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Group-Metric Multiuser Decoding

Eric A. Fain Member, IEEEand Mahesh K. Varangstenior Member, IEEE

~ Abstract—We propose the new group metric (GM) soft-deci- The GM decoder is developed in the context of a Rayleigh
sion decoder for convolutionally coded synchronous multiple-ac- fading channel, although, in principle, it could be applied to
cess channels. The GM decoder exploits the independently oper-5,y coded multiuser channel. The reason for this choice is the

ating encoders of the multiuser channel by making decoding de- - . . .
cisions for a subset of the users, but incorporating all the mul- well-known fact that the soft-decision coding gain on fading

tiuser information in its metrics. For a single user, this decoder Cchannels is typically much larger than for Gaussian nonfading
will have a reduced complexity that is exponential in thesumof channels, and so more benefit is derived from using the GM
encoder memory and the number of users. The soft-decision max- strategy.

imum-likelihood (ML) joint decoder is well known. This optimal Standard error probability bounds for convolutional decoders

decoder suffers from a high complexity requirement that is expo- . . )
nential in the productof encoder memory and the number of users. can be applied to estimate the GM decoder’s performance. To

The size of the decoded subset is a design parameter which allowstighten this bound, a new bounding technique is developed. This
a tradeoff between complexity and performance. bound extends the idea of decomposable sequences [3] to the

The performance of the GM decoder, once properly character- fading channel. Previous work in this area did not achieve any

ized, can be analyzed using standard techniques. In addition, anew g hiening of the standard bound [4]. However, by introducing
analysis technique is presented which considers decomposable se- '

quences for the fading channel. With this analysis, we have a new conditionally decomposable error sequences (conditioning a se-

tool for bounding error probabilities for multiuser decoders. Ap- ~quence’s decomposability on the fading realization), we are able
plying this technique to the GM decoder, we can directly identify to improve upon the classic bounding technique. Further, for
sequences that are decomposable some fraction of the time, andthe GM decoder, this improved bound can be expressed in a
obtain a new upper bound. Further, this improved bound can be - a4gijly computable form, in contrast with the technique of [3].
expressed in closed form. Numerical results show that the actl_JaI Conditi v d bl dinTs
performance gap between the GM and ML decoders can be quite CONditionally decomposable sequences were suggested in [5]
small. in the context of bit-interleaved trellis-coded modulation, but
closed-form results were not obtained.

This paper is organized as follows. First, we summarize con-
volutional coding for the multiuser channel in Section Il. We
describe our general fading channel model in Section Ill. Sec-
. INTRODUCTION tion IV describes both the ML and GM decoders for our channel.

E CONSIDER a correlated-waveform multiple-acSection V states the upper bound for the ML decoder, and Sec-
cess (CWMA) channel where each user employs ti@n VI develops a simple transfer function bound on the error
single-user convolutional code. The maximum-likelihood (MLjate of the GM decoder. Section VI develop§ the cond|t|onall_y
joint decoder is easily specified and analyzed for this channéfcomposable sequence bound. Lastly, Section IX presents sim-
but it has the disadvantage of requiring a computational cosfation results for the decoders, and a summary is given in Sec-
plexity that is exponential in the product of the number of usef&N X.
and the encoder memory of the codes.
The group metric (GM) decoder is a new reduced-complexity ~ 1l. MULTIUSER CONVOLUTIONAL SUPERENCODER

alternative to the ML joint decoder and was first presented in [1] |, the multiuser channel, we consider the situation where each

gnd [2]. This new scheme has a complexity that is eXpO”e”t{ﬂeremployS asingle-usr, &, 1) convolutional code. For the
in the sumof encoder memory and the number of users. Thig,,,ses of joint decoding, it will be convenient to consider all
complexity reduction is realized by assuming that only a subsgt sers to be participating in a single “super-code,” as in [6].

of the users’ codes are known. This approach is therefore p;his end, we first define a single-user convolutional code.
ticular to the multiuser channel. While less complex than the e begin with some notation: arfn, &, ) convolu-
N ) )

optimal decoder, it is naturally more complex than a single-usgsnai encoder takes: input bits (in {0, 1}) at a time
decoder, unless there is only one user. and outputsn encoded bits, typically sequentially, so that
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Fig. 1. A multiuser system block diagram wifhdiversity channels per user.

enconer will proguce a vector ofl output bitsy™ with G, ,(j) = diag{gl(}z(j) gl(fi) (4)}. This allows us to write
y™ = [y (0)---y™ (I — 1)], and then-length

v

subvectory ™ (i) = [y§™ (i) - y{™, ()], according to the y(i) = S Gl)x(i - j). (6)
rule =0
(m) k-1 v (m) Thus, the entire sequence is given py= Gx, whereG is
y"™ (i) = M @i-1)g" (1),  0<1<n—1(1) block-Toeplitz withi, jth block G(i — 7).
7=0 t=0

(m), . . lll. DISCRETETIME FADING DIVERSITY CHANNEL
where theg; ' (i)'s are the binary generator sequences of the

encoder with maximum length+ 1, and the sum and product We assume a channel that is slowly fading, so that perfect
operations are modulo-2. channel estimates are available at the receiver, and the fading
We now assume that each Afusers has atw, k, ») code. @mplitudes are constant over an entire symbol interval. We
The multiuser super-code will, in its simplest interpretation, @S0 assume that ideal interleaving is used, so that the fading
a single(nK, kK, v) convolutional code. This fact makes the@mplitudes are essentially independent from one symbol interval
joint decoding problem straightforward, albeit complex. Tht® the next.
structure of the super-code is, of course, very special, and waMe must first characterize the transmitted symbols. Here,
describe it in terms of the single-user code for each user. ~ We shall continue with the notion of a super-encoder, which

The hypothetical super-encoder takes an input vegter  t@kes multiuser input vectox and producesy, with el-

[xT(0), ..., x"(I—1)]T, composed of alK users’ bits, where €ments in {0, 1}. For binary phase-shift keying (BPSK)
modulation, eacly(:) will be transmitted over the space of

x(4) a |:$(()1)(i) x(@@)... a:éK)(i) n time-intervals, so we defind;(<) 2 2y:(i) — 1 so that

y(i) = 1/2bd (i)---b] (i)]" + (1/2)1, wherel denotes

S (i) - L) (i)r @ @ vector of ones of appropriate length. Eakhdimensional
k-l k-l ' vector b;(7), with elements in{t+1}, represents the coded

symbols transmitted in each time-interval (in which the fading
is considered constant) by dil users.
We consider a synchronous multiple-access system with each

The outputsy are similarlyy = [y T(0), ...,y (I—1)]T with
nK-dimensional subvectar(i)

NAT W (2 (), user havingL diversity channels. A system block-diagram is
y(i) = [yo (Do (@) - wo (@) shown in Fig. 1. Each user digitally modulates a fixed signature
@ 4. (K)y 1T 3 signal in each channel in each symbol interval. This results in
ey lg (@) ynfl(L):| ©) an equivalent discrete-time channel, for tkiesymbol interval
/ . T given as
= [yo (@) - yaa®)] - 4)
, qi(t) = FCi(é)by(i) + my(i) (7)
We let the(nK x kK) matrix
. . whereq;(¢) has lengthp(< LK), C,(¢) isaLK x K matrix of
Go,o(4) - Gor-1(4) complex fading amplitudes
G(j) = : : ®) M (i) 0
Gro1,0(7) -+ Gpogk—1(0) Ci(i) = (8)

where each submatri&; .(j)is a K x K diagonal matrix 0 )
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with clm)(i) an L length vector of fading amplitudes for user The ML joint decoding rule for all the users, given that the
m. The vectorn, () is complex Gaussian noise with covari-CFl matrixC is known for the entire sequence, gives an estimate
anceNoI. Thep x LK matrixF is equal toF; - - - F ], where b for b according to

the L columns ofF',,, are the vector representations of the sig- . T 2

nals of usern in each of the diversity channels, with respect to b = arg Bed HFCﬁ - qH (11)

ap-dimen_sional orthonormal_ basis f(_)r the signal space. Thl\'ﬁhereA is the set of all possible coddd-user sequences.
F*F = R isthe rankp correlation matrix of the users’ signature This decoding rule can be implemented with the Viterbi al-

waveforms in each diversity channel, whemenotes conjugategorithm [7], and it is an extension of the decoder in [6] to the

trgﬂspo_se. (Forhe]:;amplek,j fgr a direct—s?qu:ence ?DMA Sg_St %chronousfading diversity channel. For a single-user channel,
with L = 1, eac o Cokl: . efave_ctor oft he users sprg_a Néh eachn time-intervals, the Viterbi decoder considers every
sequer?ce, W'HP =K asis UECt'IonS eachcorrerp%n 'Eg t?)ossiblestateof the encoder. If the stored memory of the en-
one chip. In this case, tKe, g)th element oI would be the  coder isv bits, the Viterbi decoder will have*” states. Since
gorrelat|on of the spreading sequences of usarsl;. In amul- e multiuser joint decoder can be described agdn, kK, v)
tipath channelf would represent the nu,mber of mulUpaths, aNfBonvolutional decoder for the multiuser super-code, the Viterbi
each column off",, would be the user's spreading sequencgy.der here hazs”x states2** branches to and from every
shifted by the path delay.) A typical spread-spectrum sig ate, with a state transition evenybits.

would havep = LK for a full-rank correlation matrix, but this 1 4 jikelihood rule (11) is evaluated as a sunbednch met-

restriction is not necessary for our mc:,fi)elb. ’ rics, which represent the transition for one encoder state to the
In the case of Rayleigh fading, thfé (1)'s are zero-mean eyt | etk be a candidate path through the decoding trellis, and

compl_ex normal vectors with <_:ovar|an§émm. Un_der the as- let stateA correspond to the subsectionsafx(i) - - - k(4 +v —

sumption that each user fades independe@ty;) will be com- 1)], and stateB correspond t@(i+1) - - - k(i +)]. The branch

pletely described by the block-diagonal channel envelope CQiatric between these tarjacentstates is given by
relation matrix

~ 2
2 0 dap(i+v) = HF"C(i +v)pas —qi +v) (12)
3 2 B(C(i)C; (i) = . (9) where we defin€(i + v) = diag{Co(i + 1), ..., Cp_1(i +
0 YKk )} ali) - [qu('i), R q;——l(i)]—ra and F" =
_ - diag{F, ..., F}. The nK-dimensional vectorp.p is
Themth user’s average received energy is given by formed from theK n-bit words generated by transition from

(m)* . « (m),\\ _ stateA to stateB, that is,(1/2)pap + (1/2)1 = y(i +v) =
E (Cz (1) * F},,Frcy (L)) = W(RmmZmm)  (10) >°7_o G(j)%(i+v—j), where the operations on the right-hand

whereR,... is the L x L) mth diagonal block oR. side are modulo-2. , o
The computational burden of the decoding algorithm lies

in the evaluation of the branch metrics. From (12), we see

that each of these branch metrics requires the computation
Our new soft-decision decoding scheme decodes the usgfs, LK -dimensional quadratic forms. Thus, counting the

individually, but uses decoding metrics that are a function @iumber of I. K -dimensional guadratic forms evaluated per

the entire group of users. We call this method GM decoding. Fesded bit, we find the joint decoder to have complexity of order
simplicity of description only, we consider the case where evegy(2(»+1+K)

user’s code has the same parametgrs, andy, although this
restriction is not necessary. To make the development clear, Be GM Decoder

first specify the ML joint decoder, then present the GM decoder. The GM decoder will reduce the complexity of the ML de-

These parallel descriptions will emphasize the similarities a%der by considering only a subset of the users’ codes to be

differences between the two decoders. Throughout this pang{ayn The other users’ code symbals are (falsely) considered

we assume that the receiver has perfect knowledge of the S|g[raaﬂ)e uncoded, independent, and equiprobable. These assump-

matrix ¥’ as well as the fading processes. tions result in assuming a different multiuser super-code, for

i which the GM decoder would be the optimal decoder.

A. ML Joint Decoder For clarity, we will consider the case where only one
To specify the ML decoding rule, we define theuser is decoded for now and postpone the discussion of

p g postp

IV. MULTIUSER DECODERDESCRIPTION

block-diagonal matricés F = diag{F, ..., F} and multiple-user decoding to Section VIIl. The GM decoder
R = diag{R,...,R}, and let q = [qq(0),..., in this case is a single-user decoding scheme that will use
ar_1(0),qd (1), ....,qp_(Z — D]T, b = [bg(0),..., information from all users’ matched-filter outputs for the
b!_1(0), by (1), ..., b (I —1)]", andC = diag{Cy(0), decoding metrics, and will operate in a bank Kf parallel

., C_1(0), Co(1), ..., C,,1(d — 1)}, wheren is the units. In this case, the assumed super-encoder produces an
parameter of the single-user codes as in Section Il;diidl is outputy given an inputk asy = Gx, where (assuming user

the coded message length. 1 is the desired usénx = [x"(0)---x'(I — 1)]T with

2The tilde (7) notation is used to indicate a block extension of the single- 3We use the dat’) notation to distinguish the matrices of the assumed super-
symbol parameters to message-length parameters. encoder.



1024 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 49, NO. 6, JUNE 2001

x(i) = [x{ (¢) yéQ)(i)---yéK)(i) y?)(i)---y,(fﬂ(i)]T. Let The vectorp”; makes up thenth user's encoded-bit word
g™ () = [gi(f'é)(l) . '957;?_1(1)]T- ThenK x (k+n(K —1)) generated from the transition to statérom state, that is

matrix G(!) is defined as Lom 1
G(l) 2PAB 2
PO . (m) (m) /. T
0 (5([)1](,1 0 0 v .
D o 0 =3 GOy =9 (18)
= 0 0 §(DIx_, O 0 B
Soptg(é) = 0fori # {m, 2m, ..., nm}. The vectorpyy
: : : represents the unconstrained interfering users, and we have
0 0 e 0 §(DIx_y pig(i) € {1} fori # {m, 2m, ..., nm}, andpz(i) = 0
g(l)T(l) 0 0 fori € {m, 2m, ..., nm}. Due to the block diagonal structure
Lon—1

(1'3) of the matrix]?"", each branch metric requires a minimization
over only n2K-1 (as opposed t@**—1) possibilities. In
wherel denotes ani’ x K identity matrix, and(l) = 1,  order to compare with the ML decoder, we count the number
for i = 0, andé(l) = 0 otherwise. The large matri is then of 1,k -dimensional quadratic forms evaluated per coded
block-Toeplitz withi, jth block G(¢ — 7). From the structure pjt we find a bank ofK’ GM-decoders has a complexity of
in the G(I)’s, we see that the for uses ..., K, the coded order (K 2(-+1*+E-1) 35 follows. There are* states2*
outputs are passed as inputs to the assumed super-encodep;R¢ches per state2’—! computations per branch, for each
by construction, we have thgt= y; the assumed coder’s out-coded bits, and there is one decoder for eacK afsers. Note
puts are identical to the true super-coder’s outputs. In the dgat this complexity is generally much less than that for the
coding stage, we will assume that these coded symbols frgpp -decoder.
users2, ..., K are unknown, equiprobable random quantities. Finally, we note that while the GM decoder is most clearly

We additionally define thet + n(K — 1) length vectors presented with the assumption that only a single-user is coded,

x(i) 20 x™'@G) o], and x™ (1) % x(1) — x™(4), the strategy can easily be extended to consider a larger subset of
with corre§ponding§<’: = [x™ (0)---x™ (I — 1)]7, and the users to be coded.
X = [X™ (0)---x" (I —1)]T sothat

y = Gx = GX™" + %™, (14) V. ML D ECODERPERFORMANCEANALYSIS

We can now state the group-metric decoding rule: under theThe ML decoder is best analyzed by considering the effective
assumption that only thexth user’s code is known, the condi-super-coder. Fig. 2 shows a two-user example of such a super-
tionally ML estimate ofb is coder.

Once the effective super-coder is identified, single-user con-
volutional code performance techniques can be readily applied.

. _ 2 Since the super-encoder’s inputs are binary, it can also be
= arg min Lglellxl_ ‘FC (#"+p") - QH } (16) viewed as a finite-state machine, where the pasiocks of
’ i inputs can be thought of as the “stored memory” of the encoder.

\t/vhere }/t\;edreplace4 in (11) W'th Am, tlheh;;t of aII'poss(;blg The state of the encoder is the value of this stored memory. We
ransmitted sequences assuming only USET 1S COUCT yafine thezero stateto be simply the encoder state where all

while the rest are uncoded, and further decompose this setS ¥red bits are zeros.

letting ., be the set_of all vectors t_hat are coded outpu_ts for The transfer function[8] (alternatively,generating function
userm érggTare Z(?rroA'(T)QH Othir positions (ie. far = 1,1 71y of a convolutional encoder is a rational function of several
y=GE" (0)0° %7 (1)0" .- ,then2y — 1€ A1), \aiaples which gives the number of possible coded output se-
and. I.etXm be the set of all vectors "ﬁi.l} with zeros in the guences which depart the zero state exactly once and have the
positions for usen. Of course, we retain only those eIementgame input and output Hamming weights. In other words, the
of b_corre_spondmg to usen. . series expansion for the transfer function can be viewed as a
With this scheme, a Viterbi decoder for theth user can be polynomial with terms of the form X ¢Y?, wherex represents

. . . i i )
implemented, as in a single-user channel, state;, and the number of codewords in the code with weightvhose in-
branches to and from each state. The branch metrics, howeY&rmation sequence has weight

will be unusual. Lek be a candidate path through the decoding In principle, it is possible to obtain the closed-form transfer

trellis, and, since the stétg:?fprmaflgr?)dgpends only onwiser function of the super-code analytically, and compute the stan-
let stateA corresp 8,?)d tox ('L?&,;;)X. (i+v—1)] andstate 4o 4 yansfer function upper bound [8], [9]. We describe the
B correspond k™™ (i +1) - -- X" (i+2/)]. The branchmetric 1) 1 4ing procedure as follows. First, we define the error se-
between these twadjacentstates is given by quencee = (bs — by)/2, whereb; andb, are any two dis-
tinct possible transmitted sequences. (It will also be convenient
towritee' = [e'(0), ..., e (n(I — 1))]", wheree(i) is a
(17) length K vector.)

5 2
b = arg Blgi‘n HFCﬁ — qH (15)

dap(i +v) = min [E"C(i + ) (01 + Ps) - ali + 1)
Pl
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g : whereA (e) has nonzero eigenvalugs; } 7 ;, each with mul-
: : tiplicity m;. Taking the expectation of (20) as in [8] yields the
pairwise probability ok, Pr(P(e)) [denotedP:(e)]

Pie =334, B(l - uay

i=1 j=1

j—1 . l
J—1+01\[1
> S(1+ ) (22)
l 2
=0
Whereui =/ )\Z/(No + )‘z)
x.(i) y,(21) y,(2i+1) Note that this result does not depend on the actual order of the
! — e(?)’s in the error sequence, due to the perfect interleaving as-
. . sumption. Also sincé\(e) has the same eigenvalues/fe|),
%) e . ] i _
y,(20) y,(2i+1) where| - | denotes element-wise absolute value, sothée) =
"""""""""""""""""""" P,(Je|). For simplicity, therefore, we may assume that the “all
—1s” sequence is transmitted, so that every error sequence will
have elements only if0, 1}. These error sequences are exactly
those binary sequences enumerated by the code generating func-
tion. By the modulo-2 linearity of the convolutional code, these
sequences are valid for any transmitted sequence [9]. Thus, we

\ can consider error sequences independently of the transmitted

sequence.

The upper bound on error probability can now be stated in
terms of the pairwise probabilities as in [7] and [9]. l&ete-
note the set of all multiuser error sequences enumerated by the
Fig. 2. Atwo-user example of an equivalent (4, 2, 2) super-coder. The inp&f?‘nSfer function, and defing; = {e € &: w(e) = d}, where
41 anda» correspond to users 1 and 2, respectively. These also representutiee) denotes the Hamming weight ef In the limit as? — oo,

input bits to the super-encoder as in Section Il. Dotted lines delineate the tyye probability that one of thexth user’s information bits is in
(2, 1, 2) single-user encoders, which are represented as shift registers conne mn
to modulo-2 adders. SHdr #) is bounded by

1 o
_ o Pl < > D" Nule)Pr(e) (23)
We defineP(e) as thepairwise eventhat an erroneous se- dedn.. 6€E,
quenceb + 2e will be chosen over the correct sequehcdhe  \here . (e) is the number of information bit errors affecting
pairwise event will occur if the mth user ine. An approximate upper bound is obtained by
truncating the above summation to a large valué tuf include

T 1 P
e C'RCe < Re {n FCe} : (19) sufficiently many error sequences.

In order to characterize thgairwise probability (probability

of a pairwise event), we introduce a few definitions. Let
Q = SY2RZY? andQ = diag{Q, ..., Q}. We define the  The performance analysis for the GM decoder is developed
matrix A(e) as A(e) E E*QE, whereE is diagonal given intwo stages. First, in Section VI-A, we consider the standard
by diag(e) ® Ir, and® denotes Kronecker product, so thatiPper bound, which applies the well-known techniques for a
e*C*RCe — a*A(e)a, wherea is a zero-mean, circularly general convolutional code, as in Section V. Additionally, in
symmetric, complex Gaussian vector of whitened fadingection VI-B, we present the “simple sequence” bound using
parameters wittE(aa*) = T, and we have assuméd to be the concepts of decomposable sequences to lay the groundwork
block diagonal. We also leA;(e) be theith diagonal block of for the second stage of the analysis. This second stage (Sec-
A(e), and alternately write\; (e) EWN (e(i)) A g () QE®) tion VII) extends the idea of decomposable sequences to the

whereE(q) is (KL x KL). fading channel.
We can now write the probability of (19), conditioned on th?\ Standard Upper Bound

fading, as
Like the ML decoder, the GM decoder can also be analyzed
by considering the assumed super-encoder. Of course, there will
be far more possible error sequences for the GM decoder than
for the ML decoder since the interfering users’ symbols are as-
sumed to be unconstrained. Fig. 3 depicts the assumed super-en-
P Pom; coder for the encoder shown in Fig. 2.

P(s) = H(1 —s\) T = Z Z Bi (1 —sX)™ (21) Consider the GM decoder for theth user, and le€ be the

i1 =1 =1 set of error sequences enumerated by the transfer function of

VI. GM DECODERPERFORMANCEANALYSIS

Pr(P(e)|C) = Py(e|C) = Q < Nioa*A(e)a) . (20)

The quantitya* A (e)a has characteristic function [10]



1026 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 49, NO. 6, JUNE 2001

yl(2i) y.(2i+1) Fig. 4. A geometrical interpretation of decomposable sequences. ¢lete,
— 1 e1+ez. The left-hand diagram shows the decision regions for the decomposable
case, the right-hand side shows the nondecomposable case.

xl(i) |

*® y.(21) Ty @is .
2 2 E(aa*) = I. We also letA;(e;, e2) be theith diagonal
x,(0) block of A(e;, e;), so that

Fig. 3. A two-user example of the (4, 3, 2) assumed super-coder for the  Aj(e1, e2) 2 %(ET(L)QEQ(L) + E3(H)QE (7))
group-metric decoder. The inpuis, (i) and x5(i) are actually the encoded
bits of user 2. 2 Ales(i), ex()). (29)
Whenel = ey, We haVEA(el) = A(el, eg).
the assumed super-encoder. We also defifieto be the setof  Decomposable sequences were first defined for the uncoded
all single-user error sequences for user(obtained from the Gaussian multiuser channel in [3], and similarly defined for the
transfer function of thenth user’s single-user encoder). Giveruncoded multiuser nonselective fading channel in [4]. We ex-
a single-user error sequensewe define the set adissociated tend the definition to any fading channel model with diversity.
error sequences as Definition 1 (Decomposable Sequencéln error sequence
. ) . e € £ will be decomposablato e; ande; with e = e; + es

£(s) = {e € &:mth subsequence f = s} (24) ande, e; € & if there is no cancellation between ande,,
i.e., the set of all multiuser error sequences which co(w(e) = w(e;) +w(ez)) and ifa*A(e;, ex)a > 0.
tain the single-user error sequensesuch that for each  gych a decomposition will be denotedeis’e; + eo.

e(i) = [ex(i) - exc (D)7, em(i) = s(i). Note that the sef  For our derivation, we introduce the following. LBY(e) be
can be partitioned so th& = (J,csm oy £(s). In this way, the decoding eventhat the decoder returrs + 2e, whereb
the upper bound can be written as is the transmitted sequence; i.e., the decoder makes theserror
m 1 Clearly, the decoding event is a subset of the pairwise event for
Pl <y Y. D Na(e)bae) 25 ¢ e, (D(e) C P(e)). But the key result for decomposable

SCO™ eCE(s) sequences, due to [3], but formulated for our framework, is as

<% Z Z Z Non(e)Pa(e) (26) follows.

.. d
Proposition 1: If e=e; + e,, then
d=dfrec SCST" e€€(s)

D(e)C P and D(e) C P(es). 30
whereS}" = {s € &™: w(s) = d}, sinceN,,(e) = 0 for (e) (e1) (e) (e2) 30)
e € £(0). Proof: If D(e) occurs, then from (11)
- 2
e=arg min H2FCX — nH (31)
B. Decomposable Sequence Bound x€{¢,0}
We now wish to tighten the bound given in (26) by reducing e=arg xel?gino} x"C"RCx — Re(n"FCx).  (32)
the size of the sef. To accomplish this, we will work on each ’
; . Therefore,
E(s) separately by reducing the number of associated sequences S o B
for each single-user error sequence. We first require the fol- e’C"RCe — Re(n"FCe) <e;C"RCe:
lowing definitions: we define the matriA (e, e2) as a gen- — Re(n"FCe;) (33)
eralization ofA(e) efC*RCe; + 2Re(efC*RCe;) <Re(n*FCe;).  (34)
Aler, &) 2 1 (E“{QEQ + E;QEl) (27) Since decomposability requires tiat(e;C*RCey) > 0, we
’ 2 have
where E; is diagonal given bydiag(e;) @ Ip, and s .
E, = diag(e;) ® I, so that e]C*RCe; < Re(n"FCe) (35)

1 [e’{C*f{Ceg +e§C*f{Ce1} —a*Afes, es)a  (28) @nd soP(e1) occurs. ThusD(e) C Pler) and similarly,

2 D(e) C Plea). [ |
where a is a zero-mean, circularly symmetric, complex Fig. 4 illustrates (30) witke = e; + e2 by showing the de-
Gaussian vector of whitened fading parameters wittision regions for four error vectors, with corresponding to
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a correct decision. The left-hand figure shows the decompasily find an upper bound on pairwise probabili(e) which
able case, where the decoding eventdd(e)) is contained is exponential in the weight of the single-user sequence.
within the half-plane ofP(e;) (dark shading is used to indi- The conditional pairwise probability ef, givenC, is upper
cate the overlap). Note that the angle betwE€e; andFCe; bounded by
is less than 90 (corresponding t&ke(ef C*RCes) > 0). The 1 1, A
right-hand figure depicts the nondécémposablé case. Here, we! 2(elC) < 5 &XP <_F0 a A(e)a> = Py"(elC).  (39)
see that neither of the pairwise events [the half-plaR6s,) The average of (38) is simply the characteristic function (21)
andP(ez)] contain the decoding event fef and that the angle eyajuated at = —1/Ny, which yields
betweenFCe; andF Ce, is greater that 90 1 1 -t

The result in (30) implies that in bounding the union of all Py(e) < —det <I +— A(e)) = Py (e). (39)
theD(e)’s, itis sufficient to include the pairwise events for only _2 _ No )
those sequences which are not decomposable. Hence, the bdiRfRUSEA (e) is block diagonal, we can writE” (e) as
obtained in this way is known as the indecomposable sequence b 1M 1 -1
bound. When only decompositions with zero inner product are Py(e) = 2 Hdet <I + No A (e)> : (40)
allowed, this becomes the simple-sequence bound [11]. Clearll =1
the upper bound (26) does not fully exploit (30), since it include -
some sequences which are decomposable. Of course, the larger P (e(4)) al det <I + NiAi (e)> (41)

us, by defining

problem is that the indecomposable sequence set depends on the 2
fading realization; however, we now show that it is possible #@nd combining this result with (36), we have
characterize additional classes of decomposable sequences for | 1
the GM decoder, and remove them from the bound (26). P < T Z Z Ny (s) Z 3 H 2P} (e(d)). (42)

We first decompose sequences for whicti\(e;, ex)a =0 d=dfroo SES]" ecé(s) =1
for all a, which must occur whem (ey, ;) = 0 (since this  gjnce the sef(s) is the set of all sequences that are nonzero only
matrix is Hermitian). A sufficient condition for this to occuri, the time intervals whereis nonzero and take on all possible
is whene, is all zeros over a block wheke, is nonzero, and compinations of{0, 1} in the positions not affecting use,
vice-versa; that is, for each eithere, (i) = 0 ores() = 0. (36) can be written solely in terms sf Definey/™ = {u;}
Therefore, any sequence can be decomposed into one whic, iBe the set of all7 2 9K -1 binary K-length vectors which

E_(:r_wzero in only tzethnme mt_er(\j/als Vr\]’.hirz theth utsefrf Scztrtrioer have a one in thenth position, so that for everg € £(s),
IL1S nonzero, and the remainder which does not aite e(i) € {U™, 0} Vi. Enumerating all combinations of these

] H _ _ T _
user’s bits. (For example, suppoK(.a._ 2T m = 1,ande’ = vectors gives
[1 1]1 0]0 1]0 0]. For the decompositios; = [1 1|1 0|0 0|0 0] | & J
ande, = [0 0]0 0|0 1]0 0], the inner product is always zere. P N

: Y Y e Y (L0

will always be a valid error sequencedrfor the GM decoder.) d=dpye SEST 1T

We wish to exclude sequences which are decomposable in this U

way from our union bound (26). Lét(s) be the accordingly ex- 2 <H [2Péub(ui)]azi> (43)
purgated subset of the associated sequefi¢gs so that every 2\

element of (s) is nonzero in the time intervals in whiehcon- L= LT d

tains a 1, and zero in the time intervals in whichontains a 0. _ 4 1 ubyo

Now the upper bound becomes k dgd; sgszm Nm(s)2 Lz:; 2P (u,)] (44)

I R where we have used multinomial coefficientsis a vector of
P << >0 Nuls) > Pafe) (36) ones, andk is a U-length vector of nonnegative integers. We
d=dpcc SESY ecé(s) have chosen the form of (42) in (43) to allow the collection of

whereS™ = {s € 8™ w(s) = d} as in (26). multinomial terms. o

For tﬁle sin{gle-user M(L )decoéer, a technique for evaluatin Itis now c!ear that given the t_ransfer functl(_Tr(A, Y) fo;
the upper bound in closed form is well known. This requires tﬁﬁe mith user's code, each t.er,T m_the expanspn of (37),
code transfer function, a rational functi@i{ X, Y") which enu- _corr_espo_nds ta sequences i, with Ny (s) = i. Thus, (44)
merates the set of error sequences. The infinite series expané?ogfven in closed form by
for T'(X, Y) resembles the series for error probability given in Pm < 19 T(X,Y) (45)
(23) and (26), where each term of the seflgsX, Y') has the 2k Y X=p, V=1
form a XY, representing: sequences of weigltaffecting: with p = 22’(*‘ 2PM ().

information bits. The error probability is then bounded as [9] Example:ilzzgr the single-user encoder shown in Fig. 3, we

c 8 have: [9]7T(X, Y) = (X°Y)/(1-2XY) = X°Y +2X6Y?2+
Fe < % oy (X, Y) (837)  4x7y3 4+ 8X3V* ... Hence the error probability of the GM
K=p Y= decoder is simply bounded & < (1/2)(p*/(1 — 2p)?).
where pairwise probability is bounded Bs(e) < cp(®). The tightening of the transfer-function bound by removing

We seek a transfer function bound for the GM decoder. Sinogthogonally decomposable sequences can also be applied to the
the bound in (36) depends only on the sequencésinwe need ML bound, although it may be more difficult and less fruitful.
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For example, for the coder specified in Fig. 2 with.. = 5, In the analysis that follows, we shall be concerned with a se-
one of the eight shortest orthogonally decomposable sequengesnce’s decomposability only as a function of thge)’s, de-
is [10/10]00|10|01]01|10/01]00|10|10|01|10|10]00]01|01|01]T, fined above. This does not consider all possible decomposable
with total weight 15. It is not known, however, whether thisequences.
tightening might be more beneficial for more complex codes. Next, we will find the probability of a decomposition, and
then compute the conditional pairwise probability of the ap-
VII. CONDITIONALLY DECOMPOSABLESEQUENCEBOUND propriate sequences. Using only the to indicate decompos-

The upper bound for the GM decoder here improves up&t?i"ty’ we wish to compute

the bound of the preceeding section by considering sequences Py, s(e) 2 E[Py(e|C)Jui(e) < 0, i € 5] (47)
which are decomposable some fraction of the time; that is, $¢hereS is a set of time indices. The upper bound then comes
quences for whickA(e;, ey) is not identically zero, and there-from the decomposability as

fore depends on the channel fading parameters. These sequences 1 &
may be conditionally decomposable, given the fading realiza- P < = Z Z Nin(s) Z Z
tion. In order to develop this bound, we need some specialized d=dgec SEST ecé(s) S
results which follow. - Py, s(e)Prv;(e) < 0,4 € S]. (48)
A. Probability of Decomposability SincePx(e|C) < Py*(e|C)
P, s(e) < E[Py*(e|C)|ui(e) < 0,4 € S]. (49)

We now consider those sequence decompositions for which i b s ]
a*A(e;, ex)a > 0. We must therefore characterize the pe-urthermore, since’”(e|C) = (1/2)[1; 25" (e(1)|C(2)),

havior of this random quadratic form in the same way as vi'd theC(i)s are independent, we have
examined the forna* A(e)a. To do so, we consider the eigen- p, s(e) < %H 2P (e(i)) H 2E[PY (e(i)|C(3))] (50)

values of the constant matrik(e;, e;) asin [4]. If A(ey, e3) ies s
were positive semi-definite, thex A (e, e;)a would always where
be nonnegative, and the sequeaaeould be decomposable for PP (e(i)) 2 E[PY(e(3)|C))|vi(e) < 0]. (51)

any channel realization. However, we shall see shortly that this
will only occur whenA (e, ez) = 0 (and this is the point where
the analysis in [4] concluded).

By the block diagonal nature &2, we can consider the di- B. Error Probability Bound
agonal blocks ofA(e;, e2) separately, sinca*A(e;, es)a = .
S a*(i)A(e. (), ex(i))a(d). This leads to the following re- We are now ready t_o develop the_ new upper bound. We in-
suit. troduce another notational convention: given a veetand a

Lemma 1:1f e(i) = ei(i) + es(d), with no can- set of time indicesS, we let the vectofe be obtained by ze-

cellation betweene; and ey, then the random variable '0ing-out any elements(¢) with indexi not in 5. Note further

9 = a*(i)Alei(i), es(i))a(i) has a symmetric probability thatif SUS = {0, ..., n( — 1)} (whereS is the complement

In general, this does not seem to have a closed-form expres-
sion, but it can be computed using Monte Carlo averaging.

density function. of S), thene = “e 4 “e. For example, ifS = {0, 2}, then
(A proof is deferred to the Appendix.) As a consequence 819 = [e_(O)T7 07, e(2)",0",. "]T'_
Lemma 1, we have thatr(6 > 0) = Pr(6 < 0) = 0.5. Consider a sequenee= e™ + e™ (wheree™ affects only

The important application of this lemma is of course in conf!S€r)- Suppose that the fading is such that there #with
puting the probability of a sequence being decomposable. Céie) < 0for: € S andv;(e) > 0fors € 5. In this case, let

sider a two-user example: for some error sequentete(i) = €1 = e +“e™ and lete; = “e™. We have that

[11]7. Then with probability 1/2, the sequeneean be decom-  a*A (em +5e™, Sem) a= Z a*(i))A; (e™, e™) a(i)

posed intoe; ande, so thate; (i) = [10]', ex(i) = [01]", s

andes(j) = [0 0]T ande;(j) = e(j) for i # j. Note that this _ (o) >

is not an orthogonal decomposition used to obtain (44). o Z vi(e) 2 0. (52)
Any sequence: can be written uniquely as = e™ + e™ es

wheree™ (i) is zero in all but thenth position and eact™ (4) Hence, from (30) R —

is zero in themth position. We define D(e) CP (e +7e™) (53)

v;(e) £ a*())A(e™(4), e™(i))a(i) (46) soeisdecomposable int6="e, +e,, ande need not be counted

for anye, as in Lemma 1. We now make a the following fewn the error bound (when conditioned on the fading). We call

remarks about the implications of what has been said up to tflch a decomposition@M decompositiofwhen<e™ # 0).
point. In fact, we can similarly show that for any other sequesiter

T i
« Thew;(e)’s are uniquely defined for a givanand fading ~ © with § C T we have

realization. D(e™+"e™) CP(em+ %), forscT. (54)
o If either e™(¢) = 0 or e™(i) = 0, thenv;(e) = 0, Note that the conditions on the(e)s above are sufficient for
otherwiseu;(e) # 0 with probability 1. decomposability, but not necessary.

* For the GM decoder for usen, e™ € £(s) ande™ & We now apply this result to tighten the simple sequence bound
£(0) for some single-user sequence of (45). For eaclke = e™+e™ € £(s) [recall (36)], letS, be the
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set of indices for whick™ (i) # 0. (So in fact,*<e™ = e™.) The essence of this idea is that we count all of the sequences
This leads to the key result, which is that the sequenée some of the time, we count some of the sequences all of the
£(s) must have a GM decomposition with in £(s) unless time, but we do not count all of the sequences all of the time.
vi(e) < Oforalli € S,. This will occur with probability2—!%l, It should be clear that the decomposable sequence bound can
since from Lemma Xy;(e) < 0 with probability 0.5, and the;s also be written in closed form, with the appropriate substitution
are independent. for p in (45), so the bound (60) can be simply restated as

The only sequences that we include in the union bound are . 1 8
those for which we are not assured of a GM decomposition, so P < 2k WT(Xv Y) . (61)
we now require the joint probability of the pairwise event for K1 K=p Y=t
e = e™ +5 &™ and the event that;(e) < 0fori € S. We Withp=2P3"(u1)+377_, P35 (u;). Of course, we have not
upper bound this probability using (51) as follows: et be ~Presented a closed-form expressionfdnowever, its computa-
the K -length vector which is one in theth position and zero tion requires onl2* ~* numerical averages and is independent

elsewhere, then of the choice of codes. The expression (61) is closed form in
] the sense that we have avoided the infinite double summation
P, s(e)Pr(vi(e) <0VieS) of (60).
1 " ) " ) _ Table | illustrates the decomposability bound of (59) for all
< ) H (253" (e(i))] HBP?E(P’(Z))] 2711 (59) four sequences associated with the single-user sequeree
1 s ies [1 1] for user 1 by considering separately the channel realiza-
< Z[2Pt(uy)ete™) 1S H[p;f(e(i))]_ (56) tions for a two-user system. These sequences all share the same
2 i€S v;S. Each row in the table is equally likely, and lists the set inclu-
The exponentu(e™) — | S| arises as the number of occurrence%?c?”s a_nd minimum bpund required. The firstTIine of decc_)mpo—
of uy in e, sincee™ () is eitheru; or 0. sitions is made by noting thet = e, + [0 1|0 0] ' so thate, is

We enumerate the associated sequences by consideringdﬁf‘eonlposed inte; = Ca ande; = [0 1/0 0]". The quadratic
alphabet of vectors foe(i), as in (43). The union bound onforma”Afes, [0 110 0] )ais positive because of the condition
the probability of the associated sequence&(s), allowing for ©Nv1 = a”(1)A([1 0], [0 1])a(1). The sequenc 1|0 0] is

decomposability some fraction of the time, is given by summinﬁ‘”d since user 2's bits are unconstrain_ed. Therefore, we _have
over (56) (es) C Pleq), andey is not counted in the bound for this

fading realization. The other decompositions follow similarly.
The probabilities are all conditional on thes.

Pri |J Dle) <% 3 (2P (uy))e @S

ecf(s) ecé(s) VII. M ULTIPLE-USER SUBSETS
ub - i . i
’ H [P2—(e(‘))] ’ 7 While the GM decoder is most clearly presented with the as-
ieSe sumption that only a single-user is coded, the strategy can easily

However, (57) can be written in a more concise form by expligre extended to consider a larger subset of the users to be coded.
itly considering the structure of the associated sequences. Regakhis case, we definé to be the set of user indices of the
that the set(s) consists of al2?("* =) = /4 combinations of assumed-coded users. Equation (15) can then be restated as fol-
U vectors ind = w(s) time-intervals. We write these combina-qgws.

tions explicitly using multinomial coefficients, and by indexing - Under the assumption that only the codes of the users in set
the alphabet of vectors fex(<), as in (43) so that the right-hand@ are known, the conditionally ML joint decoding rule for the

side of (57) is users inG is
v . _ . 2
1 d ” . ” . b = arg min ||[FCp — qH (62)
5.2 (ot o Tzt
x: 1T Tx=d =2 = _ 2
(58) = arg min min HFC (pG + pG) - qH (63)
p¢CXe pEGXE

yvhere the_sum is over a[lf_-length vectorsx of nonnegatj\(e where we replaced,, in (15) with A, the set of all possible
integers withh_ z; = d. B.y wrtug of the form of t.he probability transmitted sequences assuming only the codes for uséfs in
terms, we can collect this multinomial expansion as are known, and further decompose this set by letfiagbe the
oK —1 d set of all vectors that are coded outputs for the users and
% 2p2ufb(u1) + Z p;f(ui) . (59) arezero in gll other posit_ions, and@gbe the set of all vectors
=2 in {1} which are zero in the positions fa¥.
If we let |G| be the number of users i@, and let|G| =
— |G|, then the GM decoder can be implemented Wit <!
states2*|G| branches from each state, with each branch min-

The conditionally decomposable error bound for the GM d%
coder can now be stated using (48) as
d

] &= 2k 1 imizing overn2/S! possibilities, resulting in a complexity of
PI< o SN Nals) 2P (m) + > P ()| . ordero(2tDIGIHE),
d=dyo, SEST =2 The performance analysis for this decoder is also a simple ex-

(60) tension of the previous section. We proceed as in the single-user



1030 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 49, NO. 6, JUNE 2001

TABLE |
Two-USEREXAMPLE OF DECOMPOSABILITY AS A FUNCTION OF THE PARAMETERS v; AND 2 IN (46). THE FOUR POSSIBLE SEQUENCES AREe, = [1 0|1 0] T,
e, =[11]10]T,e. =[10/11]T,ANDeg = [1 1|1 1]T. v; = a*(1)A([1 0], [0 1])a(1), vz = a*(2)A([1 0], [0 1])a(2).

v; vy | Decompositions Event Inclusion Error Bound for User 1
e, =e,+[01/00]T | Pe,) 2 {D(e.),D(es), P (e,)

+ + |e.=e,+[00]01]" D(e.), Dies)}
es=e,+[01|01]"

+ —|es=e,+[01/00]7 | P(e,) 2 {D(e.),D(es)} | Pi*(es) + Pt (e|vs < 0)

ea=e.+[01]00]" | Ple.) 2 {D(e.),D(es)}
— 4+ | e.=e,+[00]01]T | Ples) 2 {D(e.),D(er)} | Pi*(en) + P¥(es|vr < 0)
eq=e;+[00/01]" | P(es) 2 {D(es), D(ea)}

- - P3(e,)+P¥(ep]v) < 0)
- - +P¥ (e |vy < 0)

—|—P2“b(ed|v1,v2 < 0)

case, except that we must consider the joint codewords for tt 10
users in groug. We then make decompositions of the form

e = e + e, wheree® affects only the users in group and g
e% does not. For the upper bound, we have that the error ra 0tk
for userm in the groupG can be stated as follows: &4~ be

the set of allK -vectors in{0, 1} that are one in positiom and

zero for the positions 67, let /< be the set of allK-vectors

that are zero in the positionsd®, and let/ be the set of vectors f10°
that are nonzero i and one in positiom:. Thus, every vector

in w € U can be written aw = u + v, withu € ¢ and Wi Decotr
v € US. Then X -0~ GM Decoder

10 — GM TF Bound
= = Decomp. TF Bound

o
1 <=+ Trunc. Decomp. Bound
P:,n < ﬁ E E § Nm(e) ---- Trunc. GM Bound

y - = | ower Bound
d=dfrcc sESj’m ec&(s)

. Z 2Pé”’b(u)+ Z 3 SNR4(dB)

G : =
ucH weld:w u+;’ Fig. 5. Bounds and simulation results for ML and GM decoders for two users
with medium (0.5) cross correlation.

- Pyt (wla*A(u, v)a < 0)| . (64)

signal-to-noise ratidz./ Ny, whereE, is the energy per coded

WhereSf’ ™ is the set of all shift-distinct multiuser error Se_symbol. Both users employ the same rate 1/2 code dyith =

guences for groups which affect usern and are nonzero id 5.’ (This is the encoder of Fig. 2.) We see t_hat i.n this case the
symbol intervals, anéf(s) is the set of alli-user sequences OfS|mulated performance of the GM decoder is quite close to that

: . L the ML decoder.
xﬂle(::r:(l; a:s?)bsequence, and are zero for those time mtervgfsl_he curve labeled “GM TF bound” is obtained from (45),

while the “Decomp. TF Bound” is obtained from (61). The con-

ditional pairwise probabilities in (61) are computed by Monte

Carlo averaging. Truncated series bounds are also shown. The
In order to assess the effectiveness of the bounds for both derve “Trunc. GM Bound” is obtained by computing (22) and

coders, it is necessary to conduct computer simulations to egbstituting into (36), with outer summation evaluated febea

timate the true bit-error rate (BER). The simulations presentdd- - 10. The “Trunc. Decomp. Bound” curve is obtained by

here assume the channel model is exactly as given in Sectionfiimerically averaging (47) with conditioning an(e) < 0

with perfect interleaving and perfect channel fading estimatesaatd evaluating (48) for all associated sequences &ith 10.

the receiver. The modulation is BPSK. These truncated series bounds are much tighter than the closed
Fig. 5 shows simulation results for a two-user single-paform bounds, since’ is a loose upper bound of,. The

(K = 2, L = 1) equal-power example with a signal crossower bound is the minimum-distance bound: the probability of

correlation of 0.5R = [,! °2]. The BER is plotted versus a single error sequence with weight...

IX. NUMERICAL RESULTS
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-~ ML Decoder
-4 | =6~ GM Decoder
—— GM TF-bound
- - Decomp. TF-bound
------ Trunc. GM Bound

== Trunc. Decomp. Bound
e | ower Bound

0 1 2 4
SNR (dB)

1031

= | ower Bound
| =@= ML Simulation

" ~0- GM Simulation
107F | — GM TF Bound
= = Decomp. TF Bound
"""" Trunc. GM Bound
+=+ Trunc, Decomp. Bound

0 1 2 3 4 5 6 7
: SNR (dB)

Fig. 6. Bounds and simulation results for ML and GM decoders for two uselfég. 8. Bounds and simulation results for a three-user example with 0.5 cross

with singular correlation matrix.

=4
[4a]
1]
107
104 o -~ -0  GM Decoder
——o ML Decoder
@0 Decorrelator-Decoder
.5
10 1 i 1 1 1
0 1 2 3 4 5
Ec/N o (dB)

correlation. The GM decoder uses a group size of 1.

equal-power users, and the samg. = 5 code of the pre-
vious examples. Simulation results for the ML decoder, and for
the GM decoder with group size of 1, are presented. The GM
decoder closed-form bounds obtained from (45) and (61) are
also shown, as in the previous figures, along with truncated se-
ries bounds. In this example, the ML decoder requires roughly
16 times the number of computations as a single GM decoder.
However, the simulated performance is quite close, showing the
advantage of the one-user GM decoding scheme.

X. SUMMARY

The group-metric decoding strategy exploits a unique feature
of the multiuser decoding problem for reducing complexity.
This strategy performs well since the effective super-coder
of the combined users must be noncooperative, and therefore
cannot increase the free distance of the super-code above

Fig. 7. Bounds and simulation results for a two-user example with 0.9 cro@,at of the Slngle-l_JS_er COde_S' The GM and ML decoders thus
correlation. Also shown is the simulated performance of a decorrelator followsfiare the same minimum-distance performance, and should be

by a single-user decoder.

expected to be asymptotically equivalent. Simulation results
show that the performance loss relative to the ML decoder can

Fig. 6 depicts simulation results for the same example, b2 negligible.
with a cross correlation of 1. In this cad®,is singular so that _ 1he conditionally ML nature of the GM decoder allows for

we have a narrow-band channel. Here, the performance éti;poerformance to be completely analyzed using standard tech-
between the GM decoder and ML decoder is larger, but sfiljdues for convolutional codes, once the assumed super-coder is

within about 1.5 dB. The truncated bounds (labeled “Trunc. Gf@racterized. In addition, a new analysis which removes con-

Bound” and “Trunc. Decomp. Bound”) include single-user Séi_ltlonallly decomposable sequences from the union bound can

quences withl < 14. further tighten the performance bound for the GM decoder, pro-
In order to see the advantage of using a multiuser decodéfling & valuable design tool.

even the reduced-complexity GM decoder, we compare the pre-

vious example with a single-user decoder in Fig. 7. Here, the APPENDIX

users have been separated with a decorrelating transformationemma 2: A matrix X of the form[ 2, ™" | has the property
R~!, then those outputs are passed to a soft-input single-u Sl if ) is én eigenvalue—) is also I\::m (zaigenvalue and €

decoder. In this case, the penalty due to the decorrelation is qL{I e\/m} for A # 0

high. i _ "
A three-user example is shown in Fig. 8. In this case, we have Proof: LetAv = Xv. Rewriting

assumed a single-path & 1) model withR. being an equicor- Xy — [ 0 M*} [x} B [M*y} B [)\x}
M = = .

related matrix with off-diagonal elements equal to 0.5 and with 0 vy Mx Ay (65)
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Then we can also write [2] ——, “Error probability bound for reduced complexity multiuser de-
coding using orthogonal decomposability,"Rmoc. IEEE Int. Symp. In-
0 M~ X _ M*y _ | X (66) formation TheoryAug. 1998, p. 341.
M 0 y —Mx [3] S. Verdd, “Minimum probability of error for Gaussian multiple-access

. . N channels,IEEE Trans. Inform. Theoryol. IT-32, pp. 85-96, Jan. 1986.
S0 —A is also an eigenvalue. Also, K # 0, M*y = Ax and [4] Z.Zvonar and D. Brady, “Multiuser detection in single-path fading chan-

Mx = Ay, soM*Mx = A2x andMM*y = )\2y_ Thus)? is nels,” IEEE Trans. Communvol. 42, pp. 1729-1739, Feb./Mar./Apr.
H * 1994.
an eigenvalue aM*M. u [5] G. Caire, G. Taricco, and E. Biglieri, “Bit-interleaved coded modula-
Proof of Lemma 1: tion,” IEEE Trans. Inform. Theorwol. 44, pp. 927-946, May 1998.
Proof: Letthe subsets of indices {r17 ey K} for which [6] 'fr R. GialllorenziI?nd Sd Gd Wilsor;], “Multiuser ML sequence estimator
. . or convolutionally coded asynchronous DS-CDMA system&EE
e, (¢) ande;(1) are equal to zero be denoted@andH, respec- e Communy‘él_ 44, pp. 9{)7_1008’ Aug. 1996, ystems,
tively. Hencef can be written as [7] A.J. Viterbiand J. K. OmuraRrinciples of Digital Communication and
o P Coding New York: McGraw-Hill, 1979.
6 — l[a* (e a (i) ] 0 ne | [alia (67) [8] J. G. ProakisPigital Communications3rd ed. New York: McGraw-
2 Quea 0 a(i)y Hill, 1995.
[9] S.LinandD. J. Costelld&rror Control Coding: Fundamentals and Ap-
wherea(i) anda(é); are the sub-vectors af(¢) obtained by plications Englewood Cliffs, NJ: Prentice-Hall, 1983.

retaining the elements indexed 6yandH, respectivelyQ ;¢ [10] M. Schwartz, W. R. Bennett, and S. Ste@pmmunication Systems and

is th b trix of2 obtained b tainina th ind d Techniques New York: McGraw-Hill, 1966.

IS the sub-matrix o O_ ained by retaining the rows indexe [11] S. Verdd, “Maximum likelihood sequence detection for intersymbol in-

by H and the columns indexed lgy. terference channels: A new bound on error probabilitgEE Trans.
Using Lemma 2, we can form a spectral decomposition of  [nform. Theoryvol. IT-33, pp. 62-68, Jan. 1987.

A(el, eg)

. D 0 0
Ale;,e)=U*" |0 -D 0|U (68)
0 0 O Eric A. Fain received the B.S. degree in engineering from Harvey-Mudd Uni-

. . . . . . versity, Claremont, CA, and the Ph.D. degree in electrical engineering from the
where U is unitary andD is a diagonal matrix of eigen- yniversity of Colorado at Boulder in 1999.
values. Since the VeCtGﬂ(i) is zero-mean, Complex Gaussian He was a Research Assistant at the University of Colorado at Boulder from
with E(aa*) = I, soisv = Ula*(i)¢ a*(i)x]*. Let 1994 to 1999. His research activities were in the area of multiuser communica-

tions. In 1999, he joined Lockheed-Martin, San Jose, CA.
v = [vi v} vi], thenE(v.v}) = E(vovs) = L Therefore )

D 0 0

v
f=v-|0 -D 0 v:[va';]{D OH 1} (69)
0 0 0 0 -D V2 Mahesh K. Varanasi(S'87-M'89—SM—-95) received
. N the B.E. degree in electronics and communications
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and sincev; andv, are independent and identically distributed
so areviDv; andviDv,. Thus, 6 has the same probability
density as-4. [ |



