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Abstract — We present a fourth-moment measure of the 0

“bandwidth” of a strictly time-limited signal and obtain a 10k e
minimum-bandwidth basis for L?(a,b). Such a basis consists — Ath-moment
of orthonormal waveforms with the smallest obtainable band- 201

widths. The primary advantage of the fourth-moment bandwidth
relative to the Root Mean Square (RMS) and Fractional Out-of-
Band Energy (FOBE) measures is that its basis functions have a
O(1/ f3) frequency roll-off compared to the O(1/f2) and O(1/f)
decay of the RMS and FOBE basis functions, respectively.
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I. MAIN RESULT .
Every strictly time-limited pulse has a spectrum which is non- 805 : 2‘ ; ! v
zero for an infinite range of frequencies. Hence, non-strict measures Frequency (Hz)

of bandwidth are used to quantify the spectral concentration of such
signals. Two such measures, namely the RMS and the FOBE baRigure 1: Magnitude spectra g (t) for the FOBE case (with

widths, have been studied in the past. In particular, it was shown tegt — 211), the RMS bandwidth and the fourth-moment mea-
the minimum RMS and FOBE bandwidth orthonormal basis fung—ure' all forT = 1.

tions forL2(0,T) are sinusoids sitkrt/T) for integerk [1] and the

set of time-truncated prolate-spheroidal wave functions [2], respec-

tively. In this paper we consider the fourth-moment bandwidth artie solutions to lie itH&(—T /2, T /2) which are the time-limited el-
obtain the corresponding minimum bandwidth orthonormal basis. €éments of the Sobolev spalé¢? of functions onR defined as [3],

- , w2={x: H(1-|—f2)>2(f)H <ol )
Definition 1 (Fourth-Moment Bandwidth Measure) For a base- 2
band signal with energy spectrum($), the fourth-moment band- It can be shown that the eigenvalugsof (3), which are equal to
width is defined as the bandwidths of the respective basis functions, are givep as
) (@/2m)*, where thap’s are the positive solutions to
w 1/4
bw(x) — {f«;f‘l&(f)df} B cog T /2) sinh(@T /2) + sin(@T /2) cosH@T/2) =0  (5)
oS f)df and
Definition 2 (Minimum-Bandwidth Basis) Let the collection of cog (T /2)sinh(@T /2) —sin(gT /2) coshT/2) =0 (6)

functionsB = {i};2; be an orthonormal basis fdc?(~T/2,T/2)  The eigenfunctions are given foe [T /2,T /2] by
(the space of square-integrable functions with standard inner prod-

uct), and let the bandwidth measure be defined through (i), Has " \/ 7T(1<2H1E) (cog@t) +akcoshggt)) k, odd -
ini i 2 functi i k(t) = : : :
F{r:“ei Tlrllmiuém bandwidth of all“ functions which are orthogonal to T(1-2+a§) (sin(@et) + agsin@t))  k even
i—1 1€,
Y=arg min _ bw(x) (2) whereay =—coqqT/2)/coshgT/2).
iill_p ("ﬁf) A comparison of the frequency roll-off of the minimum FOBE,
1,7 Wk—1

RMS and fourth-moment bandwidth functions can be seen in Fig-
for all k, thenB is aminimum-bandwidth basifor L2(—T/2,T/2). ure 1. This figure reveals that while the minimum fourth-moment
bandwidth basis function has a somewhat larger main lobe than the
The main result of this paper is that the minimum bandwidth badisincated prolate-spheroidal function and the half sinusoid, its rate of
functions for the fourth-moment bandwidth measure are solutionssifle-lobe decay is significantly better.
the eigenvalue/eigenfunction equation
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