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Abstract — We develop an upper bound on the error proba-
bility of the reduced-complexity Group-Metric multiuser convo-
lutional decoder [1]. This error bound results from discarding
a class of redundant error sequences which are orthogonally de-
composable. Indecomposable sequences for uncoded multiuser
detection were introduced in [2] for the non-fading channel, and
their enumeration is computationally intensive. By restricting
attention to orthogonally decomposable error sequences for the
fading channel, we can characterize sequences whose decompos-
ability is independent of the fading parameters. Furthermore,
we can easily compute this bound by evaluating the generating
function of the encoder of the user in question.

I. I NTRODUCTION

We consider the group-metric (GM) decoder, introduced in [1].
This is a reduced-complexity multiuser convolutional decoder which
exploits a unique feature of the multiuser decoding problem by as-
suming (falsely) that only one user’s code is known. Our goal is to
obtain a tractable bound on error probability for this decoder. The
key to obtaining a good bound is to eliminate redundant error se-
quences. To this end, we identify a large number of orthogonally de-
composable (hence redundant) sequences in a simple way, and thus
obtain a closed-form upper bound expression which depends only on
the single-user code generating function for the decoded user. In con-
trast, most other reduced-complexity decoding schemes are not easily
analyzed.

II. SYSTEM MODEL

The GM decoder and the orthogonally decomposable sequence
analysis we present are characterized for the fading channel, but they
may also be adapted to the non-fading channel. TheK-user syn-
chronous fading multiple-access channel has matched filter outputs
for theith symbol interval given by

q(i) = RC(i)b(i) + n(i) (1)

whereR is the multiuser correlation matrix,C(i) is a diagonal matrix
of complex fading amplitudes withE(c(i)cy(i)) = �2, wherec(i)
is the vector of diagonal elements ofC(i), b(i) is the vector of users
encoded data bits inf�1g, andn(i) is complex Gaussian noise with
E(nny) = N0R. We assume a Rayleigh fading distribution, and
perfect interleaving, so thatE(c(i)cy(j)) = 0 for i 6= j. This model
(and the results that follow) are easily extended to allow for fading
diversity. Each user employs a single-user convolutional code. The
GM decoder decodes only userm, soK parallel decoders are needed
to decode all users.

III. E RRORSEQUENCES

Let b = [bT(1); � � � ;bT(N)]T be the transmitted sequence
and b̂ be the coded sequence corresponding to the decoded in-
formation sequence, then withe(i) = (b̂(i) � b(i))=2, e =
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[eT(1); � � � ; eT(N)]T is defined as an error sequence. The union
bound on error probability, which is a sum over the entire set of er-
ror sequences, can be tightened by removing those error sequences
that are redundant. Decomposable sequences were defined in [2].
For our model, we have: An error sequencee is decomposable
for a given fading realization intoe = e1 + e2 if e1 and e2 are
error sequences, there is no cancellation betweene1 ande2 and ifP

i
Re[eT1 (i)C

y(i)RC(i)e2(i)] � 0. If a sequence is decompos-
able intoe = e1+e2, thene need not be counted in the error bound.
For the closed-form bound, we consider only orthogonal decomposi-
tions where

P
i
Re[eT1 (i)C

y(i)RC(i)e2(i)] = 0.
Without loss of generality, we will assume that the “all�1’s” se-

quence is transmitted, so that the error sequences have elements in
f0; 1g. For the GM decoder, the set of all error sequences consists
of sequences whosemth subsequence is a single-user error sequence
for themth user’s code. Because the decoder does not know the other
users’ codes, the remaining error symbols are unconstrained.

Note that a sufficient (deterministic) condition for orthogonal de-
composability is thate1(i) = 0 for all i wheree2(i) 6= 0, or vice-
versa. Let us consider an error sequence that is non-zero in at least
one time-interval where themth user’s error symbol is zero. Such
a sequence can be orthogonally decomposed into the sum of two
sequences, one which is zero in every time-interval where themth

user’s error symbol is zero, and one which does not affect themth

user. The result is that for our upper bound on error probability, we
count only those error sequences whosemth subsequence is a single-
user error sequence, and is zero in the intervals where the single-user
error sequence is zero. The simplicity of the characterization of such
sequences allows us to obtain the bound in terms of the single-user
generating function for userm.

IV. ERRORPROBABILITY BOUND

Let the mth user’s ratek=n convolutional code have generat-
ing function T (X;Y ) defined in [3]. For the GM decoder, our
generating-function upper bound can be shown to be
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whereUi for i = 1; � � � ; 2K�1 areK � K diagonal matrices with
diagonal elements2 f0; 1g with themth diagonal element fixed to
be one.
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