integer corresponding to the infor-

mation symbols of the th layer is given by

(19)

We introduce the following representation of the -layer TAST
code:

(20)

where the -dimensional permutation matrix is given by

and . The constants , known as the
Diophantine numbers for the layers, are critical in ensuring
full transmit diversity of the TAST code and their choice will be
discussed at the end of this subsection. However, for the sake of
PMEPR computation in general, no restrictions are imposed on
the .

The PMEPR of the th antenna with the -layer TAST code
is given by

(21)

where we have used the fact that is the same for all
.

Consider first the case for . In this case, the expres-
sion for simplifies to

(22)

where the constant is the PMEPR of the rotated constellation
, as defined in (9). The quantity in brackets in (22) is always

greater than thus providing a lower bound on . If
and , , then , .

We now propose a simple modification of the TAST code
based on Hadamard transform to provide a baseline for compar-
ison of the LPST codes to be constructed later. When ,
it is possible to spread the TAST code for layers by
Hadamard sequences, while preserving the performance, so that
the PMEPR is reduced. Specifically, this is achieved by using
the modified codebook

(23)

where is the smallest integer greater than or equal to such
that is a Hadamard dimension. The PMEPR of the TAST
code spread in the Hadamard fashion is smaller than the expres-
sion in (22) by a factor of . Clearly, the Hadamard spread
is not possible if , thereby exposing the limitation
of this spreading scheme (we set if ). The

smallest value of PMEPR is obtained when itself is equal
to or a multiple of . A particular example of such a spread
was provided in [1] where for , , the code re-
sults in . In any case, we have the following lower bounds
on the PMEPR of the TAST code with the Hadamard spread of
(23) for :

(24)

When , knowledge of the magnitudes of is re-
quired to separate the terms in the maximization in (21) be-
cause varies with . Consequently, we will resort to numer-
ical evaluation of the for later on. Again, the
spread of the TAST code by Hadamard sequences is possible
for if .

For a rate greater than bpcu, it is not possible to obtain
a full diversity spreaded version of the TAST code that transmits
only -QAM information symbols [4, Corollary 3.3.1]. We can,
however, find a code equivalent to that has a PMEPR
smaller than when and . Moreover,
this reduction in PMEPR is possible for more values of than

, as in the Hadamard spread.

A. Low PMEPR Space–Time Code Construction

The main idea is to apply the spreading as in (13) to the
TAST code in (20) so that the performance remains unaffected.
First, the product is expressed in a convenient form
using the structure of the IDFT matrix . We have that

and so, if we set

then

(25)

(26)

Hence, applying the spreading to the TAST codeword in
(20), we get from (26) and (13) that

(27)

(28)

where the formatter is the same as that in (11). The new code
given by (28) is the general rate symbols per channel

use LPST code. The justification for the low PMEPR part of the
nomenclature will be provided in Section V-B. As an example,
the LPST code for and is given by the equation
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at the bottom of the page, where the Diophantine numbers are
.

In general, the element of is given by

(29)

where the term if and if . Thus,
every antenna transmits a linear combination of independent
information symbols from in each time slot.

B. PMEPR Properties of LPST Codes

The improved PMEPR properties of the code are
shown next. As before, the average energy of is and

is one of the points in with the maximum enve-
lope. The average power of the signal on any transmit antenna
is . The PMEPR for the th antenna
with the code is obtained from (29) as

(30)

(31)

where we have simplified with the fact that for a fixed , the
maximum of among all codewords is independent of
. Also, the set of information symbols are independently

chosen from .

Proposition 2: The PMEPR with the space–time
code for is upper-bounded as

(32)

Proof: For any position in the code, application of
the Cauchy–Schwartz inequality in (29) gives

Hence, we have an upper bound, independent of , for the
peak envelope power for any transmit antenna. The PMEPR for
the new code is now upper-bounded by the ratio of the upper
bound on the peak power to the average power . Hence,

(33)

For a given , the upper bound of Proposition 2 on the
PMEPR of all transmit antennas depends only on . Thus,
with the choice of so that the upper bound to the PMEPR

TABLE I
VALUES OF L

of the LPST code is less than a lower bound on the PMEPR
of the TAST code, our construction will necessarily result in
a reduction of PMEPR for all the transmit antennas. Such a
guarantee on the number of layers is obtained for
from the lower bound on the PMEPR of the TAST code in (24)
and is presented in the next proposition.

Proposition 3: For and a fixed , the -layer LPST
code necessarily has a smaller PMEPR than that ob-
tained with a Hadamard spread of the TAST code if

(34)

Proof: See Appendix A.

The values of for a few values of are shown in
Table I. It is seen from Table I that the reduction of PMEPR can
be obtained for large values of . The new code actually
exploits the absence of some layers to make the PMEPR smaller
than that of the rotation . This is because the LPST code trans-
mits a linear combination of only information symbols as op-
posed to symbols in the original TAST code. This is unlike
the spreading by Hadamard sequences, as in , where the
spreaded code continues to transmit a linear combination of
information symbols even if . For , it can be seen
from Table I that our construction leads to PMPER reduction for

also, whereas a spread of by Hadamard sequences
is not possible. Note that the condition would be neces-
sary, for instance, when , in which case one has to use

layers to employ the efficient sphere decoding
algorithm.

The PMEPR of the modified TAST scheme in [5] was also
shown to be upper-bounded by times the PMEPR of the input
constellation. However, it was not proved therein whether the
actual PMEPR is indeed smaller than that of the original TAST
construction of [1]. On the other hand, Proposition 3 here explic-
itly proves the advantage of using fewer information symbols
for the linear combination at each position of the LPST code.
Furthermore, the LPST codes achieve the upper bound on the
PMEPR without affecting the performance of the TAST code.
This is unlike the modified TAST scheme of [5] which actually
pays a price in terms of performance as shown in Sections V-C
and VII.
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Note that for , the code is the same as the
rate one LPST code of Section IV leading to
a PMEPR equal to that of for all antennas. If , the
PMEPR of the transmit antennas depends on the Diophantine
numbers and can also vary across the transmit antennas. In order
to compute the exact value of PMEPR given by (31), one needs
to compute the maximum amplitude of a linear combination of
symbols from . The computation of the PMEPR is greatly sim-
plified due to the following lemma which implies that finding
the maximum amplitude of a linear combination of informa-
tion symbols from the or constellation only requires
hypothesis tests rather than tests required by an exhaustive
search.

Lemma 1: Let be arbitrary nonzero complex
numbers. Define the functions and by

(35)

(36)

Then, is maximized only when

where is the maximum envelope point in . Also,
is maximized only when

where is the maximum envelope constellation point in .
Proof: For any point in or , let and be

the odd integers such that if and
if . The functions and

are positive quadratics in each of the variables
and , . The maxima of and are attained

only when each of and , , assume either
of their extremum values. The result of the proposition follows
since all possible choices of the extremum values of and

give rise to valid constellation points enumerated in
and for and , respectively.

Further simplification in the computation of PMEPR can be
obtained using the following lemma which notes that multipli-
cation of the coefficients of a linear combination of informa-
tion symbols from does not change the resulting maximum
amplitude.

Lemma 2: Let be arbitrary nonzero complex
numbers. Define the function by

(37)

Then, for , ,
.

Proof: Let and
correspond to the maximum in the objective functions for

and , respectively. Note that

and . Thus, we
get that

(38)

Similarly

(39)
From (38) and (39), we get that

.

For a fixed set of Diophantine numbers and ,
Lemma 2 leads to the the following proposition which states
that some of the antennas exhibit the same PMEPR with the
LPST code.

Proposition 4: For any and , the
transmit antennas can be partitioned into disjoint groups so
that every antenna in the same group exhibits the same PMEPR
with the LPST code. For , both the transmit antennas
have the same PMEPR.

Proof: If the index of a particular antenna is , then the
antenna with the index for and with
the index for also gives the same maximum
absolute value of in (29) due to Lemma 2. The
average power for all transmit antennas is the same. Thus, for

there are four antennas in the same group with the same
PMEPR and there are such groups. Similarly, for ,
both the antennas have the same PMEPR.

It is proved next that the PMEPR of a particular transmit an-
tenna with the LPST codes strictly increases with the number
of layers in the code if the size of the constellation is kept
fixed.

Proposition 5: For a fixed , constellation size and
, , the PMEPR for each antenna with LPST codes is

a strictly increasing function of .
Proof: See Appendix B.

In Section V-C, we shall consider the restriction of the
Diophantine numbers to the form

for a given complex number . This parameterization simplifies
the problem of coding gain maximization with the TAST and
LPST codes. If , then the PMEPR of the TAST code, as
in (22), is necessarily greater than the PMEPR of the inherent
rotation. For the purpose of illustration, we constrain ,
for . In this case, the PMEPR of the original TAST
code is independent of . However, with the LPST code, the

depends on and this warrants an optimum selection of
that leads to the least PMEPR, while preserving the diversity
advantage of the code. Henceforth, we use to denote the
PMEPR of the th antenna for a particular choice of . The
behavior of the PMEPR with respect to is generalized in the
following proposition.

Proposition 6: For any ,
with the LPST code.
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Proof: Replacing by leads to a multiplica-
tion by for the coefficients of the linear combination in (29).
Hence, by Lemma 2, the maximum of remains
unchanged. Since , the average power for any transmitter
also remains unchanged and thus the result of the proposition
follows.

C. Performance of LPST Codes

The performance of the LPST codes and the TAST codes are
identical for a given rate and a given set of Diophantine num-
bers. The advantage of the LPST codes is that for ,

and the choice of that optimizes the coding
gain of , the corresponding LPST code also
enjoys the same performance but at a lower PMEPR for the
transmit antennas. Numerical computation for
in Section VII also leads to a similar conclusion for the PMEPR
with the LPST code. In this subsection, we draw comparisons
of the performance of the LPST codes with those of the modi-
fied TAST codes of [5]. By computing the exponents of a lower
bound on the coding gain, we argue that the modified TAST
codes actually reduce the PMEPR at the expense of a loss in
performance compared to the original TAST code. The LPST
codes, on the other hand, achieve both low values of PMEPR
and good performance simultaneously.

The selection of to guarantee full transmit diversity of
the TAST codes is nontrivial in general with no imposed con-
straints on the Diophantine numbers. Hence, it was suggested
in [1] to parameterize all the Diophantine numbers with a single
Diophantine number as .
With this structure, full transmit diversity is readily obtained by
choosing such that the set is algebraically
independent over the number field containing the elements of
the rotation for each layer (see [1, Theorems 1 and 2]). The ef-
fective degree of the number field containing and the rotation
elements is . The exponent of the lower bound2 in [1, The-
orem 3] becomes proportional to . In the mod-
ified TAST scheme of [5], there exist layers each containing

independent information symbols. Therefore, the code in [5]
requires Diophantine numbers, namely,

. Full diversity is now obtained by choosing
to be independent over the new rotated ele-

ments of each layer. The exponent of a lower bound similar to
the one given by [1, Theorem 3] now becomes proportional to

if does not divide or
if divides . In any case, this exponent is larger than that
for the original TAST code, thereby suggesting a reduction in
coding gain with the modified TAST scheme of [5]. The LPST
codes, on the other hand, are obtained from unitary transforma-
tions of the original TAST codes and, therefore, preserve the
exact performance of these codes.

We also highlight another difference between the LPST codes
and the modified TAST codes for the special case of
symbols per channel use. It was shown in [1] that full diversity
of the TAST code with can be guaranteed by choosing

2The factorm in [1, Theorem 3] should actually bem�1 as can be checked
using [1, Theorem 8].

the Diophantine number to have degree just over the com-
plex rationals. This leads to an improvement in the coding gain
compared to the general guideline for choosing the Diophantine
number. Thus, the LPST code having a performance identical to
that of the TAST code can also benefit from this simplification.
However, this simplification is no longer possible with the mod-
ified TAST scheme of [5].

D. Decoding of LPST Codes

The decoding of the LPST codes is discussed now. The rate
one code of Section IV is a special case of the LPST codes
introduced in this section and, hence, its decoding is similar.
The received statistic for the code is given by

(40)

where the entries of are also i.i.d. . Equation (40)
serves to demonstrate that the performance of the spreaded code
is exactly the same as that of because the modified
fading coefficients are also i.i.d. and [19]. One
may argue that the LPST code can be decoded as in [1] with
replaced by and the received signal matrix by . How-
ever, the multiplication by is not necessary and only a re-
arrangement of the columns of is required for the equivalent
channel matrix seen by the decoder. Referring to (28) we see
that

say

Denote the th column of by and define the effective

channel matrix seen by the information symbols of the th
layer by

(41)

Let the operator stack the columns of a matrix one below
the other so that

(42)

The information symbol vector can now be de-
coded using the sphere decoder [2], with being the effective

size channel.3 For , the sphere decoder is of
polynomial complexity in the number of information symbols.

3For M 2 M , the effective generator matrix in the real representation of
the sphere decoder should be multiplied by

III III

000 III

for both TAST and LPST codes.
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If , then the generalized sphere-decoding algorithm [21]
can be employed which has a complexity roughly exponential
in .

We note that the average complexity of the sphere decoder
being polynomial in the number of information symbols has
been explicitly proved only for the special case of the vector
model , where is an matrix
of i.i.d. Gaussian elements and consists of i.i.d. Gaussian noise
elements [22]. In practice, however, the expected complexity of
the sphere decoder is much smaller than an exhaustive search
for several other scenarios as well, such as the space–time model
described above, and appears to be polynomial in the number of
information symbols [1], [2], [23], [24] (whenever ).
In this paper, polynomial complexity of the sphere decoder es-
sentially means that the number of information symbols is not
more than the number of available equations and that the effec-
tive channel matrix has full rank with probability one. The max-
imum-likelihood decoding in such cases using the sphere de-
coder is far more efficient than performing an exhaustive search.

VI. PUNCTURED LPST CODES

In addition to the reduced PMEPR property, we show that
punctured LPST codes can significantly improve upon the per-
formance of the corresponding -layer TAST codes (for

) for moderate/reasonable SNRs by sacrificing diversity for
rate.

Proposition 7: For the -layer LPST code with
, consider the punctured space–time code of size

, , obtained by deleting any
columns of all codewords in and denoted by .
Then, the punctured code

• has a transmit diversity of ,
• a rate of symbols per channel use,
• the th antenna PMEPR equal to that of the original

code for each ,
• and is decodable with polynomial complexity using the

sphere decoder.
Proof: The columns in the difference of any two code-

words in the full transmit diversity code are linearly
independent. Therefore, the columns in the difference of any
two codewords in are linearly independent, leading to
a transmit diversity of . The first column of consists
of independent information symbols from that fix the en-
tire codeword. Hence, the rate is information symbols per
channel use. Moreover, the maximum value of
for any is independent of , as seen from (29). Hence, the
PMEPR remains the same as that of irrespective of
the number of columns deleted from . Finally,
lends itself to polynomial-time sphere decoding since
and and the size of the effective channel in the linear
model is (note that the received statistics for the

code are simply the first entries in (42)).4

4The original TAST code does not lead to polynomial-time sphere decoding
by the puncturing mechanism for any value of L.

In the special case , the puncturing process leads to
a code with the full rate of symbols per channel use. As an
example, the punctured code is obtained from (28) as

(43)

where , , , .
In comparing the -layer TAST code with the punctured,

full-rate LPST code at a given spectral efficiency, the
information symbol constellation for the latter would be smaller
than that for the -layer TAST code. As shown in Section VII,
this manifests a significant improvement in the performance of
the punctured LPST code compared to the -layer TAST code
at moderate values of SNR.

The punctured LPST code with offers an attrac-
tive scheme for transmission of information symbols from

in every channel use. The simple uncoded Bell Labs layered
space–time (BLAST) scheme [25] transmits at the full rate of
symbols per channel use but exhibits a transmit diversity of only

. The full layer TAST code transmits at the rate of
symbols per channel use and exhibits a transmit diversity of
but requires the extreme complexity of the sized sphere de-
coder. The punctured LPST codes offer everything in between;
higher transmit diversity relative to the uncoded BLAST scheme
and reduced complexity relative to the full-layer TAST scheme.

We next compare the proposed punctured LPST codes with
the reduced diversity space–time constellations in [5]. Suppose
a transmit diversity order of is required with a
sphere decoder complexity of complex dimensions. If

, then one writes , where
and . It was suggested in [5] to delete

the last threads and information symbols from another
thread in the modified TAST scheme to achieve the required di-
versity order with the imposed restriction on complexity. How-
ever, deleting some threads in the code leads to an increase in
PMEPR due to the zero symbols in the code matrix and an un-
necessarily large number of symbols that combine linearly at
some of the nonzero positions. Now, if is a multiple of ,
then the proposed punctured LPST code with the values ,

also meets the required diversity order and complexity
constraints but there are no zero symbols in the resulting code
matrix and the number of symbols that combine linearly at the
nonzero positions is . Hence, we see
that complexity reduction at reduced diversity orders can also be
achieved in a manner that simultaneously reduces the PMEPR
for each antenna.

VII. NUMERICAL RESULTS

The LPST codes constructed in the previous sections were
shown to be promising in terms of PMEPR reduction and rate
enhancement by puncturing. In this section, specific examples
of the LPST codes are discussed. The Diophantine numbers in
all the examples are chosen to be , , with

, . Thus, the PMEPR will be denoted by to
explicitly represent the dependence on .
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Fig. 1. PMEPR reduction forM = 4.

A. PMEPR Comparisons

The examples in this section demonstrate the PMEPR reduc-
tion obtained with the full diversity LPST codes compared to
the Hadamard spread of the TAST codes. The reader is referred
to (31) for the exact expression of PMEPR of the th transmit
antenna with the LPST code.

1) , : In this example, we get from (31)
and Lemma 2 that for

(44)

Since the expression for does not depend on , all transmit
antennas have the same PMEPR. The PMEPR is also periodic in

with a period of . For this range of , a plot of the variability
of the PMEPR of all transmit antennas with respect to for

is shown in Fig. 1 for -QAM information symbols.
The PMEPR of the original TAST code for spread with
the Hadamard sequence for is also shown in the
figure. Since a Hadamard spread of this TAST code with
is not possible, the corresponding PMEPR is times higher
as shown in the figure.

Notice the significant reduction in PMEPR for the -layer
LPST code with respect to the -layer TAST code at the same
information symbol constellation size. With a single layer

, results in a PMEPR saving of 5.2 dB. For , the
LPST code can result in PMEPR savings from 2.2 to 2.8 dB,
depending on the choice of , compared to . For ,
the PMEPR savings range from 1.6 to 2.5 dB depending on the
choice of .

The coding gain of the TAST code depends on the choice of
. Even so, for and the that minimizes the error

probability, the LPST code will exhibit a much smaller PMEPR
and will also enjoy the same performance as the corresponding
TAST code.

Note that the constellation size is fixed in Fig. 1. As proved
in Proposition 5, the PMEPR shown in Fig. 1 does strictly in-
crease with . The PMEPR with any other square QAM
constellation of size can be obtained by multiplying
with the ratio of the PMEPR of the QAM constellation of size
to the PMEPR of the QAM constellation of size . This is useful
for comparing the PMEPR of the LPST or the TAST codes with
different number of layers at the same spectral efficiency.

2) , : The PMEPR of the th transmit
antenna, , in this case, is given by (31)

(45)
Thus, for a fixed , has a period of with respect to .
Also, there are two disjoint groups of antennas that exhibit the
same PMEPR as a function of . The two groups of antennas
correspond to the odd and even values of . A plot of the PMEPR
of the spreaded code for and 4-QAM is shown
in Fig. 2. The set of increasing solid lines correspond to one
of the two groups of antennas for increasing as shown. The
set of increasing dotted lines corresponds to the other group for
increasing .

For a given , we refer to the maximum of the solid and dotted
curves corresponding to the two groups of antennas as the
curve. Using , one can determine the range for so that
the PMEPR for all the transmit antennas is less than a required
threshold.

The minima of curve occurring at a certain re-
flects the potential savings in PMEPR achievable with the LPST
code compared to the TAST code with the Hadamard spread as
shown in the figure. The corresponding PMEPR gains with the
LPST code at are tabulated in Table II for .

For , the LPST code has a PMEPR of for all transmit
antennas since the -QAM constellation results in a constant
envelope space–time code in this case.
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Fig. 2. PMEPR reduction forM = 8.

TABLE II
POTENTIAL PMEPR SAVINGS WITH L

3) , : The three-dimensional complex
rotated constellation has different values of PMEPR for each
coordinate. For the input constellation with sym-
bols, we perform an exhaustive search to get that ,

, and . Consequently, we have the fol-
lowing expressions for PMEPR of all the transmit antennas in
the original TAST code

The PMEPR with the LPST code for is equal to for
all transmit antennas. For and , the expression

(46)

gives the PMEPR of the LPST code.
In Fig. 3, only the curve for ,

, is shown for the LPST code. The range for is
chosen to be as one can verify, with the help of proof of
Lemma 2, that the PMEPR of the LPST code is periodic in
with a period of at most . The figure also shows the PMEPR
of the original TAST code for comparison.

Fig. 3. PMEPR reduction forM = 3.

It is clear from the figure that for all values of , the PMEPR
with the LPST code is smaller than that of TAST for and

. Interestingly, even for , there exists a range for
wherein the PMEPR of the LPST code is smaller than that of

the corresponding TAST code.

B. Performance Comparisons

The code and the -layer TAST code have identical
performance. We show here that at high spectral efficiencies, the
punctured LPST code outperforms the -layer TAST
code for and moderate values of SNR. However,
we also show that, at low spectral efficiencies, the reduced di-
versity code suffers a loss in performance compared to
the full diversity code.
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Fig. 4. Performance comparison forM = N = 3, R = 12 bpcu.

For the following examples, the fading channel is assumed to
be fixed for a frame length of time slots and each such frame
is formed by concatenation of independent smaller space–time
block codes that have been discussed in this paper. The perfor-
mance is measured with respect to the frame error probability.
The Diophantine number is chosen to be unless stated
otherwise.

1) , , bpcu: In this example,
the two TAST codes for and provide a transmit
diversity of . The punctured LPST code given in (43)
provides a transmit diversity of whereas the uncoded BLAST
scheme exhibits a transmit diversity of 1. The performance of
these schemes are shown in Fig. 4.

While the diversity advantage of the two-layer TAST code
compared to BLAST appears only at the end of the SNR region
shown in Fig. 4, the reduced diversity punctured LPST code
offers an improvement over the BLAST scheme for all values
of SNR shown. Note the effect of the two superior properties
of the punctured LPST code—a higher rate compared to the
two-layer TAST code and a higher diversity compared to the
BLAST scheme. The punctured LPST code, therefore, offers a
better alternative to reducing the complexity of the three-layer
TAST code than reducing the number of layers to two.

2) , , bpcu: In Fig. 5, the
performance of the TAST codes for and are com-
pared with the BLAST scheme, all at the same spectral effi-
ciency of bpcu. In spite of the high transmit diver-
sity, the reduced-layer TAST codes perform poorly compared
to the full-rate BLAST scheme. Therefore, the corresponding
LPST codes and are not particularly useful either.
For such high spectral efficiencies, the punctured LPST codes

and serve the purpose of increasing the rate com-
pared to the reduced layer TAST codes and their performance is
also shown in Fig. 5. The code is obtained by puncturing
the second and fourth columns of and the code is
obtained by puncturing the fourth column of . Both the

punctured schemes outperform the BLAST scheme in the range
of SNR shown.

The PMEPR for each antenna with BLAST, , ,
and the full-layer TAST schemes are 3.6736, 6.6731, 8.4057,
and 8.8442 dB, respectively. The size of the sphere decoder re-
quired for these schemes are and , respectively. Both
the PMEPR and the decoding complexities increase with a de-
crease in error probability. However, note the almost similar per-
formance of the and the codes. The code is,
therefore, a better choice than the code due to both lower
PMEPR and lower complexity.

3) , , , bpcu: In this example,
we compare the construction of the modified TAST scheme with
the LPST code. For the modified TAST scheme, we use the code

presented in [5] wherein the Diophantine number
was found to achieve a local optimum of the coding gain

with the -QAM constellation. The LPST code is used
for comparison with this code with the Diophantine number

.
The performance of these two codes are shown in Fig. 6.

The LPST code has the same performance as the original TAST
scheme of [1]. However, the modified TAST scheme is
almost 0.5 dB worse in performance at the highest SNR shown.
The PMEPR with the and the codes are 2.32 and
2.99 dB, respectively. Thus, even though the has a slightly
smaller PMEPR than , its performance is poorer compared
to the code. Interestingly, by examining Fig. 5, we see that
the PMEPR of the code can be made smaller by choosing

to be , for instance. With this value of , the PMEPR
of becomes 2.35 dB and its performance, also shown in
Fig. 6, is actually slightly better than with . Thus,
the LPST framework provides both good performance and low
PMEPR in this example simultaneously.

4) , , bpcu: This example
shows that the reduced diversity of the punctured LPST codes
can be disadvantageous at low spectral efficiencies. In Fig. 7,
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Fig. 5. Performance comparison forM = N = 4, R = 24 bpcu.

Fig. 6. Performance comparison for M = 4, N = 2, R = 4 bpcu.

the performance of the code is compared with the
code. The lower diversity of the code compared to the

code causes a significant loss in performance.
Interestingly, the performances of the code and the full-

layer TAST code are similar. The size of the sphere decoder
in the equivalent real representation is the same for these two
codes because the full-layer TAST code employs the real binary
phase-shift keying (BPSK) constellation. Since the BPSK signal
set is not a square QAM constellation, the PMEPR with the
full-layer TAST has to be explicitly evaluated and is equal to
5.1644 dB for each antenna. The PMEPR with the code
is only 2.99 dB. Thus, the smaller PMEPR of the code
makes it a better choice than the full-layer TAST code in this
example.

VIII. CONCLUSION

The problem of designing high-rate and maximal diver-
sity space–time codes with low PMEPR was addressed. The
principal means of obtaining the LPST codes proposed in
this paper is premultiplication and postmultiplication of a
high-performance space–time code by suitable unitary matrices
of appropriate sizes. Without sacrificing the performance of
the original code, the PMEPR was proved to be necessarily
reduced in most cases. The proposed spreading schemes were
presented for both DAST and TAST codes.

It was shown that the DAST codes that employ the optimal
complex rotation obtained from cyclotomic number fields, as in
[3], can be spread so that every antenna exhibits a PMEPR equal
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Fig. 7. Performance comparison forM = N = 4, R = 4 bpcu.

to the PMEPR of the input constellation, namely, a finite subset
of either the Gaussian integers or the lattice. The spreading
matrix for DAST can also be applied to the TAST code for
the quasi-static channel, wherein the PMEPR becomes smaller
than that of the inherent rotation for several possible numbers
of layers of the code.

It was noted that the PMEPR of the proposed LPST codes
depends on the Diophantine number required in the construc-
tion of TAST codes. Nevertheless, there exists a guarantee on
the number of layers for which any choice of the Diophantine
number will result in a smaller PMEPR of the LPST codes com-
pared to the TAST codes. Hence, an independent search for
the Diophantine number that maximizes the coding gain of the
TAST code will also lead to an equally good performance of the
LPST code and at a smaller PMEPR.

The spreading scheme proposed in this paper is the key to
obtaining punctured LPST codes that provide higher rate at the
cost of reduced transmit diversity. The polynomial-time sphere
decoding algorithm remains applicable even for the decoding
of the punctured LPST codes. For high spectral efficiencies, the
higher rate of the punctured LPST code leads to a smaller input
information constellation compared to the corresponding TAST
code, thereby, causing both a reduction in PMEPR and an im-
provement in performance.

APPENDIX A
PROOF OF PROPOSITION 3

When the upper bound on the PMEPR of LPST codes as in
Proposition 2 is set to be smaller than the weaker lower bound
on the PMEPR of TAST code given in (24), we get

(47)

Since , , we have that and thus
the number of layers for the guaranteed reduction of PMEPR is

at least . For , and comparison of the tighter
lower bound in (24) with the upper bound on the PMEPR of the
LPST code gives

(48)

for the LPST codes to have a smaller PMEPR than TAST. The
ratio of the argument of the floor function in (48) to that in (47)
is , where

By the monotonicity of the function in the interval ,
the ratio under consideration is greater than for . There-
fore, and up to layers lead to smaller PMEPR
for the LPST code compared to the TAST code.

APPENDIX B
PROOF OF PROPOSITION 5

For , let the function be given by

(49)

We must show that , . Fix an
between and . From Lemma 1, let the maxima of be
obtained by ,
where each .

Then, , where

(50)
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Now, a lower bound on will be found and shown to
be greater than . Let . Then

The inequality is obtained by substituting the particular
values of . It is
now noted that a certain can always be chosen such that
the real part of is greater than . This is
because the angle of the nonzero complex number can
be changed by , , or by an appropriate choice of .
Hence, we get that

(51)

If we take the difference of the lower bound on in
(51) and , we get

(52)

(53)

Application of the triangle inequality in (50) shows that
and, thus, always lies between the roots of quadratic in

(53). Hence, the term in (53) is positive and we get that
. Hence, is an increasing function in .
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