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Abstract

This paper considers multiple users accessing a common additive white Gaus-
sian noise channel. The users are assigned signature waveforms, their signaling is
synchronous, and hence the equivalent discrete-time model is a general Gaussian
multiple-access channel (GMAC). A new class of receivers is proposed. The re-
ceivers within this class feature low-complexity detectors and allow the users to
choose single-user codes independently of each other. The latter is accomplished
by decoding the users sequentially, removing the contribution of the previously de-
coded user at each stage using feedback. These decision-feedback receivers (DFR)
provide a continuum between single-output onion peeling and the Cholesky DFR.
The latter uses the detector to remove inter-user interference, while the former
does not. For a given set of users with �xed powers and signature waveforms, the
receiver within this class that simultaneously maximizes the capacity of each user
is found. This is the capacity-maximizing DFR.

1 Introduction

The capacity region for the conventional multiuser Gaussian channel is well known [1].

Although the boundary points of this capacity region can be achieved by random codes,

the decoding complexity for such codes is exorbitant. Meanwhile, research into the

design of joint codebooks for the users that allow them to approach the boundary of

the capacity region is still in its 
edgling stages. Another approach to this problem is to

decode the users sequentially by means of onion peeling [1] [2] where the �rst user regards

the other users as noise. The decoded symbols of the �rst user can be removed from the

received codeword. If the symbols are decoded correctly, the result is that the �rst user is

e�ectively removed from the system. This procedure is repeated for the second user and

sequentially until the last user is all that is left to be decoded. This approach allays the

primary di�culty of multiuser coding since it breaks the multiuser problem into several

single-user problems, and single-user coding theory is well established. Such a strategy

can achieve the vertices of the capacity region.

In this paper we apply the concept of sequentially decoding the users to the situation

where they are allowed to use spreading waveforms. Spreading refers to the bandwidth
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expansion needed to accommodate the signature waveforms of the users in a code-division

multiple-access system so as to provide some separation of the users. Whereas, if all of the

users have the same signature waveform, then there is no spreading and error-control cod-

ing alone must be used to separate the users. When the users operate synchronously, the

equivalent discrete-time model is the general Gaussian multiple-access channel (GMAC),

a channel whose capacity region is given in [3]. This is a linear vector channel that

is de�ned by a correlation matrix that contains the correlations of the users' signature

waveforms with one another. When the users all have the same signature waveform (no

spreading), this general GMAC reduces to the conventional GMAC [1] [3], and when the

users have orthogonal signature waveforms (maximumspreading) this channel is simply a

bank of single-user channels. In [4] it was shown that when the users are energy-weighted

root-mean-squared (EW-RMS) bandlimited, the total capacity of the channel is in gen-

eral maximized with signature waveforms that are neither orthogonal nor identical. This

is an incentive for considering the general GMAC.

We want our receiver to have several properties. First, the detector should have a

low complexity, preferably linear in the number of users, and it must be applicable to

cases where the correlation matrix of the users is singular. Second, like onion peeling, it

should decode the users sequentially (each user is decoded based on a single output of

the vector channel) so that the users can choose single-user codes independently of each

other. We propose a class of decision-feedback receivers (DFR) that satisfy the desired

requirements. When the users' powers and signature waveforms are �xed, the receivers

within this class cover the range between, and including, single-output onion peeling

(SOOP) and the Cholesky-DFR (C-DFR) [5]. By SOOP we mean onion peeling that is

applied to the general GMAC with each user being decoded based on a single output of

the vector channel. For example, the �rst user is decoded based on the sampled outputs

of the �rst matched �lter as opposed to being decoded based on the sampled outputs of

all the matched �lters. The detector portion of the C-DFR uses the signature waveforms

to separate the users by removing inter-user interference, but for correlated users the

e�ective powers of the users can be severely reduced. SOOP, on the other hand, does not

use the signature waveforms to reduce inter-user interference, and at high signal-to-noise

ratios (SNR) this can signi�cantly increase the e�ective noise powers seen by the users.

General DFRs provide a continuum between these two extremes by varying the extent

to which the receiver uses the detector to remove inter-user interference. The receiver

that simultaneously maximizes the capacities of the users is found; it is the capacity-

maximizing DFR (CM-DFR). In channels that emphasize spreading, the CM-DFR it

looks like the C-DFR, but in regions where spreading is not important it behaves like

the SOOP receiver.

The remainder of this paper is organized as follows: Section 2 introduces the general

GMAC and shows its relation to synchronous CDMA when the users are bandlimited.

Section 3 considers DFRs and develops the CM-DFR.



2 The System

Consider a PAM, synchronous, Gaussian CDMA channel where users are assigned signa-

ture waveforms that are time-limited to [0; T ]. The signal that is received at some central

location is modeled as the sum of M transmitting users and white Gaussian noise; it is

given by

r(t) =
NX
k=1

MX
i=1

bi(k)ui(t� kT ) + n(t); (1)

where fbi(k)gk is the sequence of information symbols sent by the ith user, ui(t) is the

signature waveform of the ith user, and n(t) is an additive white Gaussian noise process

with a power-spectral density of N0=2. If each user's input waveform is power constrained

to be wi, then without loss of generality it can be assumed that 1
NT

PN
k=1 b

2
i (k) = wi for

each i, and that the energy of the ith user's waveform is 1 =
R T
0 u2i (t)dt. De�ne the

elements of the correlation matrix, R, associated with a given set of users as

Rmn =
Z T

0
um(t)un(t)dt; (2)

so that the each diagonal element of R is unity, and let W be a diagonal matrix with

fw1; w2; : : : ; wMg as its diagonal. The received signal is input into a bank of �lters

that are matched to the M signature waveforms of the users, and the outputs of these

�lters are sampled at integer multiples of T to yield a set of su�cient statistics for the

users' symbols. The channel is memoryless so it can be considered on a per-symbol basis.

Letting r(k) denote an M -dimensional vector containing these su�cient statistics at time

k, we have the following general GMAC

r(k) = Rb(k) + n(k); (3)

where b(k) is the vector of information symbols of the users and fn(k)g is a sequence

of independent, identically-distributed(i.i.d.), zero-mean, Gaussian random vectors, each

with covariance N0

2
R.

3 Decision-Feedback Receivers for the GMAC

Consider a receiver structure where r(k) is input into a linear feedforward �lter, the

matrix F. The �rst user is decoded based on the output row1(F)r(k) (where row1(F)

denotes the �rst row vector of F), and these symbol decisions are subtracted from the

other users after being fed back through a linear feedback �lter, the matrix B. Similarly,

the second user is then decoded and the symbol decisions of this user are subtracted from

users 3 to M after being fed back through B. This process is repeated for users 3 up to

M . Since we are considering capacity as the performance measure, we assume that all

users are decoded correctly. Then, if yi(k) denotes the e�ective channel of the ith user,

we have that

y(k) = (FR�B)b(k) + ~n(k); (4)

where f~n(k)g is a sequence of i.i.d., zero-mean, Gaussian random vectors with covari-

ance N0

2
FRFT, where the superscript T means transpose. Of course B is strictly lower



triangular since only the decoded symbols of previous users are fed back. So for the ith

user we have

yi(k) = Kiibi(k) +
X
j 6=i

Kijbj(k)�
i�1X
j=1

Bijbj(k) + ~ni(k); (5)

where K = FR. When the input symbol distributions of the users are Gaussian, then

it is readily seen that from the perspective of the ith user this is a single-user, discrete-

time Gaussian channel where the e�ective noise power is the sum of the system noise,

~ni(k), and the \noise" of the interfering users,
P

j 6=iKijbj(k)�
Pi�1

j=1Bijbj(k). Thus the

capacity of the e�ective single-user channel in nats per second is

Ci =
1

2T
log

 
1 +

K2
iiwiP

j 6=i(Kij �Bij)2wj +
N0

2T
(FRFT)ii

!
: (6)

The ratio within the large parentheses of (6) shall be referred to as the signal-to- inter-

ference ratio of user i (SIRi) because it includes interference from both the noise source

and from the other users.

3.1 The Orthogonal Decision-Feedback Receiver

The orthogonal DFR (O-DFR) is applicable whenever the users' signature waveforms are

orthogonal. The correlation matrix, R, is the identity matrix and the system reduces

to M single-user channels. Letting the feedfoward �lter be the identity matrix and the

feedback �lter be the zero matrix(i. e., there is no feedback) allows all users to achieve

their single-user capacities, that is, the capacities they would achieve if no interfering

users were present. Of course this ideal performance comes at the cost of bandwidth.

Time-division multiple access (TDMA) is an example of an orthogonal signaling scheme.

It is not, however, the most e�cient from a bandwidth point of view. That is, there are

orthogonal signature waveforms that require less EW-RMS bandwidth than TDMA [4].

The set of orthogonal signature waveforms that minimize the bandwidth over all possible

sets of orthogonal signature waveforms will be referred to as optimum-orthogonal multiple

access (OOMA). OOMA is not a subset of TDMA since the non-zero portions of the

OOMA signature waveforms, in general, overlap each other. This point was overlooked

in [5], where TDMA should be replaced by OOMA.

3.2 Single-Output Onion Peeling

Single-output onion peeling (SOOP) is simply the application of onion peeling to the

general GMAC with all of the users considering only the sampled outputs of their re-

spective matched �lters. It is a scheme that makes no e�ort to remove the interference of

the other users with the feedforward �lter. So F is once again chosen to be the identity

matrix, and the feedback �lter, B, is the strictly lower-triangular part of the correlation

matrix, R. The capacity of the ith user is

Ci =
1

2T
log

 
1 +

wiPM
j=i+1R

2
ijwj +

N0

2T

!
: (7)



If R = I then this is the same as the orthogonal case, but here R can even be such that

every element is unity. The latter situation is ideal from the point of view of bandwidth

conservation, but at high SNRs the interfering users signi�cantly limit the capacity since

their interference term dominates the denominator of the SIRi.

3.3 The Cholesky Decision-Feedback Receiver

The Cholesky DFR (C-DFR) was introduced in [5] (there it was called the Cholesky

sequential decoder, but the term sequential decoder has been abandoned to avoid con-

fusion with sequential decoding which is a method of decoding on single-user channels).

It is a valid decoder whenever the correlation matrix is positive de�nite, so it inherently

requires all the signature waveforms be linearly independent. When this is true, the

correlation matrix, R, is positive de�nite, and a Cholesky decomposition can be used to

write R = LTL where L is a lower triangular matrix. The feedforward �lter is given by

F = (LT)�1 and the feedback �lter by B = L � diag(L), where the diag(A) operation

yields a diagonal matrix whose diagonal elements are the same as those of A. Note that

the noise term, ~n, is white with each element having a power of N0=2, and that K = L;

both are true because of the decorrelating e�ect of F. The resulting expression for (5) is

yi(k) = Liibi(k) + ~ni(k), and this is independent of interference from other users. The

capacity of the ith user is given as

Ci =
1

2T
log

 
1 +

L2
iiwi

N0=(2T )

!
: (8)

The cost of removing inter-user interference is that the L2
ii term is less than unity unless

the ith user is orthogonal to users i+ 1 to M ; this is a property of the Cholesky decom-

position. Thus there is a potential tradeo� between the ability of the feedfoward �lter to

remove the e�ects of the interfering users, and the simultaneous reduction in the e�ective

energy of the user of interest.

Finally, it should be pointed out that the C-DFR is unique among DFRs (excluding

the relatively uninteresting case of orthogonal signaling) in the sense that it is applicable

even when the users' symbol distributions are not Gaussian. This is true because the

decorrelating action of the feedforward �lter means that once the interference of the

previous users has been removed by feedback, there is no residual interference (from

other users).

3.4 The Capacity-Maximizing Decision-Feedback Receiver

Motivated by the observations of the previous subsections, we wish to optimize the capac-

ity of the ith user over all possible choices for the feedforward and feedback �lters when

the order in which the users are decoded is given. This is done under the assumption

that the users' powers are �xed, as are N0 and T . Thus we seek to solve

Fopt;Bopt 2 argmax
F;B

fCig; (9)

where F and B are real M �M matrices with B being strictly lower triangular, and Ci

given by (6). Because the logarithm is a monotonic increasing function and T is �xed,



the problem can be expressed equivalently as

Fopt;Bopt 2 arg max
F;B

(
K2

iiwiP
j 6=i(Kij �Bij)2wj +

N0

2T
(FRFT)ii

)
: (10)

This objective function depends only the ith rows of F and B. This means that each row

of F and B can be chosen to maximize the capacity of the corresponding user, and hence

the capacities of all the users can be simultaneously maximized. Let fT denote the ith

row of F and �T the ith row of B so that (10) becomes

fopt; �opt 2 arg max
f ;�

8<
: (fTcoli(R))2wi

(fTR� �T)Ŵi(Rf � �) + N0

2T
fTRf

9=
; ; (11)

where Ŵi denotesW with the ith diagonal element being set to zero, and coli(A) denotes

the ith column vector of A. Since the numerator is independent of �, the best � can do

to maximize the objective function is make the denominator as small as possible. It is

readily seen that the nonzero elements of �opt are the same as the �rst i� 1 elements of

Rf for any f that is used. That is, �opt simply removes the interference from the previous

users. Since, for any user i, B has removed the interference of users 1 to i � 1, user i

\looks" like a �rst user. Therefore, to facilitate notation, we will proceed by considering

only the �rst user.

Let Ŵj:k beW with the diagonal elements j to k set to zero. Thus we are left to �nd

fopt 2 arg max
f

8<
: fTRŴ2:MRf

fT(RŴ1R+ N0

2T
R)f

9=
; : (12)

For the case where R is positive de�nite the term in the parentheses is positive de�nite

and this maximization is solved via a change of variables to transform the problem into a

Rayleigh-Ritz parameterization of the largest eigenvalue. First make a change of variables

so that k = Rf , an invertible transformation by virtue of the invertibility of R. The SIR

of user 1 is now

SIR1 =
kTŴ2:Mk

kT(Ŵ1 +
N0

2T
R�1)k

: (13)

Now let JTJ be the Cholesky decomposition of

S
4
= Ŵ1 +

N0

2T
R�1 = JTJ; (14)

where J is lower triangular; J is invertible. Another change of variables with s = Jk

gives that

SIR1 =
sT(JT)�1Ŵ2:MJ

�1s

sTs
: (15)

This is maximized when s is any eigenvector corresponding to the largest eigenvalue

of (JT)�1Ŵ2:MJ
�1, a diagonal matrix with only the 1,1 element being non-zero. The

maximizing s is any non-zero multiple of the �rst column of the identity matrix. Hence

we have that

fopt = �R�1col1
�
J�1

�
; (16)



where � is any non-zero constant, and that the resulting maximum SIR for user 1 is

SIR1 =
w1

J211
= w1

�
S�1

�
11
: (17)

The second equality follows from the relationship of the Cholesky decomposition to the

Schur complement.

These results are extended in Appendix A to cover the case where R is only positive

semi-de�nite. In Appendix B it is shown that, remarkably, this capacity-maximizing

DFR (CM-DFR) is also a minimum mean-squared error (MMSE) DFR. That is, any f

satisfying (16) also minimizes the MSE given by E
n
(fTRb+ ~n1 � b1)2

o
, and vice versa.

A nice result of this equivalence is that the MMSE yields a very simple representation of

the optimum feedforward and feedback �lters (e.g., [7]),

F =
�
�T

��1
W1=2

B = (� � diag (�))W�1=2; (18)

where �T� =W1=2RW1=2+ N0

2T
I, and � is lower triangular.

3.5 Total Capacity of DFRs Compared

We now illustrate how the DFRs perform relative to each other. When the signature

sequences are non-orthogonal and linearly independent, we can compare the total capac-

ities of SOOP, the C-DFR, and the CM-DFR as the noise power varies. Examples can

be seen in Figures 1 and 2, where the time interval, T , is chosen for each case so the the

EW-RMS bandwidth [4] is 100 Hz. The correlation matrices for the two cases are

R =

2
64 1:0 0:8 0:6
0:8 1:0 0:4
0:6 0:4 1:0

3
75 ; R

2
64 1:0 0:9 0:9
0:9 1:0 0:9
0:9 0:9 1:0

3
75 : (19)

In the �rst case all of the users have unit power, while in the second they have powers

of 4, 2 and 1. The SNR is de�ned to be the SNR of the weakest user, i. e., 10 log
�
wM
N0

�
.

Note that at very high SNRs the performances of the CM-DFR and the C-DFR coincide.

This happens because the noise power is very small compared to the power of interfering

users, so the CM-DFR removes all interfering users by using a decorrelating feedforward

�lter. Similarly, at low SNRs the CM-DFR and SOOP have similar performances because

allowing signi�cant interference from other users degrades the SIR very little (since the

SIR is dominated by the noise term) but also enables the e�ective power of the user of

interest to be maximized. In these extreme regions it should be noticed that, in general,

either the C-DFR or SOOP will not perform as well as the other. There are also regions

in between the extremes where the CM-DFR performs signi�cantly better than either

the C-DFR or SOOP.

Summary

We have proposed a decision-feedback receiver structure that incorporates a low- com-

plexity detector in conjunction with decision-feedback decoding for multiuser Gaussian
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channels. Such receivers enable the users to incorporate error-control coding indepen-

dently of each other using single-user codes. Single-output onion peeling (here applied to

the general GMAC) and the C-DFR, two receivers in the literature that also use decision-

feedback decoding, are special cases within this class of receivers. For a given correlation

matrix we have derived the receiver from this class that simultaneously maximizes the

capacity of each user, i. e., the CM-DFR.

Appendix

A Optimum DFR When R is Singular

Lemma 1 Let R be a real, M �M , normalized correlation matrix so that R is positive

semi-de�nite and diag(R) = I. R can be factored as

R = URredU
T 4
=

"
1 0 � � � 0

V

#
Rred

2
66664

1
0
...
0

VT

3
77775 ; (20)

where V is an M �1�n matrix and Rred (the subscript red denotes the word reduced) is

a n � n matrix with n representing the rank of R. In addition, the ranks of U and Rred

are both n.

Proof: A singular-value decomposition of the real symmetric R allows us to write

R = U1�U1
T; (21)

with the dimensions of U1 and � being M � n and n� n respectively; both have a rank

of n. Let uT be the �rst row of U1. We know that it cannot be the zero vector since the

1,1 element of R is unity. We let

A =

"
u P

"
0T

I

# #
; (22)



where I is n � 1 � n � 1, and P is a n � n permutation matrix that moves the all-zero

row of the matrix it permutes to a row, say row k, where uk 6= 0. This is always possible

since u is not the zero vector. Clearly, A is nonsingular and A�1u =
h
1 0 � � � 0

iT
.

Finally,

R =
�
U1

�
AT

��1��
AT�A

� �
A�1U1

T
�

(23)

gives the result. 2

Lemma 2 When the correlation matrix is singular, let R = URredU
T be a factorization

resulting from Lemma 1 . Then the SIR of the �rst user can be expressed as

SIR1 = w1

�
UTŴ1U+

N0

2T
R�1red

��1
11

: (24)

Proof: Substitute the factorization of R into (12) to get that

fopt 2 arg max
f

(
fTU(RredU

TŴ2:MURred)UTf

fTU(RredUTŴ1URred +N0=(2T )Rred)UTf

)
: (25)

The change of variables of y = RredU
Tf leads to

yopt 2 arg max
y

(
yT(UTŴ2:MU)y

yT(UTŴ1U+N0=(2T )R
�1
red)y

)
: (26)

Even though the transformation by U is not invertible, it does not matter because this

simply means that the set of fopt solutions is given by more than one basis vector.

Now factor Sred
4
= UTŴ1U+N0=(2T )R

�1
red as J

T
redJred where Jred is lower triangular.

Noting that the �rst column of U is all zeros save its �rst element which is unity, and the

fact that Ŵ2:M has only its 1,1 element being non-zero, we see that UTŴ2:MU = Ŵ2:M.

We can now follow the same reasoning that led to (17). when R was non-singular, since

here we have Rred which is non-singular. 2

B Equivalence of the CM-DFR and the MMSE-

DFR

Consider the MSE of the output of a linear feedforward �lter for user i when the inter-

ference of all previous users has been removed. To show equivalence to the CM-DFR (in

the sense that they can use the same feedforward and feedback �lters) it is su�cient to

show equivalence for the �rst user, since after the interference of users 1 to i � 1 have

been removed then user i looks like a �rst user. The MSE of the �rst user is

MSE1 = E
n
(fTRb+ ~n1 � b1)

2
o
; (27)

where ~n1 has a variance of N0=(2T )fTRf . When R is invertible then we can let k =

Rf . This change of variables allows one to show that the MSE is minimized by k =

w1col1(S
�1
mmse) where Smmse = W + N0=(2T )R�1. If Jmmse is such that JTmmseJmmse =



Smmse and Jmmse is lower triangular, then the optimizing k is �col1(J
�1
mmse) where � is a

non-zero constant. So it can be stated that

fmmse = �R�1col1(J
�1
mmse) (28)

is the best linear feedforward �lter if it is desired to minimize the MSE. From the devel-

opment of the CM-DFR it was found in (16) that the best feedforward �lter is

fopt = �R�1col1(J
�1); (29)

where JTJ = Ŵ1 + N0=(2T )R�1 and � is any non-zero constant. SinceW and Ŵ1 are

identical except for their 1; 1 elements, J and Jmmse di�er only in their 1; 1 elements.

Knowing this it is then easy to verify that the �rst column of the inverse of J is linearly

dependent on the �rst column of the inverse of Jmmse. Hence any feedforward �lter that

maximizes the SIR will also minimize the MSE and vice versa.

For the case when R is singular, the quadratic form of the MSE can be equivalently

expressed by combining linearly dependent users as was done in Appendix A. Once this

transformation has been made, we will have a reduced size correlation matrix (given by

the Rred of Lemma 1) that is invertible so that the optimum feedfoward �lter can be

found. Once again it will be a non-zero multiple of the feedfoward �lter that maximizes

the SIR.
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