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Abstract
A two user cooperation strategy based on QAM infor-

mation symbols, known as the self-iniformation canceling
linear (SCL) schente, was recently proposed by the authors.
The SCL scheme achieves the full diversity order of 2 and
thefull multiplexing gain of 1 inherent in the system. How-
ever, the diversity versus multiplexing gain tradeoff(DMT)
ofthe SCL scheme was not shown to be optimal. In thefirst
part of this work, we propose a new two user cooperation
strategy that achieves the optimal DMT curve for the two
user cooperative diversity system. This scheme is obtained
by a suitable modification ofthe original SCL scheme. The
modified SCL scheme is also a practical cooperation strat-
egy based on QAM iniformation symbols and the present
analysis accounts for the inter-user communications er-
rors. The modified SCL scheme is, thus, established as
a specific coding scheme to achieve the information theo-
retic limits within the DMTframework. In the second part
of this work, we generalize the original SCL scheme to the
case ofm users for any m > 2. The generalization leads
to a practical multiuser cooperative scheme based on QAM
symbols that provides thefull diversity order ofm, fair rate
allocation among the users and potentialfor achieving the
full multiplexing gain.

1 Introduction
Multiuser cooperation strategies have recently appeared

as a way to increase the reliability of the information of
several users that attempt to communicate to a destination
over a wireless channel. We assume here that all users
and the destination are equipped with only one antenna.
In recent works by the authors [1, 2], practical coopera-
tive coding schemes based on quadrature amplitude mod-
ulation (QAM) symbols have been proposed and their di-
versity order analysis have been performed. The analy-
sis accounts for the inter-user communication errors in a
systematic manner. The diversity order analysis of these
schemes for fixed rate was performed in [I]. The diver-
sity order for the rate of the QAM constellation increasing
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with the signal-to-noise ratio (SNR), referred to as a diver-
sity versus multiplexing gain tradeoff (DMT) analysis, was
performed in [2].
A two user cooperative strategy known as the self-

information canceling linear (SCL) scheme was proposed
in [ 1 ] and proved to have the maximum diversity order of 2
for a fixed rate. A DMT analysis of this scheme done in [2]
showed that the SCL scheme also achieved the maximum
multiplexing gain of 1 inherent in the system. However,
the DMT curve was not shown to be the best possible.

The first major contribution of this work is a modifica-
tion of the SCL scheme which allows it to achieves the op-
timal DMT curve. In the SCL scheme of [ 1], when the two
users cooperate, they transmit a linear combination of their
information symbol and an estimate of the other user's in-
formation from the previous time slot. In the modified SCL
scheme, when the two users cooperate, one of the users
transmits a linear combination of its information symbol
and an appropriate conjugate of the entire signal transmit-
ted by the other user in the previous time slot. The appro-
priate choice of this conjugate improves a certain product
distance between the signals of the two users. This new
structure of the signals sent by the users also simplifies the
DMT analysis of the modified SCL scheme compared to
that of the SCL scheme in [2].

The second major contribution of this work is the exten-
sion of the SCL scheme for an arbitrary numberm of users
with m > 2. This extension is derived by first abstracting
the technical details from the proofs of [ 1, 2] and provid-
ing certain design rules for building cooperative schemes
based on QAM symbols. An inductive approach is pre-
sented for the construction of the SCL scheme for more
than two users. The proposed construction provides the
maximum diversity order of m and is fair in terms of rate
allocation among the users. Also, the generalized construc-
tion is such that almost one new information symbol is
transmitted in every time slot. This potentially allows this
scheme to achieve the maximum multiplexing gain of one
inherent in the system.

This paper is organized as follows. In Section 2, we
quickly review the SCL scheme and the corresponding
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DMT result derived in [2]. In Section 3, the modified SCL
scheme is proposed and the optimality in terms of the DMT
curve is proved. In Section 4, the generalization of the SCL
scheme for more than two users is presented. In Section 5,
we summarize our conclusions.

2 SCL Scheme
We now review the DMT analysis of the SCL scheme

performed in [2]. This scheme is meant for the two user
cooperative diversity system shown in Figure 1. The inter-
user fading coefficient h and the fading coefficients g,
and g2 from the two users to the destination are all inde-
pendent zero-mean unit-variance complex normal random
variables.

Let the coherence time T = n time slots with n >> 1.
Each of the two users in the SCL scheme are active in al-
ternate time slots. The information symbol for each user is
drawn from a 2R-QAM constellation of average energy P,
where R is the spectral efficiency of the scheme. The in-
formation symbols are scaled by a factor 0. The two users
cooperate if

log(l + 62Plhl2) > cR, (1)
where c > 1 is a constant. When (1) is met, the scheme is
described as follows. In the first time slot, the first user
transmits its information symbol x1. Subsequently, for
time slot t E [2, n - 1], the signal sent by a user is a lin-
ear combination of its own information symbol xt and an
estimate xt_j of the other users information of time slot
t - 1. This estimate of the other users data is obtained
using the statistic obtained in time slot t - 1, by first sub-
tracting its own information symbol from time slot t - 2
and then performing a maximum-likelihood (ML) decod-
ing. Let (a, b) be the coefficients of the linear combination
with la12 + lb!2 = 1. In the last time slot, no new informa-
tion is transmitted and the active user transmits the estimate
of the information of the other user for time slot n - 1. The
destination processes the received signal assuming that all
the estimates are error free and performs an equivalent ML
decoding under that assumption using the sphere-decoding
algorithm [3].
A compact representation of this scheme when (1) is

met is provided in the following matrix. The two rows of
this matrix correspond to the signals transmitted by the two
users. The columns denote the signals transmitted during
any given time slot.

[ax1 0 ax3 +bH2 0
0 aX2 + bkc 0 ax4 + HC3 ...

ax,-1+bxi_2 0 1 2
0 b*n_1 (2)

When (1) is not met, there is no cooperation and in each

User I IX

User 2
92

Figure 1: Two user system

time slot the active user only transmits its own information
symbol.

For a multiplexing gain r, we have that R =
r log(SNR) which means that the average energy P of the
QAM constellation satisfies P SNRr. The constant 0 is
now chosen as 25SNR'-r so that 2P_SNR.

The coefficients (a, b) play an important role in the per-
formance of the SCL scheme. These coefficients have to be
chosen from any appropriately scaled row of a two dimen-
sional Full Modulation Diversity (FMD) generator matrix
G (for e.g. from [4]). The unnormalized minimum product
distance of the lattice generated by G is defined as

dp= min Ix1x212uEZ[i]2\o
x=Gu

When dp > 0, the diversity order of the error probability
with the SCL scheme was found to be at least

2-3r, 0 < r < 0.5,
1-r 0.5<r 1.

Thus, the SCL scheme achieves both maximum diversity
order and the maximum multiplexing gain inherent in the
system. However, it is not clear if the tradeoff of diversity
versus multiplexing for this scheme is optimal.

An upper bound on the DMT curve would correspond
to the case that the two users can fully cooperate. In other
words, the DMT curve of the cooperative two user sys-
tem can not be above the DMT curve for a single user two
transmit antenna system. Thus, an upper bound to the best
achievable diversity order is 2(1 - r) for r C (0, 1) [5].
In the next section, we propose a modification of the SCL
scheme and prove that it achieves this upper bound on the
diversity order. The modified SCL scheme is, thus, optimal
in terms of the DMT curve for this system.

3 Optimal two-user cooperation protocol
In this section, we present the optimal DMT curve

achieving cooperative diversity protocol for two users
based on the QAM alphabet. Let the matrix G given by

a b
l c d (3)

be a two dimensional FMD matrix such that la12 + JbJ2 = 1
and Il12 + IdJ2 = 1. Let cl and c2 be two complex numbers
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such that Ici 12 + IC2 12 = 1. In order to get the maximum
multiplexing gain, we assume that n>> 1 since we even-
tually transmit n - 1 information symbols in n time slots.
For the sake of presentation, we only consider the case that
n is even. The scheme for n being odd can be derived in
a similar manner. The proposed scheme is described with
the following sequence of steps corresponding to each time
slot t E [1, n] when the users do cooperate.

* t = 1: User 1 transmits its information symbol xl.
User 2 forms a ML estimate x1 of xl based on the
signal it receives in this time slot.

* t = 2: User 2 transmits a linear combination of its in-
formation symbol x2 and xi. This linear combination
is of the form ax2 + b*j. User 1 subtracts the infor-
mation bx1 from the signal it receives in this time slot
before forming the ML estimate *2 of x2.

t =21 + 1 for 1 < 1 < - 1: User 1 transmits
ax21+1 + bk21. User 2 subtracts bx21 from the signal
it receives in this slot before forming the ML estimate
x21+i of x2+1.

* t = 21 for 2 < I <K: User 2 transmits clx21 +
c2 (c*211 + dx21-2). User 1 subtracts c2(cx211 +
d21-2) from the signal it receives in this slot before
forming the ML estimate *21 of x21.

* t = n: User 2 transmits CXn-1 + dxn-2

A compact representation of this scheme, which is the
counterpart of (2), is provided in the following matrix.

r X 0°
[ 0 ax2+ bHt

ax3 + b*2 0
0 clx4+c2(c33+dx2)

ax5 + bk4 ... axni + b*n2
0 ... 0

0

C6kn-1 + dxn-2

The following result characterizes the optimal DMT
property of the proposed scheme.

Proposition 1. Let the FMD matrix G be such that the
minimum product distance dp > 0. Then, the diversity-
multiplexing tradeoffofthe error probability with the mod-
ified SCL scheme is

2(1- r), r E (0,1) (4)

which is the optimal DMT curvefor this model.

Proof. Let C denote the event that the users cooperate and
C the event that they do not. Let E denote the event that
the destination makes an error in decoding the information
stream of the two users. We can write

Under the event C, the scheme is identical to the
SCL scheme of [2]. Hence, the analysis of the term
P(£/C)P(C) in (5) is exactly the same as in the proof of
Proposition 2 in [2]. We have that for some a E (0, 1) and
r C (0,1 -6),

P(S/C)P(C)<SNR(c+l)r-2
where the constant c is chosen such that

1 < c < 1_a-1

(6)

(7)

Hence, by choosing a close to 0, the diversity order of the
term P(E/C)P(C) approaches the curve 2(1 - r).

To analyze P(E/C), we condition on the event that any
of the estimates by the two cooperating users are in error.
Thus, we can write

P(£/C) < P(£/C, xi = x1Vi) + P(ti $ xi, for any i/C).

As in [2], the idea is to show that the term P(*i $
xi , for any i/C) decays exponentially with SNR so that the
diversity order of P(8/C) is at least the diversity order of
the other term P(&/C, *i = xLVi). The probability that
any of the estimates made by the cooperating users is in-
correct for any given inter-user channel realization h is

Ph(kc A xi, for any i) = Ph(U=11 (xti 7 xi))- (8)
Similar to [2], this event can be written as a disjoint union
of events obtained from the self-information cancellation
being error free until time slot i - 1 for each i. It is easy
to see that even for the modified SCL scheme proposed in
this section, self-information cancellation being error free
until time slot i - 1 means that the estimate in time slot
i being incorrect only depends on the noise variable corre-
sponding to that slot. This is because the signal transmitted
by the active user during time slot i is only a function of
the estimates *j for 1 < j < i - 1 or the exact informa-
tion symbols xj for 1 < j < i. By averaging over the
conditional density of h conditioned on C, it follows from
the expression in [2] that P(ii $ xi, for any i/C) decays
exponentially with SNR.

To find the diversity order of P(E/C, xi = xi, Vi), we
note that conditioned on all the estimates being error-free,
the effective signal received at the destination is similar
to the case wherein there is only one user but with two
transmit antennas and which employs a space-time code of
the form shown below.

S({xi}) = Ox
xl 0

E Q ax2 +bx
ax3 + bx2 0

0 ClX4 + C2(CX3 + dX2)

P(s) = P(£/C)P(C) + P(&/C)P(C). (5)
ax5 + bx4 ... ax- + bx-2 0 ](9)

0 ... 0 +dn-l 2dX (9)
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For two valid codewords S({xj}) and S({x'}) and a
particular pair of channel realizations g, and g2, the Eu-
clidean distance between the two codewords in the equiva-
lent faded constellation is

02H1[g1g2]S({Axi}) 112 (10)

where Axi = xi - xi, 1 < i < n- 1. Define di ({-xi})
and d2({Axi}) as the row norms of the first and second
rows of S({ xi}), respectively. We have that

n/2-1

di(JAxi}) = lAxiI2 + ( E laAx21+i. + bAx2jj2)
1=1

d2 AXi ) = IaAx2+bAxit2+
n/2-1

( S ICIAX21 + C2(CAX2l1- + dAX21-2)12) +
1=1

IcA\xn-1 + d\xn-2 12.

Then,

I1[g9g2]S({Axi})I12 = Igi12di({Axi}) + Ig212d2({LAxi})
> [(I gl 12|g212)(di (IAX,})d2({AX,))] 2 (1 1

where we have applied the Arithmetic-Mean Geometric-
Mean (AM-GM) inequality in the last step.

We now show that the product di ({Axi})d2({l\xi})
is, in fact, lower bounded by a constant independent of the
SNR. Note that at least one of Axi is non-zero. In the
product di (f Axi})d2({QAxi}), consider the term

(lazAxn_i + bAx_2IIclCAxn_1 + dx\xn_2 1)2 (12)

which is the product of the last terms in each of the expres-
sions for d1 ({\xi}) and d2({AXi}) given above. If either
of Ax,,- or AXn-2 is non-zero, then the product in (12) is
lower bounded by the constant dp which would imply that
di ({Axi})d2 ({.AXi}) is lower bounded by a constant. If
both AXn-2 and Ax,,- are zero, then consider the term
in the product di({Axi})d2({zAxi}) which is of the form

(laAx,-3 + bAxn-4Ic2lcAxn-3 + dAxn-4 1)2. (13)

Again this term is lower bounded by Ic2I2dp unless both
Axn-3 and AXn-4 are zero. Proceeding inductively in
this manner, we shall arrive at the case that L\xi is non-

zero only for i = 1 in which case

dl Axj})d2({AXi}) = lb12 IAx, 14$SNR0, (14)

because Ax1 E Z[i]. Thus, in any case, we have that

di ({Axi})d2({zAxi})?SNRO. (15)

Following [5], we make the substitutions Ig 12 =
SNR-a1,7 g212 = SNR-2. Then, the minimum Eu-
clidean distance between the codewords in the faded con-
stellation can be written as

d2in(l vCt2)=2 mmIn [gig2]S({1x1})Ij2( 16)min(ceIa2{Axil1919} S(fAi1

. S2Rgrg2
> SNR1-r- i+a2

(17)
(18)

where the first inequality is obtained by applying (1 1) and
(15). Following [6], the sphere-bound for a particular chan-
nel realization pair (a,, a2) implies that

P(,EICI Xi = xi, Vi, a, (a2) <

-d2 ni( [d2in(a42)/4]
k!

k=--O

As in [2], we average this bound over (al, a2) to get that
the diversity order of P(&/C, X = xi, Vi) is the minimum
of a, + a2 over the region defined by the relations

a,1 > O, °2 > 01 1-r- + a2 < 0.

This minimum is easily seen to be equal to 2(1 -r). Hence,
the diversity order of P(,/C)P(C) is at least 2(1 - r).
Thus, the overall diversity order of the modified SCL
scheme is also at least 2(1 - r) for r e (0, 1). This di-
versity order is also equal to that obtained by a single user

two antenna system which is the best case scenario. Hence,
the DMT curve achieved by the modified SCL scheme is
indeed optimal.

4 SCL scheme for m > 2
In this section, we propose an extension of the SCL

scheme to m > 2 users. The aim here is to design a co-

operative coding scheme based on QAM information sym-
bols that achieves a diversity order ofm and also leads to
equal allocation of rate among all the users. Moreover, the
scheme should have the potential for achieving the maxi-
mum multiplexing gain in the system.

For a system with m users that attempt to communicate
to a common destination, there exist ( 2 ) independent fad-
ing links between the users. We first extract the following
essential components from the analysis of the SCL scheme
presented earlier in [ 1, 2].

1. It is possible to choose a cooperation rule between any

two users so that the probability that the link between
these two users does not satisfy the cooperation rule
has a diversity order of 1. This rule is provided in [ 1].
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Therefore, for an m user system, if k links do not sat-
isfy the cooperation rule, then the diversity order for
the probability of this event is k. We say that a link
between two users is good if the inter-user channel co-
efficient is such that the cooperation rule is satisfied.
Otherwise, we say that the link is bad.

2. Suppose two users ul and U2 are such that the link
between them is good. Suppose ul transmits a sig-
nal that is a linear combination of a new information
symbol and some other symbols that are known to U2.
Then, it is possible for U2 to receive the signal trans-
mitted by ul, subtract the part known to itself and
perform a ML decoding to obtain an estimate of the
information symbol of U2. The probability that this
estimate is in error conditioned on the link being good
decays exponentially with SNR. Hence, for diversity
order analysis, when the link between u1 and U2 iS
good, it is sufficient to consider that the users ul and
U2 know the exact information symbols of each other
if they do cooperate.

3. Consider a subset Y of the m users with FlJ = F
such that all the (sF) links between the users in Y are
good. Then, a generalized SCL scheme for the users
in F can be conceived that provides a diversity order
of F. Without loss of generality, let the users in F
be numbered such that F = {1, 2, ... , F}. The users
in F transmit in a round-robin fashion. For a frame
length ofn time slots, the scheme consists of an initial
phase of length F slots, a main phase of n - 2F slots
and a termination phase of length F slots. To illustrate
the scheme, let us consider the specific case ofF = 3
time slots. The signals transmitted can be represented
in the compact form shown below.

0
0

ax3 + bR2 + cxj
O ax2 + biel
O O

axk + b*k-l + cXk-2
0
0

axk+l + bick +
0

... axn_2 + bxn-3 + CX:n-4

... 0
0

0
1 C.-k,_1 °

axk+2 + bxk+l +cxk

0 O

bxn_52 + cfcn-3 °
O *kn-2

As seen above, during any given time slot in the main
phase, the active transmits a linear combination of
a new information symbol with the estimates of the
other users obtained during the previous F - 1 time
slots. To obtain the estimate from any time slot, the
user subtracts the part of the linear combination that it
has already estimated before performing the ML de-
coding. A similar process occurs during the initial
phase, when the users are just beginning to transmit.
In the termination phase, the last F - 1 users do not

transmit any new information. Based on our previous
two analytical components, we can conclude that con-
ditioned on the channel between all the users being
good, the generalized SCL scheme achieves a diver-
sity order of F.

We now show that there indeed exists a specific coop-
erative coding strategy such that a diversity order of m is
achieved for a general m > 2 system. This scheme has to
be fair in terms of rate allocation for each user.

The error probability P(S) can be written as

(m2 )

P(s) = ZP(&/k)P(k). (20)
k=O

As stated above, the diversity order achieved for the prob-
ability of the event that k links are bad, i. e., P(k), is k.
Therefore, for each 0 < k < (2), we only need to design
a cooperative coding strategy that guarantees a diversity or-
der ofm- k for P(E/k) so that the overall diversity order
of each term P(£/k)P(k) is at least m. In the following,
we describe the strategies that achieve this objective for
any value of m. For the description of this scheme, we first
define a (k, m) cooperative system as one in which there
are m users but k of the (2) links between them are bad.

(k = 0,m > 2): When k = 0, one can employ the
generalized SCL scheme described above to achieve a di-
versity order of m.

(k E [m-1, (m)], m > 2): For this range of k, one can
simply allow each user to send independent information
symbols in a round-robin fashion. This scheme achieves a
diversity order of 1 leading to an overall diversity ofm for
such k.

(k = 1, m > 2): When k = 1, one can choose a subset
F ofm - 2 users that do not correspond to this particular
one bad link as shown in Figure 2. The scheme is described
in Figure 3. For the first n time slots, user 1 sends inde-
pendent information symbols. Each user in F listens and
decodes these information symbols. Then, user 2 sends in-
dependent information symbols for the next n time slots
while users in F listen and decode these symbols. For the
next (m- 1)n time slots, users in F U {1} transmit using
the generalized SCL strategy with the additional difference
that each user in F also adds the information symbol of
user 1 that they decoded in the first n time slots. Similarly,
for the next (m - 1)n time slots, users in F U {2} trans-
mit using the generalized SCL strategy with each user in
Y also adding the information symbol of user 2 that they
decoded in the second n time slots. This way each symbol
of each user goes through m - 1 independent users leading
to a diversity order ofm - 1. Also, each user gets to send
exactly the same number 2n of information symbols.
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(2 < k < m - 2,m > 2): For this general case, we use
an inductive approach to construct a scheme for the (k, m)
system for any rn. We have already described a scheme
for the (1,rm) system for any m. Consider the inductive
hypothesis that a scheme exists for a (k, M), system with
diversity order of P(£/k) being at least I - k for each
k E [1, I- 2]. We show that one can now construct a
scheme for a (k, NI + 1) system with diversity order of
M+ 1- kforeachk E [1,M- 1].

We begin with a (K, NI) system and introduce a new
user into the system. Hence, NI new links are created be-
tween the new user and the existing NI users. We allow
exactly one of these new links to be bad. In other words,
we have converted a (K, M) system to a (K + 1, M +
1) system. To construct a coding scheme for this new
(K + 1, NI + 1) system, let j be the index of the exist-
ing user which is connected to the new user via the new
bad link. Let I be the number of bad links between the
j-th user and the existing m users. Denote the existing set
of m users as M. Consider the two sets Y1 = M and
J12 = M\{j} U {m + 1}. The setY1 is the same as the
existing, set ofm users and corresponds to a (K, M) sys-
tem. The set .F2 is obtained by switching the j-th user with
the new user and corresponds to a (K - I, NI) system. By
the inductive hypothesis, there already exists a scheme for
each of the (K, M) and (K - I, M) systems that leads to
diversity orders of at leastM -K and I -K+ I, respec-
tively. Consider a strategy in which we first allow users in
$, to transmit using the scheme for the (K, M) system.
Let this lead to nr symbols per user. Then, we allow users
in .F2 to transmit using the scheme for the (K - I, M) sys-
tem. Let this lead to n2 symbols per user. This way, we
have achieved a diversity order of at least M - K. How-
ever, users in .Fi\{j} have sent ni + n2 symbols each but
users j and m + 1 have sent only ni and n2 symbols, re-
spectively. In order to balance the rates, we modify this
strategy so that user j first sends n2 information symbols.
Then, we allow users in Fi to transmit using the scheme
for the (K, M) system but each user with a good link to j
also forwarding the estimate of user j's information from
the first n2 time slots. Similarly, user m + 1 first sends
nr information symbols. Then, users in T2 transmit us-
ing the scheme for the (K - I? M) system but each user
with a good link to m + 1 also forwarding the estimate
of userm + l's information from the initial ni time slots.
This modified scheme now achieves equal rate of nr + n2
symbols for each user and also achieves a diversity order
of M - K. Hence, we have designed a scheme for the
(K + 1,N + 1) system.

Since we already have a scheme for the (1, rra) system
for any m, our inductive design can now be used to con-
struct a coding scheme for any (k, m) system.

User 1

User 2

a ={3,...r n,II=cnm-2

Figure 2: (1,m) system

User 1 Tx
F u {I} cooperate FU {2} cooperate

User 2 Tx using generalized SCL sdceme using generalizedl SCL scheme

Users in F forwardt Users in F forward
Users in F Users in 1F information of User 1 information of User 2

dec(xoe decoxle from first n slots from secondl II slots

n 11.n - 1)zn (sn- 1)n

Figure 3: Coding scheme for (1, m) system

5 Conclusion
A new two user practical cooperation strategy based on

QAM information symbols is proposed that achieves the
optimal DMT curve for this system. This is obtained from
a modification of the SCL scheme proposed earlier. The
SCL scheme is also generalized to the case of more than
two users so that full diversity order ofm and equal rates
allocation is obtained for an m user cooperative commu-
nication system. The generalized scheme has the potential
for achieving the full multiplexing gain of one inherent in
the system.
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