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Abstract

There have been several recent papers in the literature that deal with the design of signature wave-
forms for use by the transmitters for up-link, single-cell, multiple-access communications. In particular,
we consider the approach introduced in [1] and [2] where the signature waveforms are specifically designed
for the centralized multiuser receiver at the base so that each transmitter can be guaranteed a pre-assigned
Quality-of-Service (QoS) requirement in terms of the received Signal-to-Interference Ratio (SIR). The re-
sulting strategy is called Bandwidth Efficient Multiple Access (BEMA) [2]. When all users employ Pulse
Amplitude Modulation (PAM) and a common signaling rate, the key question in BEMA is how the wave-
forms must be designed to occupy as little bandwidth as possible and still meet the QoS objectives. For
a strict measure of bandwidth, and for a given set of received powers, this question was addressed by the
authors for the Maximum Signal-to-Interference Ratio-Decision Feedback (MSIR-DF) receiver in [3]. A
similar question was addressed in [4] where, for a sum constraint on the received powers, optimal signa-
ture signals and transmit powers were obtained for thdinear MSIR receiver (without decision feedback). A
somewhat different but related non-QoS approach proposes the design of signature signals that maximize
the total capacity of the multiple-access channel under a spreading gain constraint (cf. [5]-[6]). This paper
undertakes a comparison of the minimum bandwidth required to achieve the QoS requirements for the
signals designed for the MSIR-DF receiver [3], the linear MSIR receiver [4], and for sum-capacity maxi-
mization as in [6]. We show that the bandwidth required for multiuser receivers with decision feedback can
be significantly less than that required for linear receivers or for sum-capacity maximization.

I. THE CWMA SYSTEM MODEL

A Correlated-Waveform Multiple Access (CWMA) system is modeled as one whiergers
transmit PAM waveforms simultaneously and the received signal is a symbol-synchronous
superposition of those waveforms and additive noise so that

y(t) = Z Z Xi(n)ug(t — nT) + n(t), Q)

n k=1

whereu, (t) and{ X (n) }, are the signature waveform and the sequence of transmitted symbols
of the k™" user, respectively, and(t) is an additive white Gaussian noise process with a two-
sided power spectral density 8f,/2. The signature waveforms are normalized to have unit
energy so that the received power of th€ user in units of energy/symbol is given py =
E[X(n)?]. Define the diagonal power matrR = diag(pi, - --,px). It is assumed that the
signature waveforms satisfy the Multiuser Nyquist Condition (MNC) which we define as:
wherey, is the Kronecker delta (equal towhenn # 0 and1 whenn = 0). Define the signal

correlation matrixR = { R;;} (note the diagonal elements are equal to unity).
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An equivalent discrete-time model can be obtained by passing the received signal through
a bank of filters matched to the users’ signature waveforms and then sampling the outputs at
integer multiples off". The sufficient statistics thus obtained can be expressed as

Y(n) =RX(n)+ N(n), (3)

where X (n) is the vector of information symbols of the users at timand {N(n)} is a
sequence of independent, identically-distributed, zero-mean, Gaussian random vectors, each
with covariance%R. Note that the CWMA channel is memoryless as a consequence of the
MNC constraint. We drop the time indexand work with the model” = RX + V.

The MNC is trivially satisfied if the signature waveforms are time-limited to a symbol dura-
tion but for a finite value of the strict measure of bandwidth, these signals can not be finitely
supported. It can be shown that the minimum (strict) bandwidth required to satisfy the MNC
is equal toM /(2T) whereM is the rank ofR. GivenR, it is possible to construct the signa-
ture wavforms that satisfy the MNC as linear combinationg/obrthonormal basis functions.
These basis functions can be thetime-translates of a single sinc pulse of bandwitith(27")
(translated by integer multiples @f/A7), or M modulations of the sinc function of bandwidth
1/4T (modulated by frequencies that are positive and odd integer multiplesld) [7]. With
these choices for the basis functions, note that wReis equal to the identity matrix, the
CWMA model reduces to TDMA or FDMA, respectively.

[I. BANDWIDTH-EFFICIENT MULTIPLE ACCESS

In this section, we briefly summarize the signal design method for multiuser receivers with
decision feedback as obtained by the authors in [3].
A decision feedback multiuser receiver detects (or decodes in a coded system) the users

successivly and is shown in Figure 1. It is parameterized by a feedforward riagmnd a
v
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Fig. 1. The decision-feedback receiver.

strictly lower-triangular feedback matri8. The first user is decoded based on the decision
statisticZ, = F1Y whereF" is the first row ofF (the superscripi’ denotes transpose of a
matrix). The resulting symbol decision is denoted¥as The k'™ user is decoded based on
the decision statisti&;, = E{Z — Zf;f B,;; X;. Such processing effectively provides for each



user a single-input single-output channel. For a given order in which the users are processed,
and under the assumption of perfect feedb&ckndB are obtained to maximize every users’
signal-to-interference ratios (SIR) in [8] [9]. This receiver will be refered to as the MSIR-DF
receiver and is specified next.

Define the weighted correlation matiit = PY/?RP'/2. Let H ;) denote the principal
submatrix ofH formed by the indice# throughk', andH  the first column ofti ;) after
striking out its first element.

The feedforward matrix for the MSIR-DF receiver is given By= (LT)~!P'/2 where
H + 2T = L'L is a Cholesky decomposition with being lower triangular, and wheie
is the identity matrix. The feedback matrix is the strictly lower triangular part of the matrix
productFR. The SIR of thek™ user for the MSIR-DF receivefy,, can be expressed as [7]

= () (pe — Hoy"(Hgpny + 52 1) 1 Hyy) (4)

We are now in a position to state the signal design problem: given received pBwansl
the QoS constraints that usemust achieve an SIR that is no less thianfind a correlation
matrix R (or equivalentlyH) with as small a rank (and hence bandwidth) as possible that will
result inv, > g for eachk = 1,2,---, K where~; is given in (4). We choosg;, to be
some fractiom,, € (0, 1] of the maximum achievable SIR (that of a single-user channel), i.e.,
Br = 2ne g

In [7] we obtain an algorithm for designing a correlation matrix that satisfies the QoS con-
straints and has small, if not minimal, rank. The algorithm is very simple to describe. Assume
that the users are decoded in the increasing order of their indicesK(). tdhe matrixH is
constructed recursively as follows. Sékx = px. Given thatH ) has been determined,
H, is obtained by specifyind/ , to be

Hpy = /min{(1 — n) (A + 20), 0} p/ Vs, 5)

where)\, is the smallest non-zero eigenvaluddyf. ) andV/, is its corresponding eigenvector.
There is, of course, the issue of choice of order of decoding. In a coded system erroneous
feedback can be reduced to an acceptable level with good single-user codes so that, in principle,
any ordering is fine [10]. Relative to some other orderings, it has been found that processing
the users in decreasing order(af— ;) consistently does well at conserving bandwidth. The
idea is to detect the users with more power to spare before those with little or no extralpower.
Under a symmetric SIR constraint (i. ey, > Gsym for all k), this ordering rule is equivalent
to decoding the users in descending ordes,of
The algorithm is suboptimal in that it does not guarantee the minimal possible rank. How-
ever, it is shown in [7] that the above algorithm often yields a correlation matrix with a rank

'In an uncoded system, an ordering rule that directly mitigates error propagation effects, such as the decreasing order of the
QoS requirements, is more appropriate.



that is close to a (generally unachievable) lower bound on minimum rank (to be described be-
low). In the best-case scenario, the minimum rank and our signal design strategy would yield
the minimum processing gain of 1. In this case, it suffices for all users to employ the same
signature waveform. In the worst-case scenario, the minimum rank required midy=bex

(e.g. whenp, = 1 for all £) in which case it is not possible to improve on the bandwidth
required for Time or Frequency Division Multiple-Access (TDMA or FDMA).

The minimum rank is a function of the received powers and the SIR constraints but the prob-
lems of finding it and/or the corresponding correlation matrices (with minimum rank) that sat-
isfy the QoS constraints are as yet unsolved. However, in [7] we find a (generally unachievable)
lower bound by allowing a variable signaling ratél’ (that depends on the received powers)
and joint maximum-likelihood decoding at the receiver or rate-splitting multiple-access [11].
These strategies are however extremely difficult, if not impossible, to implement in practice.

Henceforth, the CWMA system that specifically uses the MSIR-DF receiver and the signals
derived from the correlation matrix obtained according to the above recursive algorithm will
be refered to as the BEMA system. The corresponding signal design will be referred to as the
BEMA design.

[1l. SIGNAL DESIGNS FORLINEAR RECEIVERS AND SUM-CAPACITY MAXIMIZATION

Recently, two other methods of signal design have been proposed in the literature.

In [4], Viswanath, Anantharam and Tse consider the linear MSIR receiver. For a given pro-
cessing gain (and with or without a constraint on the average received powers), they obtain nec-
essary and sufficient conditions under which there would exist powers and signature sequences
that will allow the linear MSIR receiver to achieve a given set of target SIR constraints.

In [6], Viswanath and Anantharam consider the CWMA model with fixed users’ received
powers. For any fixed processing gain, they obtain signature sequences that maximize the sum
capacity of the channel (this problem was solved earlier for the special case of equal fixed
receive powers in [5]). As in BEMA, this approach does not employ power control, but unlike
BEMA it focuses on a single design criterion (i. e., sum capacity) instead of a set of QoS
criteria.

This section describes ways of interpreting the results of [4] and [6], optimal though they are
in their respective contexts, within the context of a QoS-based approach to a combined design
of signature waveforms and receiver to achieve bandwidth efficient multiple-access communi-
cations.

In addition to the notation used so far, we let the signature sequences (coefficients of the
linear combination of basis function waveforms) of the users be arranged as unit-norm columns
inanM x K matrix A (note thaR = ATA), and defineS =1 + (42)"'P'/2ATAP'/2,



A. Optimum Signal Design and Power Control for the Linear MSIR Receiver

Given a set of SIR constraints, the Viswanath-Anantharam-Tse (VAT) method of signal
design determines whether or not there exists a set of signature sequences with processing
gain M and a set of received powers (with or without an average-power constraint) such
that each user meets its SIR constraint with a linear MSIR receiver. In this case, the SIR
of the k'™ user, given byy, = 1/(S7!).. — 1, is required to be no less thah. Without
loss of generality, assume that > 3, > --- > [k, and define theffective bandwidtlof
the k' user ase(8;) 2 B(1 + B:)~'. There is a uniqué* € {0,1,---M — 1} such that
(M — E*)e(Bre) > S0 gy e(B5) > (M — k*)e(Br-41). Akey resultin [4] is as follows.

For a given processing gal < K, there exists &P, A) pair such that the users meet the
SIR constraints and the average-power constraint, >  p, < P, if and only if

K k* * K .
i=1 M —k* — i=k*+1 Bi

Without the power constraint, these two conditions reduce to only the first condition.

It is straightforward to view this design within the context of BEMA. In the BEMA design,
we are given the users’ received powers so that their average pafter |§ > K | pp. Suppose
that the BEMA signal design described Section Il yields a correlation matrix withYasg » .
Similarly, let Myt (subject to the average power constraint) aig,yr ¢ (unconstrained
powers) denote the minimum required processing gains for the VAT signal design to meet the
SIR constraints. In contrast to BEMA, the VAT and VAT-U designs have the additional freedom
of choosing the most favorable power distribution, the former within the confines of an average
power constraint and the latter without any such constraints. Consider now the following two
examples.

Example 1:n this example the target SIR values of all users are assumed to be identical (i. e.,
we have a symmetric SIR constraint). Figure 2 plots the required processing gain versus SNR
for fifteen users for several power distributions (see [12] for a justification of these distribu-
tions). The SNR is defined to be that of the weakest user, whose power is set at unity, so that
SNR = 10log,,(1/Ny). The signaling interval is fixed & = 1.0, and the symmetric SIR
constraint is given by, = (£2)~'. Additionally, the figure also plots the FDMA upper
bound and the lower bound mentioned in Section II.

It is clear from the figure that both BEMA and VAT/VAT-U lie within the upper and lower
bounds, and that BEMA uniformly and significantly outperforms the VAT and VAT-U designs.
The performance gains of BEMA are especially evident as the disparity in the users’ powers is
increased. Note also that there are situations where BEMA actually achieves the lower bound
and is hence optimal in such cases.

It can be easily shown that for large enough SNR both VAT-U and BEMA are forced to
require the same processing gain as FDMA (i.d.= K). For VAT-U, this occurs whenever
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Fig. 2. Required processing gain versus SNR for fifteen users and several power disparities.

Bsym > K — 1. Thus, for the example at hand the processing gain of VAT-Wisthenever
the SNR is greater than 8.451 dB. In contrast, we find experimentally that the processing gain
of BEMA does not reach 15 in Figure 2 (a) until the SNR reaches 120.3 dB. Moreover, at this
SNR, the lower bound on the processing gain is 14 which is itself close to that required by
FDMA. Similarly, in Figure 2 (c), the processing gain of BEMA reaches 15 at an SNR o0f 41.2
dB, at which point the corresponding lower bound on the processing gain is again 14.
Example 2:1In this example the SIR constraints are taken to be asymmetric. There are five
users whose powers, in the case of BEMA, are fixed, and the signaling interval is once again set
at7T = 1.0. To establish a set of asymmetric SIR constraints, we randomly choose the SIR con-
straint of the k™" user, 3y, from the interval0, p/(Ny/2)] according to a uniform distribution.
Given these constraints, the required processing gain of both BEMA and VAT/VAT-U are eval-
uated. In Figure 3 we plot a histogram of the processing gain of BEMA versus the processing
gain of VAT/VAT-U over one thousand samples of the SIR constraints for users whose powers
exhibit linear disparity; several values of SNR are considered. As was the case in the previ-
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ous example, BEMA once again dramatically outperforms the VAT and the VAT-U designs.
Nowhere do VAT and VAT-U perform better than BEMA, while BEMA is strictly better than
VAT/VAT-U anywhere from 69% to 88% of the time. Also observe that the VAT and VAT-U
signal designs often degenerate into FDMA, thereby requiring maximum processing gain. For
instance, this happens 81.4% of the time for VAT and 74.9 % of the time for VAT-U when the
SNR is 6 dB. In stark contrast, BEMA's performance degenerates to orthogonal signals only
8.7% of the time under the same conditions.

We conclude from the above two examples that for many scenarios the structure of lin-
ear multiuser receivers is too restrictive to allow any significant improvements over the sim-
ple FDMA system in spite of using optimum signal and power allocations. In stark contrast,
nonlinear receivers with successive decoding are able to extract much of the gain in spectral
efficiency that is theoretically possible with variable signaling rate and multiuser coding.

B. Maximum Sum-Capacity Signal Design

Given a processing gaif/ and a set of received powers, the Viswanath and Anantharam
(VA) method of signal design chooses the set of signature sequences that maximizes the sum
capacity of the channel [6]. The sum capacity of the channel is giv%i% by |S| in nats/sec.
Assume without loss of generality that > p, > - -+ > pg, and letP,;, = Zszlpk. There is
auniquek* € {0,1,---, M — 1} that satisfie$M — k*)pp- > S0 pj > (M — k)1
A central result in [6] is that fod/ < K, the maximal sum capacity is

M —Fk*

K k*

Csum = log (1 + ﬁ) + %jz:llog <1 + %) X @)
See [6] for the construction of the corresponding signature-sequence fatrix

We now make a comparison of this signal design to BEMA. Suppose we are given a set of
SIR constraints and that the BEMA design yields a correlation matrix with processing gain
Mggwma - For the VA signal design we start with a processing gain/of= 1 and find the set of
signature sequences that maximizes the sum capacity. To place this in the BEMA framework
we assume that the MSIR-DF receiver is used for this sum-capacity signal design. This allows
the users to achieve the sum capacity with single-user coding [9]. However, we require that all
of the QoS constraints be met. Therefore, if the MSIR-DF receiver can meet the users’ SIR
constraints fosomeordering of the users, we lét/y,, = 1, otherwise we repeat the process
for M = 2, etc. The minimum processing gain such that the MSIR-DF receiver can meet the
SIR objectives is denoted hy/y,. Note that while both the BEMA and VA designs use the
same type of receiver, the VA design has the extra freedom relative to BEMA of choosing the
best permutation from alk'! orders in which users can be decoded.
Example 3:Consider a five-user channel where the received powers are fixed and the signaling
interval isT = 1.0. To establish a set of asymmetric SIR constraints, we randomly choose



the QoS of thek™ user to be the rateg, [nats/sec] from the intervdd, 5= log(1 + pi/(No/2)]
according to a uniform distributiohFromr, it is easy to obtain the corresponding QoS con-
straint expressed as a SIR valgg, Given these constraints, the required processing gains of
both BEMA and the VA design are evaluated. Figure 4 contains a histogram of the process-
ing gain of BEMA versus the processing gain of VA over one thousand samples of the QoS
constraints. Several different distributions of received powers are considered, and the weakest
user’'s SNR is either 3 dB or 6 dB. Note that the VA design rarely performs better than BEMA
(less than two percent of the time in any one of the six histograms in Figure 4), whereas BEMA
strictly outperforms the VA design anywhere from 37% to 78% of the time depending on the
situation. Note also that as the disparity in the users’ powers and/or the SNR increases, the VA
design tends to resort to orthogonal signals with maximum bandwidth (as much as 46% of the
time in part (f)), whereas BEMA degenerates into FDMA no more than 0.3% of the time.

It should be noted that for BEMA the users were always decoded in decreasing order of
1 — n in accordance with the signal design given in Section Il. By considering all possible
permutations instead, as was done for the VA design in this example, the vallig:ofy can
sometimes be further reduced, although usually not significantly.

One must of course not lose sight of the fact that the VA design is optimal in the sense that
it maximizes sum capacity. So if BEMA is evaluated in terms of sum capacity, it would be
suboptimal. The above examples, though, do illustrate the point though that the sum-capacity
is too coarse a design metric to be used in the BEMA framework where the problem is one of
bandwidth conservation under QoS constraints with a decision-feedback receiver.

IV. CONCLUSIONS

Bandwidth-efficient multiple-access (BEMA) is a strategy for uplink communication that
combines multiuser decision-feedback equalization and signal design under quality-of-service
constraints. Within this QoS-based framework, we have shown that the BEMA signal de-
sign method requires much less bandwidth than the recently proposed optimum signal-designs
methods for linear MSIR receivers and sum-capacity maximization (with a decision-feedback
receiver). The constraint that the receiver be linear in the former approach is too restrictive,
and the single-quantity maximization of the latter may be too coarse a design metric.

2Here we choose the QoS uniformly over the capacity of a single-user channel without any multiple-access interference,
rather than uniformly over the valid range of SIR values. This measure of QoS is more in keeping with the original idea of
BEMA as well as the sum-capacity maximization of the VA design. The conclusions are however similar for both cases.
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Fig. 4. Random non-symmetric QoS constraints for several user disparities and several SNR values.



