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Abstract — The symbol-asynchronous, Gaussian Code- discrete-time model is a vector channel of the form

Division Multiple Access (CDMA) channel is considered where o
the users transmit channel coded information independently of X)n = Z (A)(X)n—1 4+ (N)n, 2
each other using quadrature-amplitude modulation. The receiver I=—c0

is of a successive decoding type and therefore allows the users tavhere the under-bar notation denotes a column vector. Specifically,
employ independent single-user coding and decoding. We derive (X)» i @ K x 1 vector formed by stacking the users trinsmltted
successive decoding structures that are optimal in that they maxi- SYMPOIS(X1) through(Xx )., and the noise sequend&y) >, is

. . . . . . X 1 - 'S, . H .y
mize average mutual information subject to certain causality con- anM x 1 vec_:tor process that |so§ero mean, w.s.s., anq Gaussian; its
auto-correlation sequence(iB.n )., where eacliR ), isanM x

straints. Depending on these constraints, the resulting successiveM matrix. The channel is given by the sequencébk K matrices
decoder may or may not preserve the sum-rate (i. e., sum of the A)=., where it is assumed that° trace((A)(AT)) < oo’
users’ rates) capacity of the channel. Moreover, it is found that (e superscript denotes the Hermiﬁz;rﬁranspose) so thatithe 1
each set of constraints corresponds to a structured factorization output sequenc€Y )™, is also w.s.s.
of a multivariate spectrum that is both unique and optimal over To facilitate the presentation, we make formal use of the
the constraints. transform to represent the convolution operator. Thus for any se-
quence{h, }, stochastic or deterministic, we write that
I. INTRODUCTION -

The asynchronous Gaussian CDMA channel is considered in h(z) = Z hnz ™", (3)
which each ofK simultaneously active users transmits a sequence n=—oo
of information symbols using passhand pulse-amplitude modulatigg
(PAM). The sequence of complex-valued information symbols sent
by the k-th user is denoted &5 X1 ), }52 _ ., or more succinctly as Y(z) = A(2)X(2) + N(z). 4
(Xk)Z, Where(Xy), is the n-th symbol transmitted by thé:-th Since(X)™,., (¥)%., and(N)>,. are w.s.s. processes, their auto-
usert It is assumed that these sequences are mutually independshly cross-correlation sequances possesansforms in the sense
wide-sense stationary (w.s.s.) processes. The receiver observegihe, is complex variable. For example, if we I@xy)n =
waveformy 7% (X )nux (t —nT) due tok'" user's ransmission gy x), . (v'1),], then the cross spectrum &f(z) andY (z) is given
(in the absence of noise) where the complex-valued puige) is |,

is allows the channel in (2) to be expressed as

the k-th user’s signature waveform convolved with the channel im- oo
pulse response. When d@l users are active, the receiver observes an Sxv(z) = Z (Rxy)nz " (5)
asynchronous superposition of such waveforms corrupted by noise so n=-—00
that In fact, it is easy to see that
0o K
y)= S S (Xwuelt —nT — 1) +n(t). (1) Sy(z) = A(Sx()AT1/2)+8x()  (©

n=—oco k=1 Syx(z) = A(2)Sx(), (7)

wherer_k IS the delay associated with the arrival of tmeth_gsers . sinceX (z) and N(z) are independent. We have used the notation
transmission anfl(t) is a zero-mean, complex-valued, additive white, + » oo ton .
. . . . A'(1/z") torepresend > __ (A)]z". We assume th@x(z) is
Gaussian noise (AWGN) process with a two-sided power-spectr. ) n=—00 b L -
a tull-rank, regular (i. e., non-predictable) process. This is equivalent

g?en :;il?r:zg tc/;\llll;:grr)r;pil[el}(-valued random variables and processeg stating that the Szeggondition, /™ _log |Sx (e/%)|d6 > —co, is
The received power of thé-th user in units of energy per sym-Met whergSyy (e’")| denotes the determinant By (') (see for

bol is denoted asP,, and we incorporate this into the model bye*@mple [2]). _

first normalizing the energy of each received pulse to be unity (i. e., | '€ capacity region of the symbol-asynchronous CDMA channel

f_oo |ug,(£)|2dt = 1), so thatE]|( X )n|?] = Py, whereE[] denotes was derl_ved in [3]. The user inputs that maximize average mutual

exsoectation information are Gaussian processes, but no single set of input spectra
The receiver front-end is any bank df matched filters that allows every point of the capacity region to be achieved. This results

projects the received signal into the space spanned by all tinilréacapacity region that is&-dimensional pentagon with “rounded”

delayed versions of all the users’ received pulses. An equivaldffttices. For the purposes of this paper, it is assumed for edcat
{(Xk)n}ne_o is a Gaussian process, the collection of which pro-

O9This work was supported in part by NSF grants NCR-99725778 awitles an average mutual information equal to the sum-rate capacity

NCR-9706591. of the channel. This average mutual information,
1in general we shall let notation of the for(rZ)B wherea < f are
) %} = 1 . N N
integers, denot¢(2)a, (Z)a+1,-*+,(Z)g}- ~ ngnoo Z((X)1 5 (D), (8)




we represent bf (X (z); Y (z)). Itis given analytically by [4] [5] I11. A SUCCESSIVEDECODER THATPRESERVESMUTUAL

. 0 INFORMATION
I(X(2);Y(2)) = / log (M) dé (9) We formally apply the chain rule to the average mutual informa-
- Sx (e79)] ) 27 tion of the channel to get
in units of nats pe’-user channel use. K
The remainder of this paper is organized as follows. In Section I(X(2);Y(2)) = Y I(Xi(2); Y.(2)| X7 H(2)),  (10)
I, the general successive-decoding structure is described. In Section j=1

I, a successive decoder that preserves mutual information is derive%. k1

; . . .~ “Where we have used the notatiiff ~* (z) to denote the sequences of
Section IV considers several cases where causality constraints are .
; s : . iorUSFTS 1throught — 1, i. e., {X1(z), X2(2),---, Xk-1(2)}. Equa-
imposed to yield information-lossy successive decoders. Sectlon[ion (10) must still be validated. Consider the two-user case, for

makes some concluding remarks. .
9 which we havé

[1. SUCCESSIVEDECODING FOR THEASYNCHRONOUS I(X2(2); Y (2)| X1 (2)) =

CDMA CHANNEL T((X0) s V)l (X) ™, (V)72 (1D)

A successive-decoding structure for the symbol-asynchronous ) ) ) o .
CDMA channel is shown in Figure 1 (cf. [6]). It is parameterized bOW Z (X7 (2); ¥ (2)) is known to equal ((X7)Ze; (Y)n |(Y)"2)
[5] [7], which can be decomposed via the chain rule of mutual infor-

Y(z) > mation as
row1 (F) rowa(F) rows(F) oo 1 - 1
<50 > <> Z((X1)Zo; Dnl(X)200) = Z((X1) Zoo; (Dn (X))
Bay FI((X2) Zoo; (V)a|(X1) T, )220) - (12)
17(2) Ty(2) The first of these terms is equal I X1 (z); Y (z)), and the latter is
Decoder- —Byg Decoder- equal toZ(X3(z);Y (z)|X1(z)) by (11). Thus the notation used in
Encoder 1 | Encoder (10) is indeed well-defined.
X1(2) X3(2) We proceed as in [8] to express each of the conditional
Y ] > X1(2) mutual-information terms of the right-hand side of (10) as
Y I %00 TG X)X (2) =
L, X -
@ I(X (Y () + IG5 X (G, (@9)
Figure 1: A successive decoder for the asynchronous CDMyhere we have used the fact tH&tX, (2); X! (z)) = 0 since the
channel. users signal independently of each other. Because the processes of

interest are jointly Gaussian and have zero mean, the mutual infor-
a sequence ok x M feedforward matrice§F)>,, and a sequence mationZ (X (z); Y (z)) can be rewritten a&( X (z); j(k(z)) where
K x K lower-triangular feedback matricé®)>,,. The first row the sequenceX; )=, is defined by(X;). = E[(Xk )n|(¥) 0] [5]
of F(z) is multiplied byY () to yield the Gaussian scalar procesgsee [8] for a more accessible discussion of this result). Essentially
T1(z) so that the first user effectively sees the single-user intersymi@ have orthogonally projecteli»(z) ontoY (z) to yield a scalar
interference (ISI) channel with, () as the input and’ (z) as the = sequence that is sufficient for the vector sequeri¢e). Combining

output. It is assumed that an appropriate single-user coder/decoﬂg(z) throughX x (z) into the vectorX (z), we have

is implemented for this channel, and that the resulting symbol deci- - 1

sions are then re-encoded to yield (z). This processing is taken X(2) = Sxx(2)Sy (2)Y(2). (14)

into account befc_)re dec_oc_zling the second user. s_pe_cifically, the S&gnilarly, we remove the conditioning in the second term of the right-

ond row of F(z) is multiplied byY (z) and from this is subtracted hand side of (13) by expressing the mutual information in terms of

X1 (2) after being scaled by the (2,1) elementi®z). This yields those parts of(y, (z) and X*~!(z) that are orthogonal t&'(z) (see

Ty(z) = rows(F(2))Y () — B21(2)X1(2). As with the first user, [5][g]). That s,

the second user chooses an appropriate single-user coder/decoder for o1 o1

this channel. The procedure is successively applied untialisers I(Xe(2); X1~ (2)|Y(2)) = Z(Ew(2); Ey ™ (2)),  (15)

have been decoded. _ _ .. where for eacly € {1,...,K}, E;(2) is the sequence whose-
Figure 2 redraws the successive decoder without explicitly idengi; term is given by(E;)n = (X;)n — (X;)n. We now incor-

fying the successive-decoding nature of the receiver. This figure aj§gate the hat notation to represent the projectior{ 16f),, onto

assumes that the feedback of decoded symbols is always error fre@ffl)gooo_ That is,(Ex)n = E[(Ek ). |(EF1)*.]. Then we can

write Z(Ej (2); EF71(2)) = Z(Ex(2); Ex(2)) so that

N
X(2) _;2 %) . T() T(X(2); Y (2)
X A(z) F(z) —®= = ZZ; (I(Xk(z);f(k(z))+I(Ek(z);Ek(z))>
= Y T(Xu(2) Ka(2) + Ei(2)
B(2) = Y (X2 Xu(2) - Ik(2)), (16)

2Although  there are several interpretations of the quantity

. . . . . (Xk(z);x(z)p(lk*l(z)) [5, Sec. 6.1], they are all equivalent by an
Flgure 2: A matrix representation of the successive deCOdei'(tension of Theorem 10.2.1 from the same reference since we are working

with a full-rank regular process.



where I,(z) = Eix(z) — Er(z). Since I;(z) and I;(z) Gg (i. e., (C(2)Sr(2)Cf(1/2*))o — G is non-negative defi-
are independent sequence wheneyer# [, we can think of nite), whereSg(z) = ®x(2)Ge®i (1/2%) is the unique multi-
{11(2),I2(2), ..., I (2)} as aK-length “innovations” sequence. variate spectral factorization such thli (z) and ;' (z) are both
This has effectively decomposed the multiple-access channekintocausal/stable, and®z), = I. Equality occurs if and only if
single-user channels that can be encoded and decoded independenthy — .;,g,l(z)_

of each other. The information-lossless decomposition of equation (16) can now
At this juncture we consider in detail how the preceding discuge viewed in terms of Figures 1 and 2. By appropriately choos-

sion relates to spectral factorization. LE{z) be theK x 1 vector ing F(z) and B(z), the k-th user is provided with the effective

formed by stacking?: () throughEx (z) and consider its multivari- single-input single-output (SISO) channel wilfy,(z) as the input

ate spectrunBp(2) = Sx(z) — Sxy(2)Sy'(2)Syx(2). From andT,(z) = X.(2) — Ix(z) as the output. These feedforward and

Woodbury’s identity and equations (6) and (7), this is equal to feedback filters are given by

-1 — —
Sp(z) = (sg(z) + Al (1/z*)s&1(z)A(z)) .an F(z) = L7'(2)Sxv(2)Sy (2) (23)
_ _ B(z) = L '(2)-L (24)
Factor this spectrum uniquely as follows,
_ t * It is of interest to note that just as we have decomposedithe
Si(2) = L(z)D(2)L'(1/27), (18) user ISI channel intd< single-user ISI channels, we can decom-

whereD(z) is diagonal and.(z) is a lower-triangular matrix whose POS€, without loss in mutual information, each of these single-user ISI
diagonal elements are each unity. With this Cholesky decompﬁha”ne'S into single-user memoryless channels by means of a perfect-
sition (in the z-domain), we have thaf(z) = L~'(z)E(z) and feedback minimum mean-squared error (MMSE) decision-feedback
E(z) = 1-L~'(2))E(z), wherel(z) is the column vector formed €qualizer (DFE). We follow the approach found in [8] (see also [10])
by stackingl(z) throughIx (z) (similarly for E(z)) andI is the © find the appropriate feedforward and feedback equalizers by first
identity matrix. calculatingS x, T (z)S;kl(z). This filter is used to projeck; onto
Moreover, (18) represents a structured spectral decomposition tf#t) =~ Some algebra leads to
is optimal in the following sense.

Sr(z) = Sx(z)-D(2)L'(1/z") = L(z)D(2) + D(z)
Lemma 1. Given any lower-triangularC(z) with unity-valued di- g, () = Sx(z)—D(2)Lf(1/2), (25)
agonal elements (i. ek (z) = 1), the k-th diagonal element of T o
S'(z) 2 C(2)Sk(2)Ct(1/2") is more positive definite than the- SO that Sx, 1, (2)S7,(2) = 1. Thus the errorX;(z) —

th diagonal element dD(z) (i. e., S (2) — Drx(2) is non-negative Sx, z, (z)S;kl(z)Tk(z) is found to equal(z) = Xk (2) — Tk(2).

definite). Equality occurs for alt if and only ifC(z) = L™!(z). ¢ Recall from (18) and its subsequent discussion, that the spectrum of
) I.(z) is equal to thek-th diagonal element dD(z), i. €., Dyx(2).

As we shall seeZ(X(z);Y(z)) depends inversely on the geomet-rhe minimum-phase spectral factorization of this spectrum provides

ric means of the diagonal elementsIofz), so this lemma can be he feedforward and feedback filters for the-th users perfect-
proved rather simply from the fact that the receiver preserves mutdalyhack MMSE DFE. This is given by

information. But this lemma is of algebraic interest in and of itself,
so we consider the following proof as well. Dk (2) = ¢dw(2)gror(1/27), (26)

Proof. Let C(z) be any matrix satisfying the hypotheses of thghere ¢, (») and its inverse are both causal/stable and monic (i. e.,

lemma. WithS'(z) 2 C(2)S(2)Cf(1/z"), and the factorization (¢)o = 1) (see, for example, [9]). Then, the feedforward filter is

of S(z) as given in (18), we write ¢, ' (2) and the feedback filter is equal &, ' (z) — 1. Thus, we
conclude that

S'(z) = C(2)L(2)D(2)Lf(1/2")CT(1/2%). (19)
K
Note thatC(z) can always be expressed @¢z) = A(z)L™!(z) I(X(2);Y(2)) = Zlog (&> . (27)
for someA (z) that satisfies the same hypothese€#s). With this k=1 gk

A(z), we find that . . o
We consider now the corresponding factorization. Hgtz) be

Six(z) = (A(z)D(z)AT(l/z*)) (20) the diagonal matri_x whosé-th o_IiagonaI element i¢k_(z), and letG
kk be the constant diagonal matrix whogeth element igy;,. Then we
k-1 have the following structured factorization,
= Di(2)+ Y Ari(2)Dis(2)Afi(1/27)  (21)
i=t Se(z) = L(x)GL'(1/2), (28)

Y

Dy (2), (22) 5
o ) whereL(z) = L(z)H(z).
where equality in the last step requitds;(z) = 0forall: # k. O
) L . Lemma 2. Given any lower-triangulaC(z) with diagonal elements
Analogously, this lemma is similar to the optimality propertyna¢ are causal and monic, the arithmetic mean of fhh diagonal
of multivariate spectral factorization [2]. In that context(z) is A N
required to be causal withC)o = I, in which case the arith- &/€Ment o8'(2) = C(2)Sg(2)C'(1/2") is no less than thek-th
' diagonal element oG which isg,. Equality occurs if and only if

metic meah of C(z)Se(z)C'(1/2*) is more positive definite than Clx) =1 (2). o

5(A+BCD) ' =A"! — A 'B(DA !B+ C 1)"'DAL _ _ _ _ )
4The arithmetic mean of sonf(z) is the zeroth term of its Fourier ex- Again the information-theoretic proof has essentially been done. An
pansion, which satisfigS(z))o = /™ S(efe)%. algebraic proof follows.



Proof. Let C(z) be any matrix satisfying the hypotheses of th&hat is, for past users we make use of only their current and past
lemma. Withs'(z) 2 C(2)S(2)C'(1/2*), and the factorization syn}:bols, (Xk=1r ., as opposed to all symbols of past users,

of S(z) as given in (28), we write (XF~1)>,. Now make the following two gefinitions(f(k)n =
E[(Xi)n|(Y) ] @and (Ex)n = (Xk)n — (X&)n. Then, without
S'(z) = C(z)t(z)Gf‘T(l/z*)CT(l/z*). (29) further loss of mutual information, (31) can be expressed as

Note thatC(z) can always be expressed @%z) = A(z)L™'(z) Z(X(2);Y(2))

for someA (z) that satisfies the same hypothese€s). With this K :
A(z), we find that > ) T((Xk)ns (Xk)n) + Z((Bi)ni (B )20, (Br)ZL8R)
k=1
Sk = (A(z)GAT(1/z"
ke (2) ( (2) (172 ))kk where the the projection techniques of [8] have been employed. Fur-
k-1 thermore, if we let(Ey), = E[(Ex)n|(BF )", (Ex)"2}] and

= Aw(2)grAie(1/27) + ZAki(Z)giAZi(l/Z*) (It)n = (Bi)n — (Ei)n, then the k-th term in this sum can be
i o expressed aB((Xi)n; (Xi)n — (Ix)n)-

Ark(2)grAkr (1/27), (30) The sequencéE}),. can be produced by a filter that is created

with the help of a multivariate factorization. Specifically, $t.)(z)

be the principal submatrix of the spectrum $f (z) formed using

the firstk indices. It possesses the unique factorization [2]

v

where equality in the last step requirds;(z) = 0 for all i # k.
By Parseval’s relationship and the causalitydaf, (z), the arithmetic
mean ofd ., (2)gr Afy (1/2) is equal tagr, S50 | (Akk)n |”, which
is greater than or equal to unity singg (=) is also monic. In fact,

= o (1/z
equality occurs when and only whet,;,(z) = 1. O Su(z) (0 (2) G (2) B (i) (1/27), (33)

In summary, then, the high-level structure of this optimum (i. ewhere@(k)_(z) and its inverse are causal/stalgié,,))o is lower tri-
ular with diagonal elements each equal to unity, @hg is a

information-lossless) successive decoder converts the multi-in[?untg tant di | matrix. Thé-th fp=1(2) ] dtof
multi-output (MIMO) ISI channel into a set &t independent SISO co.ns an |agqna matrix. ) I:c_nvlv 0 (k)(zi'_s1 use ) 0 _ orm
ISI channels, and the low-level structure converts each of theadlter that projects Ei), onto{(E}™ )", (Ex)" }. Itis given

single-user ISI channels into memoryless SISO channels. by Ec(2) = ([01xk—1101xx—k] — rowk(@@l)(z))ﬂ(z), where
0:xx—1 IS @ zero vector of dimensiorls x k£ — 1. Note that the
IV. LOSSYSUCCESSIVEDECODERS FOR THE (k, k)-th element ofG () is the power of 1),
ASYNCHRONOUSCDMA CHANNEL To derive a factorization B (z), let

The previous section placed no constraints on causality. For example, 1 1
(X),. is given by the projection ofX),, onto the entire sequence rowl(q’g (z)) 0 - 0
(Y)=,,. This is, of course, unrealistic from a practical viewpoint. rows (@ ,)(2))
However, we can also require that the successive decoder be sub- (z) = : ) (34)
ject to such causality constraints. In general, a capacity penalty is

incurred, but there exists an optimum successive decoder over the
constrained class of receivers. Just as the unconstrained optimlLHg desired structured factorization is

successive decoder of the previous section corresponds to a unique

rowx (871 (2))

factorization of a multivariate spectrum (e. g., (18) and Lemma 1), Sp(z) = \If(z)D(z)\If*(l/z*) (35)
each constrained optimum successive decoder also corresponds to a - ’

unique structured factorization of a multivariate spectrum. whereD(z) = ¥(2)Sg(z)(¥'(1/2*))"L. The k-th diagonal
An Infinite-Dimensional Case: element ofD(z) is obviously equal to thek-th diagonal element

Consider first the case where the feedback marix) is con-  of G,,. It should be noted thal (=) is lower triangular, causal,
strained to be lower triangular and causal, and to have diagonal @lysally invertible, and has monic diagonal entries. This factorization
ements that are each equal to unity. This differs from the previolsessentially the so-calleghrtial spectral factorizatiordue to [6],

example in Section Il in that there is the added condition of causg{nich was derived by maximizing the effective signal-to-noise ratios
ity. This means that the receiver feeds back only the already-decogdgéhe sers.

symbols of past users. Sin¢&}), is independent of X*¥~1)>_,

we have the succeeding representation of a necessary loss in mutégima 3. Given any causal lower-triangula€(z) with Cy(2)
information? monic for all k, then the arithmetic mean of thé-th diagonal el-
ement ofC(2)S(z)C'(1/2*) is greater than or equal to the arith-
metic mean of the:-th diagonal element dD(z). Equality occurs if
and only ifC(z) = ¥~'(2). o

Z(X(2); X.(2))

= D T((Xk)n; M) Z (X171 %, (X)230)

~
Il
—

Proof. Let S'(z) = C(z)Sr(z)CT(1/2*). If we let cx(z) denote
the row matrix formed by retaining only the firételements of the
Z((Xi)ns D) T | (X771 200, (X1)"2). (1) k-th row of C(z), we have thaS), (2) = cx(2)Sq (2)ck(1/2°),
L whereS ;) (z) is the principal submatrix dB(z) formed by the first
5To process the received vector sequence causally as well, we can rep_(‘éf:%d'ces' If can be shown that the factorlzzitllon in _(33) |mpllgs there
(Y)>°_ by (Y)" . This reduces the mutual information even further. Th& & row vector(z) such thaky (2) = a(z) @, (z) with a(z) being

presentation that follows remains essentially unchanged excefgtfhatbe- ~causal and itsi-th element additionally monic. Therefor, () =
comesE[(X ), |(Y)™ .. ], which in turn modifies the error spectrudi; (). a(z)G(k>aT(1/z*), where G ;) is the diagonal matrix from (33).

M=

x~
Il




Clearly, then, powers. This covariance matrix can be viewed as a block matrix (the
size of each block i& x K) of dimensionsV, +1 x N, + 1.
To evaluate the projection dfEy), onto (Ef)"~,., we first

U p—
Skr(z) = Z“l (Gy)iiai (1/27) (6 reduceRs by retaining only the principal sub-matrices of each
. block formed by the firstt indices. Call this reduced covari-
Z ’f( 2)(Gw)rrak(1/27), G7)  ance matrixRe ,, and perform a Cholesky factorization so that

Rer = Lg,ng,kL;k, whereLg ;. is lower triangular with di-
agonal elements that are unity, a6y ;. is a diagonal matrix. We
now parse the last row ok into row vectors which we label

with equality for allz if and only if every element ak(z) is zero save
the k-th element. Sincey(z) is causal and monic, the arithmetic
mean ofSy,;, (z) is no less thatiG (x))xx, the k-th diagonal element

of G4, and of D(z). This equality requiresy,(z) = 1. O bm through kaz, each is of lengthk. In z notation we have
bk( ) = Z bk] —N=+i_ After repeating this procedure for
The optimal feedforward and feedback equalizers are thus k=1,2,.. K we form the feedback matrix
F(z) = ¥ '(2)Sxy(2)Sy' (2) (38) bi(z) 0 - 0
_ b 0o --- 0
B(z) = ¥ '(z2)-1L (39) B(z) = 2_(2) ) (50)
A Finite-Dimensional Case: -
bK(Z)

For our final example we consider the situation where the feedfor-
ward and feedback filters have finite impulse responses (FIR). Thae feedback matrix is then given by
is, F(z) andB(z) are matrix polynomials iz. We begin with

B(z) =B(2) - I; (51)
K
I(X(2);Y(2)) > ZI((Xk)n; Y)n-n, |(Xf)2:}vz) it is strictly causal, lower triangular, and polynomial. To evaluate the
— feedforward equalizer we first find
;/vh(_are](\j@ffclr??Ny are non-negative integers. We now make the fol- p [ (A)-n, (A)nat1 - (A)-na4n, ] R;l
owing definitions,
’ =[ @y, )y - Ho], (62
(X)n— = El(Xt)n—i|(XD)n-w,] (40) whereP is a diagonal matrix containing the users’ powers and the
(E)nj = (XDnj— (X)n_j, (41) K x M matrices(H); are implicitly defined. We represent these as
the K x M polynomial matrixH(z) = Z].V: (H);z~7. Then we
forl=1,2,...,kandj = 0,1,...,Ny; have that e
- F(z) = B(z)H(z). (53)
(Bw = E(E|B k] (@2) () = BEME)

The corresponding structured spectral factorization is embodied in
(It)n = (Ex)n — (Bx)n. 43)  this lemma.

With these definitions, we find that without further reduction in mu-emma 4. Consider the structured factorization

tual information we have ~ ~
Se(2) =B~ (2)D(2)(B'(1/27) 7",

K
0.8 2D T(Xe)n; (Xi)n = (I)a). (44) whereB(2) is as given in (50) and(z) = B(z)Sg(z)Bf(1/2%).
k=1 Given any causal, polynomial of ordé¥,, lower-triangular C(z)

To calculate these quantities it is easiest to form the column vélth monic diagonal elements, then the arithmetic mean ofktta
diagonal element 08'(z) = C(2)Sg(z)Ct(1/2*) is greater than

tors
or equal to the arithmetic mean @y, (z). Equality occurs if and
¥ o= [XOhv, @iwa - OI] @5 onlyifC(:)=B(2). o
= [ Wiy, Micwye - O] (48)
. - . V. CONCLUDING REMARKS
& = [(E)anm (E)anerl (E)n] . (47)

In this paper we considered a coded asynchronous CDMA channel
We also need the following block-Toeplitz matrix as derived from th@nd gave information theoretic derivations of several optimal succes-
channelA (z), sive decoders. The corresponding receivers for the uncoded CDMA
channel were derived algebraically in [6] by maximizing the effec-
(Ao (A)-r -+ (A)-n, tive SNR of each user. In contrast, our approach applies information-
(A)1 preserving transformations to the average mutual information of the
A= : . . (48) channel. Since for each case the analytical representation of the re-
: ) sulting successive decoder requires a structured, multivariate, spectral
(A)w, factorization, we are also able to state the optimality algebraically in
terms of this decomposition.
Though not developed here, itis of interest to note that each of the
Re =P — pATR;}lApy (49) factorization lemmas we presented has a finite-dimensional analog.
For example, consider the Cholesky factorizat®r= LDL' of a
whereRy is the covariance o) andP is a block-diagonal matrix positive-definite matrixS. That is,L is lower triangular with unity-
with each diagonal block equal B, the matrix of the users’ receivedvalued diagonal elements aildl is diagonal. This can be viewed in

Then the covariance & is given by



the following manner. For any lower-triangul@r with Cy, = 1 for
eachk, we have(CSCT)kk > Dy for eachk, with equality if and
only if C = L~". Besides being of interest algebraically, such finite-
dimensional representations possibly provide a method for numeri-
cally evaluating the infinite-dimensional structured factorizations dis-
cussed in this paper. Specifically, this would be done by generalizing
results in [11] where Bauer’s method is used to numerically evaluate
multivariate spectral factorizations.
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