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Signal Design for Bandwidth-Efficient
Multiple-Access Communications Based on
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Abstract—Bandwidth-Efficient Multiple Access (BEMA) is a  If the transmitter pulses are spread-spectrum signals of the di-
strategy where transmitter pulses are continually designed at the rect-sequence or frequency-hop type, then the resulting strategy
base station and are dynamically allocated to the transmitters via is called a Spread-Spectrum or Code-Division Multiple-Access

a feedback channel. Such pulses (or “signature waveforms”) are . .
designed to conserve bandwidth while simultaneously enabling (SSMA or CDMA) system. A dynamic version of a CDMA

the receiver at the base station to meet a Quality-of-Service (QoS) System is one where a predesigned spread-spectrum “code” is
specification for each transmitter. The key technical problem in dynamically assigned to a transmitter whenever it has a mes-
BEMA communication is_ therefoye the design of the transmitter sage to transmit. A multiple-access technique which assigns
pulses for the base-station receiver. In an earlier paper [1], we jqantical waveforms to all users will henceforth be referred to
presented solutions to this problem that were shown to be superior . .
(in terms of strict bandwidth) to common signaling schemes as the IdentlcaI—Waveform Mu!tlple Access (IWMA) Chann?"
such as Time-, Frequency-, and Code-Division Multiple Access A fundamental aspect in which the aforementioned multiple-
(TDMA, FDMA, and CDMA). This paper uses the framework access techniques differ is in the manner in which each allo-
developed in [1], but considers strictly time-limited transmitter  cates the expansion of bandwidth (relative to that required in
pulses and the root-mean squared (rms) bandwidth measure. 5 gingle-user channel) between “spreading” and error-control
As in [1], significant bandwidth savings over the traditional . L .
multiple-access strategies are obtained. However, in contrast to codmg.- Spread!ng |s-a term we use to denc_)tg the bandW'dth
the rank-conserving approach of [1], the bandwidth gains of this €Xpansion that is attributable to the use of distinct transmitter
paper are realized by tailoring the signature waveform design to waveforms. For instance, TDMA and FDMA employ orthog-
conserve rms bandwidth via eigenvalue-optimization problems.  onal transmitter pulses to separate the users and so the spreading
Index Terms—Bandwidth, decision feedback, multiaccess com- factor is equal to the number of users (in practice, it is actu-
munication, multiuser channel, Quality-of-Service, signal design. ally somewhat higher to create guard times and guard bands). In
IWMA there is no spreading (i.e., the spreading factor is unity)
and it thus relies entirely on coding to separate the users. For
CDMA, spreading factors are generally understood to be much
CORRELATED-Waveform Multiple-Access (CWMA) higher than the number of users.
channel is defined in this work as a multiple-access A CWMA system must be understood as one that does not
channel wherein transmitters independently send digital infei- priori impose any particular structure on the transmitter
mation by means of pulse-amplitude modulation (PAM) witivaveforms and as such includes TDMA, FDMA, CDMA,
transmitter pulses that are allowed to be distinct for each user.IWMA as particular cases. We assume that traffic condi-
In particular, if the transmitters employ orthogonal waveformgons (e.g., the number of active transmitters, their received
that are nonoverlapping in time or frequency, the CWM#Aowers, etc.) remain relatively unchanged over a sufficiently
system models Time-Division Multiple Access (TDMA) orlarge number of transmitted symbols. It is then possible to
Frequency-Division Multiple Access (FDMA), respectively. Irdynamically maximize the performance of the CWMA channel
practice, such multiple-access schemes are implemented ipvar the transmitter pulses subject to bandwidth constraints to
dynamic fashion, where time or frequency slots are assignedilstain an optimal multiaccess scheme. For instance, the total
a transmitter when that transmitter has a message to transgapacity or the maximum achievable sum-rate of the transmit-
ters was optimized under an rms bandwidth constraint for the
two-user channel by Cheng and Verdu in [2] and algorithms for
constructing the optimal signature waveforms for the general
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capacity under the location-invariant fractional out-of-banglace sufficiently slowly (relative to the data rate) so as to allow
power (FOBP) and rms bandwidth criteria were obtained keffective adaptation.
Varanasi and Fain in [6]. This section formulates and simplifies the joint trans-
Signal design based on a Quality-of-Service (QoS) criterionitter—receiver design problem for BEMA communications.
was proposed by Varanasi and Guess in [7], [1]. It represetitslescribes the CWMA channel model and contains a discus-
a more practical approach to the joint transmitters—receiver dgen of bandwidth measures including, in particular, the rms
sign problem in a multiple-access channel. The objective in [kandwidth. While the results of this paper are obtained in the
was to obtain infinite-duration signals occupying as little strictontext of rms bandwidth, the techniques developed herein are
bandwidth as possible while meeting a QoS specification fapplicable to a variety of other bandwidth measures as well.
each user. Inthis paper, we seek strictly time-limited signals thEttree DFRs are specified, namely, the successive cancellation
are bandwidth-efficient in terms of the rms bandwidth measufgased DFR, the ZF-DFR, and the CM-DFR. As for the QoS
As in [1], we will focus on decision-feedback receivers (DFRSonstraints, each user effectively sees a single-user channel, as
and consider, in particular, the popular but suboptimal succeselded by the particular DFR, of some prespecified SIR. This
sive canceler, the zero-forcing (ZF) DFR, and the capacity-maXHR depends on the DFR used and the correlation matrix of
imizing (CM) DFR (or, equivalently, the maximum signal-to-inthe signature signals of the transmitting users. A procedure for
terference ratio (MSIR) DFR [8]). obtaining the transmitter pulses is proposed via a construction
The multiple-access strategy in which signals are designettheir correlation matrix wherein the correlations between the
to conserve bandwidth while meeting a QoS objective for eaokers’ signals are obtained in the reverse of the order in which
user has been dubbed Bandwidth-Efficient Multiple Accedbe users are decoded. The addition of a user corresponds to
(BEMA) in [1]. In a related work, a QoS-based approachicrementing the dimension of the correlation matrix by one.
to signature sequence design (with power control) for thiéhe constraint that the enlarged correlation matrix be positive
suboptimal linear Minimum Mean-Square Error (MMSE) andemidefinite at each step is stated here for each of the three
matched-filter detectors under a constraint on spreading g&lRRs without proof. The two key results in this section on the
was considered by Viswanath, Anantharam, and Tse in [9]. 3IRs of decision feedback receivers (DFRs) and the positive
distributed algorithm that converges to the optimal sequencgmidefinite constraint were proved by the authors in [11] and
found therein was obtained by Ulukus and Yates in [10]. [1], respectively. Those results are summarized here in order
The rest of this paper is organized as follows. Section Il cot® properly formulate the rms signal-design problem and to
tains an introduction to BEMA and the formulation and redugnotivate the eigenvalue-optimization approach.
tion of the problem of central interest in this paper. This includes
the CWMA system model, its rms bandwidth, and a brief dé&. The CWMA System

scription of the decision-feedback receivers for which signals|n 3 CWMA channel, K users transmit PAM waveforms
are to be designed, along with formulas for their signal-to-inte§imultaneously. It is assumed that the received signal is the
ference ratios (SIRs). Rather than considering the bandwidyympol-synchronous superposition of these waveforms that

minimization problem, which appears to be intractable, we dgas been corrupted by additive white Gaussian noise (AWGN).
scribe a suboptimal greedy algorithm for which we state thg, g

QoS constraint on the SIRs of the decision-feedback receivers
for each user. The rest of the paper deals with the problem of

designing signals that conserve bandwidth while satisfying the y(t) = Z
QoS constraints. In particular, Section Il and the Appendix ob-

tain solutions to certain eigenvalue-optimization problems agghere{ X (n)}, is the independent and identically distributed
develop key properties of the constraint sets that impact barqg'r_d_) sequence of information symbols sent by fftk user,
width conservation. Section IV uses the results of Section Il {g (1) is the signature waveform of tHeh user assumed to be
prescribe the new signal-design methodology. Section V cafine-limited to the symbol duratiofo, 7] and normalized to
tains numerical examples to illustrate the advantages of tlipigye unit energy, ane(t) is an AWGN process with a two-sided
BEMA deSign over IWMA and TDMA. Section VI CO”CludeSpower Spectra| density dVO/2 If the power of thekth user’s
this paper. signature waveformis constrained toibg, then without loss of
generality it can be assumed tHat{ X(n)} = w;, for eachk.
The correlation matrix of the signature waveforms is denoted as
Rwhereits(z, j)th elementis given ag,; = fOT wi(t)u;(t) dt
BEMA is an adaptive signaling strategy for multiaccesand the unit-energy normalization implies tHyg, = 1 for all
communications. Transmitter pulses or signature waveforswe letW = diag (w1, wy, ..., wg) denote the diagonal
are continually computed at the base station as a function of faatrix of the users’ powers. The weighted correlation matrix is
multiuser receiver employed there, and the traffic conditiorfefined asH = W'/2RW'/2.
such as received power levels, number of active transmittersSampling at integer multiples &, the outputs of a bank of
etc. They are then dynamically allocated from the centrikers matched to each of the signature waveforms yields suffi-
receiver to the transmitters at a frequency that is dictated by ilent statistics so that the equivalent discrete-time model is
rate of significant change of those conditions. Our work here
applies to multiple-access channels in which this change takes Y(n) = RX(n)+ N(n) )

Z Xr(n)ugp(t — nT) +n(t) (1)

n

Il. BANDWIDTH-EFFICIENT MULTIPLE ACCESS
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Y- » decoded based ai,, whereZ, is obtained by first performing
s i FT ¢ FT an inner product betweefi,” and the outpul’, and then sub-
B s Ml s R tracting from it a scalar multiplé3z; (i.e., the(2, 1) element

—Ba -B of B) times the decoded and re-encoded symbpbf the first
p BZ > e user. In general, theth user is decoded based on
Y4 ) Z2 -B (a/(
Decoder- Decoder- ¥ I Decoder- k—1 .
Encoder Encoder Encoder Ty = ny _ Z By, X;.
lX1 X X3 . T =1
. . » X1
v > X Note that decoding delays are not shown in Fig. 1.
1 i g Y g

When feedback is assumed to be perfect, an assumption that
is in principle justified (for any order of decoding) since the joint
Fig. 1. The decision-feedback receiver. error rate, defined as the probability that at least one user is
decoded incorrectly, of a decision feedback receiver, with and

whereX (n) is the vector of information symbols of the users apithout the perfect feedback assumption, are equal (cf. [13]
timen and{N(n)} is a sequence of i.i.d. zero-mean, Gaussidh4]).* the optimalB is the strictly lower-triangular part df R

random vectors, each with covarian&e R. (henceforth denoted a&(FR)). This expurgates “past” users,
i. e., users 1té& — 1, before theith user is decoded. The effec-

tive channel seen by thigh user is a memoryless, single-user

channel that is characterized by the SIR of this user, which we
We consider the root-mean squared (rms) bandwidth whignote byys.

measures the standard deviation of the power spectral densitys for the QoS constraints, we require that the SIR of the

of the Superposition of the users’ transmitted waveforms. GIV%I[h user’'s channel, be greater than a preset threshold for that

the users’ weighted correlation matd¥, it was shown in [3] yser

that there exists a corresponding set of minimum-bandwidth sig-The results of this paper readily apply to uncoded systems
nature waveforms for which the rms bandwidth of the superpgs well. In fact, it is to this context that we shall focus our at-
sition depends odd only through a linear combination of itstention in much of this paper. For uncoded transmissions, the
eigl?nvalues [3]. This minimum bandwidth can be.expressedﬁcoder_encoder blocks of Fig. 1 are replaced by symbol-by-
2 k—1 Ck Ak, Whered; > A» > - > A\ are the eigenvalues symbol decision rules for the particular modulation schemes
of H arranged in a nonincreasing order, and the nonnegatiy§ed [7] (such as PAM or QAM quantizers). In order for the
constant$) < ¢; < ¢z < --- < ¢k are arranged in the nonde-agssumption of perfect feedback to be reasonable in this case,
creasing order. Remarkably, there are other measures such@gever, users must be decoded in the decreasing order of their
the fractional out-of-band power (FOBP) and fourth-momeuoS requirements (cf. [13]). We return to this issue in the next
bandwidths that have the same functional form [6], [12]. Corkubsection.

sequently, while the specific values of the constants differ from Three DFRs are of particular interest (they are described
one measure to another, as do the basis functions that musfrbejetail in [7]). For successive cancellation there is no
used to construct the signature waveforms from their correledforward equalization so thdf = I and B = L(R).

tion matrix, the design methodology presented here can be usg@ zero-forcing (ZF) DFR decorrelates future users so that
for all such measures of bandwidth that possess the aforemgn-= (.;,T)—lwl/2 andB:/:(@)W‘l/Q, where the lower-tri-
tioned characteristic. In particular, [3, Proposition 7] shows thghqular matrix® arises from the Cholesky decomposition
the minimum rms bandwidth is a function Bt;_, k2« and H — &7&. Finally, the capacity-maximizing (CM) DFR is

is given as specified byF = (¥7)~*W*/? and B = £(®)W /2, where

W is the lower-triangular matrix that results from the Cholesky
factorization 7 & of the matrix H + ¢2I. Note that in all

B. Bandwidth Measures

K
1 k2 X
Bims = 5 E ok (3) casesB = L(FR). In a coded system, the CM-DFR has the

joy trace (W) important property that it achieves the total capacity of the
CWMA channel with single-user coding and decoding, as was
shown by the authors in [8].

C. Decision-Feedback Receivers We will use the following notation regardird. Let H ;, de-

In this section, we describe DFRs for coded systems (with 8Rt€ the principal submatrix & formed by indices: through

uncoded system viewed as a special case). A DFR (cf. [7]) de-
codes users sequentially as illustrated in Fig. 1. Itis para_meteﬁAs a result, each user’s error rate is upper-bounded by the sum of the error

: ; rates of the corresponding perfect-feedback DFR for that user and the previously
ized by aK x K feedforward and feedback matrix péF, B)’ decoded users. Hence, each user’s code can be chosen to be sufficiently long so

whereB is strictly lower-triangular. as to impact the future user error rates via error propagation as negligibly as we
The first user is decoded based Bn, which is obtained by please.

taking the inner product between the first rowIsf which we 2The capacity of thékth user’'s channel under the assumption of Gaussian
T . input symbols (which are optimal in terms of maximizing the capacity region)
denote by"; *, and the matched-filter output vectBt The de- and perfect feedback, is given@s = - log(1 + ), which for fixed T, is

coded output is re-encoded to produfée. The second user is monotonically increasing iny.
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K,and Ietﬂ(k)T denote the row vectdHy 141 - - - Hy ]. That  satisfy the SIR constraints for any one of the three DFRs with a
is, time—bandwidth product that is upper-bounded as

K
Z Wi /{}2

k=1

K
> W
k=1

 HpT
Hpp=| @ Ho } 4
®) {ﬂw) H ) @ (7

The SIRs achieved by thieh user for each of the three DFRs

are summarized in the lemma below. A trivial lower bound onBT is %. This lower bound is un-

Lemma 1: achievable except in situations for which the QoS constraints
are such that a DFR is able to meet them for IWMA.
o 2wl (w _,_ﬂ(k)T(U?I)flﬂ(k))*l Suc. Cancel. In the case of the ZF-DFR, we derive a lower bound that is

often tighter than this trivial bound. We have that

=4 07 ? (wk—ﬂ(lc)T (H(k+1))_lﬂ(k)) ZF-DFR K

3T k2
_ k=1
o~? (wk—ﬂ(k)T (H(k+1)+021)_1ﬂ(k)) CM-DFR. BT = 2 i (8)
W
(5) k=1
The result for the CM-DFR is proved in [1]. The SIRs of the X 1/K
ZF-DFR and successive cancellation can be obtained similarly. < 11 k‘2>\k> K
L1 k=1 9
>3 — )
D. Signal Design ,El
2/K 1/K
The signal-design problem is this: given a fixed set of :1 (KX HVEEK (10)
received powers and the order in which users are decoded, 2 i wi
find the transmitter pulses that result in a bandwidth of the k=1

superposition of transmitted waveforms that is as small §here (9) results from the arithmetic-geometric mean in-
possible while enabling an arbitrary decision-feedback receivjuality, and (10) from the determinant BF being equal to
(F, B = L(FR)) at the base station to meet a target Slithe product of its eigenvalues. Note that the bounding function

criterion for each user. We assume no power control so that {ie(10) does not depend on the ordering of the eigenvalues.
received powers can be similar or widely disparate dependifgreover, since

on the geographical distribution of the transmitters relative to
the base station. To specify the target SIRs we require that

K
|H| = H @ik
k=1

where® is defined via the Cholesky factorizatid = ®7 &,

: , he fact that for the ZF-DFR, the QoS constraints
wheren, € (0, 1] for eachk. That is, thekth user’s target we how qset ' )
m € (0. 1] J re satisfied wheneveb?, > mwx. Hence, we find that the

SIR is a fraction of that user's SNR if there were no interferina bandwidth product of ianal set that satisfies the SIR
users. Implicit here is the reasonable assumption that each us pe—handwidin product otany sighal set that satisties the

(éonstraints for the ZF-DFR is lower-bounded as

A MW
Ve 2 Pr =

(6)

power is sufficiently high so that if that user were the only on

transmitting, then its data would be satisfactorily decoded. K 1/K
1) Bounds on Minimum BandwidthThe problem of finding (K12/K < II 77kwk> K

the transmitter pulses that yield minimum bandwidth while sat-pp - 1 k=1

isfying the SIR constraints appears to be analytically intractable. — 2 K

This is because the rms bandwidth as given by (3) is related to ,;1 Wk

the users’ SIRs in (5) in some complicated way that is not easily

amenable to its optimization. In this section, we find bounds apnlike the OOMA upper bound, this bound is in general

the minimum bandwidth and use them as benchmarks for Qifachievable because it is not clear that there exist positive

signal design method. semidefinite matricesH whose eigenvalues and diagonal
For an upper bound, we simply use the minimum bandwidtiements of the Cholesky factdrcan be chosen independently

needed for orthogonal signaling (which clearly satisfies the satisfy the inequalities in (9) and (11) with equality. Even if

SIR constraints for any one of the three DFRs). Users ateey did, it is not clear how one would actually construct such

assigned orthogonal sinusoidal signals and we will henceforttatrices.

refer to this simple strategy as optimal-orthogonal multiple In the remainder of the paper, we will develop a construc-

access (OOMA). Its bandwidth is obtained by substitutingyve signal design procedure for the three DFRs, which in the

H = W into (3). Hence, there must exist signal sets thatse of the ZF-DFR will be shown, in the numerical examples

max § 1,

. (11)
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of Section V, to yield a bandwidth that is quite close to the urevery choice foi (; is valid. Necessary and sufficient condi-

achievable lower bound in (11). This would not only imply thations for H ;, to satisfy the positive semidefinite (PSD) con-

the bound in (11) is tight but also that our signal design algstraint are given [1, Lemma 3]. In fact, in that paper, a conve-

rithm can yield signals with nearly minimum bandwidth. nient reparameterization of the problem was given which we
2) The Design StrategyOur goal is to find signal sets thatstate next.

require a bandwidth that is much lower than that needed forLet the spectral decomposition & ;1) be given by

OOMA. Our strategy is to construct a good correlation matrix Ho.=VLVT (13)

H in arecursive fashion. Ond# is obtained, the signals are de- . . . (kJ.rl) .

termined to minimize bandwidth as follows: obtain the spectryherel’ IS an |nvert|ble_d|agonal matrix. If th_e rank &f ;.+1)

decompositiodd = VAV with the eigenvalues i arranged 'S M < K — &, thenV'is K — k x M andL is M x M. We

in nonincreasing order and construct the vector of transmit@ghote thenth column ofV by V., so thatV’ = [V, ... V],

pulsess(t) = [s1(f), ..., sic(£)] asVAL2&(t) where the The diagonal elements df, ({1, lo, ..., l5s), are the nonzero

vector of orthonormal basis functiods(t) consists of the min- eigenvalues off ;i...), an_d they are ordered so tHat> I =z

imum rms bandwidth sinusoidal pulses in the case of rms band- = _ZM' It was shown in [1] that a necessary and_ sufficient

width (cf. [3]) the time-truncated prolate spheroidal wave funé:—ond't'o_n for H ) to be a PSD matrix is the following PSD

tions (cf. [6]) in the case of FOBP bandwidth, or the minimurfonstraint

fourth-moment bandwidth basis functions for the fourth-mo- Huy € {VD: D'L™'D < w.}. (14)

ment bandwidth [12]. The SIR constraints for the DFRs of interest, as given in (5) and
The rest of this paper deals with the problem of constructifg) in terms ofH 1), can be reparameterized in terms/ofas

the correlation matrix. We start by observing that if there is nellows:

error propagation, the SIR performance of a particular user fok\1_peR.

any DFR withB = £(FR) is independent of the correlations _

between that user agd trze users with lower indices. This fact @ € {VD: D (L+ 0’7 D <wi(1—m)} (15)

suggests a recursive constructionffwhere the correlations ZF-DFR:

are specified between signals in the reverse order in which the  H,, € {VD: DTL™'D < wp(1 —m)} (16)

users are decoded. The idea is to start with the last two userg . cancel.

signals and determine their correlation matrix so that the given T et wy

DFR just achieves the specified SIR for the second-to-last user. H) € {VQ: D (o")7' D < —(1— 77k)}~ (17)

With the correlation matrix of the last two users’ signals fixe Ik

we then determine how the third-to-last user’s signal is to

correlated with them so that the SIR of this user just meets t

SIR constraint. This process continues so that foktheiser we wi(1 — ) € (0, w) (18)

add atop rowﬂ(k)T (and aleft columni () to H (.41 to ob- ﬂ(l —m.) €(0, o). (19)

tain H ;. At each step, there are infinitely many such augmen- koo )

tations that will meet the target SIR constraint for fith user ~ 1he PSD constraint in (14) along with one of the SIR con-

without altering the SIRs for usef§, K —1, ..., k- 1. Out of straints from (15)—(17) form the two ellipsoidal constraint sets

these, we propose to choose the matrix that makes the bandwi@g§’hich D must belong. The problem is to chooselying
of the superposition of signals from usérs. . ., K as small as within their intersection that minimizes the bandwidth required

possible at each step. Though not optimal, such a greedy alff-H)- Note that the reparameterization in termg.bis par-
rithm will be shown to yield good results and finds justificatiodicularly convenient since the%e ellipsoids not only share the
in the interlacing property of the eigenvalues of a matrix and i&&Me setof orthogonal axgg; };Z, butthey also r12ave the same
principal submatrix. In particular, lé, denote the bandwidth orientation since the diagonal elementdofl + 0=/, ando=I
required byH ;, and let( = Wk(zf;kﬂ w)~L. Then from are all arranged in the nonincreasing order.

(3) and the interlacing-eigenvalue theorem [15], it can be shown

qt is clear that if, = 1, then onlyH () = V.D = 0 will work.
eherwise, we know thay;, € (0, 1), and this implies that

that I1l. AN ANALYSIS OF THE CONSTRAINT SETS
In this section, we develop certain analytical results that give
(2TB )2 S ¢+ (2TB(k+1))2 (12) us some insight abput good (though not the best) ghoiceﬁfor
(k) T (+1 : within the intersection of the PSD and SIR constraint sets.

Unlike the PSD and SIR constraints, the bandwidth does not

While not a strict analytical justification for our heuristic, thdend itself to an analytical representation in termgbfHence,
above inequality gives an intuitive idea of why it would workobtaining aD that minimizes the bandwidth subject to the con-
Note thatB ) is bounded from below by a function that isstraints appears to be intractable. However, the rms bandwidth
monotonically increasing i3 ;.1y. Thus a poor choice for associated with a weighted correlation matrix is proportional
H ;1) willyield a larger value forB3(; 1y than necessary andto a weighted sum of its eigenvalues, where the weighting of
increase the lower bound dy;,. the kth-largest eigenvalue #*. Since the largest eigenvalue of

As we recursively desighl, we must guarantee that the finalH ;) has the smallest weighting coefficient, we consider a max-
matrix is positive semidefinite else it would not be a valid corimization of the largest eigenvalue &f ;y over D. Similarly,
relation matrix. Thus given a positive semidefiniig,.,), not suppose that the rank & ;1) is M, then the rank off ;,
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will be eitherM or M + 1. Thus the( M + 1)th-largest eigen- the function becomes convex. Considering only the maximiza-
value ofH ) is the smallest potentially nonzero eigenvalue artébn of f, we choose the former and denote itdyy Using (25)

its weighting coefficient in the rms bandwidth formula is hencand (26) we find that

the highest. For this reason, we will also consider minimizing

this eigenvalue oveb. 2yD*V'Z =25,DYCTD (27)
L ) =26,/ (28)

A. Maximizing the Largest Eigenvalue Hfy,
=2lyVa'\/ ZTVeVT Z. (29)

The following lemma is applicable to both SIR and PSD con-

straints. Itis key in regard to our investigation of the eigenvaluegyq ig increasing i so the optimuna’’ = «v. It only remains to

Lemma 2: Given PSD matrice€ (with pseudo-invers@'*) substitute (29) into the quadratic objective function that was to
andH ;.11 with the latter admitting a singular-value decombe maximized. The minimization is accomplished by choosing
position (SVD)H 441y = VLVY, and given vectoZ, scalar the minimizing value ob and proceeding similarly. O
y, and positive scalars,. anda, we have The matrixC in the above lemma can represent any one of the

T T constraining matrices in (14) or (15)—(17) whereagpresents
fly, 2) 2 max [y Z7] [ wr DTV } [”} wy(1 — ) for both the CM-DFR and ZF-DFRE: (1 — )
(D: DTCT D<o} VD Hguyl £ for successive cancellation, ang for the PSD constraint. The

— wt? + ZTH(k+1)Z+ 2ly|va /ZTVCVTZ fo_IIowing theorem obtgins thg(k) that maximizes _the largest
eigenvalue offf ;) subject to one of these constraints.

(20)
Theorem 1: With the hypotheses of Lemma 2, l&{D) de-
and note the maximum eigenvalue &, given thatd ;) = VD.
N pTyT Then
A : . £ Y =1
aly, Z) = min [v Z%] [ Wh } [ } . Wi — 41 2 3
{D: DTCH D<a) VD Huynl 2] |, pax, P =h+—% (X Yo +2y0\/1 y)

_ 2, T _ [ T (30)
=wy” +Z HoyZ = 2ylVay Z7VOV Zél wherey, = v2(4 + X? — Xv/4+ X?2)~*/2 and
@D (we — L)/ /alli T o),

i _ 2
The set of arguments which yield the maximum is if C=L+o%I, CM-DFR

X = (UJk - ll)/\/ alla (31)
Dotp- Y @ VT 27 if C = L, ZF-DFR and PSD constraint
LCL=y avevrz” 4y # (wn — )/ Vao?,
- = if C =21, Suc. Cancel.
and the set of arguments which yield the minimum is The corresponding assignment iy, is
—y 4 va(ly +02)Vy, CM-DFR
{Q: CctD= Tl /T—TVTZ} ) (23)  Hguy =1 Val Vi, ZF-DFR and PSD constraint
vivZveviz Vao?V,, Suc. Cancel. 32)
32

Proof: Lettinga’ € [0, «] be arbitrary, we work with the

. L . Proof: We prove the theorem for the CM-DFR. The proof
constraint thaD?C* D = «. Defining the Lagrangian as 00 e prove the theorem for the C © proots

for the other receivers are similar. Choosifigas in (22), we
D. 8 —w? +20DTVEZ 4+ 7TH, . .7 seek to maximize the functiofi(y, Z) in (20) over the set of
HD, 8) =wy”+ 24DV  Z + Z ("fl)—T . y, Z such that? + Z7 Z = 1. The resulting maximum value
+6(a’ =D C"D) (24) of f(y, Z) is, according to the Rayleigh—Ritz theorem [15], the
maximum eigenvalue off ;. SubstitutingC' = L + oI into

and setting) f /01 equal to zero yields (20) and using the SVD in (13), we have
Ctp = s5yV'2Z. @25) [, Z) =wy’ + Z"HpynZ + 2]yl
B T 2 7T T
Noting the property of the pseudo-inverse th@t = \/Z HoyZ+0°Z°VV 2. (39)
ctccCT, we find thats must be chosen so that Sincef(y, Z) is an even function of, we can assume without
loss of generality thay € [0, 1]. For a giveny, we maximize
§22Ztvevtz =« f(y, Z) overthe set o such thatz’ Z = 1—+°. f(y, Z) de-
pends onZ through the two quadratic terni_éTH(kH)Z and
Thus ZT'vvTzandis monotonically increasing in both those terms.
ortunately, the two terms are simultaneously maximized by the
Iyl po pe F ly, th imul I imized by th
b= iﬁ Z°Vvev' Z (26) samez. Using the Rayleigh—Ritz theorem again, the maximum

of Z" H ;.+1)Z subjecttaZ” Z = 1—y? occurs wheiZ is pro-
where the positive choice maximiz¢§D, §), since it becomes portional to the eigenvector corresponding to the largest eigen-
a concave function, and the negative choice minimizes it, sineglue of H ;.1 1y. Specifically,Z = /1 — y2V 1 whereV, is
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the first column vector oV. Let us now consider the maximiza-calculate the second derivative ffy) aty = y, and find that
tion of ZTVV? Z. DefineV so thalV V]isak —k x K —k it is negative.

orthogonal matrix. We have Finally, we must compute thH ) that yields the maximum.
1-y*=2%2 (34) Using the result from this proof that = /1 — 42V, we ob-
"y vV VIV V] 'z (35) tain the following equalities starting from (22):

> z27vvTg. 36 ctp=L | & __yTy 45
== = (36) = WV Zz'veviz T (49)

In particular, forZ = +/1— 42V, the upper bound on

ZTVvVv?tZ is met with equality. Hencez = /1— 42V, (L + 02D)~'D :\/ o JI=72VTV, (46)
maximizesf(y, Z) for a giveny. Denoting this maximum as - (1—y2)(l1 +0?) e

f(y), we have = .
_ 2
f) = v (we = 1) + 1 + 2/ a(ly + o2y /1 — 2. (37) VQ—\/ L +U2V(L+U nv'y, (47)
Taking the derivative of with respect tgy and setting the result
equal to zero we find that Hy = valli + 02V (48)
1—2y2 [
(wi = L)y + Vall + o) ——= =0 (38)
v 1=y B. Minimizing the Smallest Potentially Nonzero
fory € [0, 1). We use the substitution Eigenvalue off 1,
X = (wy =)/ Va(li +07) In this section, we consider the problem of minimizing the
and some algebraic manipulation to see that smallest potentially nonzero eigenvaluef;, subject to an
12y if X#0 ellipsoidal constraint. This is also t@4 + 1)th-largest eigen-
Y= Xy/1—y2’ (39) value ofH ;, because, given that the rankHf ) is M, the
\/I i Y =0 rank ofH ;, can be no greater thad 4-1. Minimizing the(M +
2 - 1)th-largest eigenvalue transfers power away from this eigen-

Squaring both sides and rearranging terms yields an equatigiflue which is desirable, because among all the nonzero eigen-

that is quadratic in/® values, this particular eigenvalue has the largest scale factor in
yHA+ X))+ (-4-XH)+1=0. (40) the expression for minimum bandwidth as indicated by (3). Con-
Hence sider the next theorem.
, 1 < X 41) Theorem 2: With the hypotheses of Lemma 2, letD) de-
=511+ —) . 41) note thg M +1)th-largest eigenvalue d ;, given thatd ,, =
2 Va4 X2 g g 9d (1)
+ VD. We have
Note that the right-hand side is an element(@f 1) since if wi — Ly )
. 3 — N _ _ a2
X>0then—X_ €0, 1) and if X <0 then X €(-=1,0). ey MD) = lu+—— (Xyo 2y,\/1 u)
Thusy € (0, 1) and so (38) is valid. The two possibilities for (49)
12 in (41) can be substituted into (39) to yield wherey, = v2(4 + X2 + X4+ X?)~Y/2 and
(1-2K;) , _ 3
= ———— fori=1,2 (42) (wi — )/ ellng + 02),
- XVI- K if C =L+ 021, CM-DFR

where we define v ) (o — L) /vl (50)

K =1 <1 L X ) if C = L, ZF-DFR and PSD constraint

2 \/4+X2 (wk—l]w)/\/aO'Q,

and if C = o2I, Suc. Cancel.

Ky, = % <1 _ X 2)_ The corresponding assignment ffy;, is

Vit+X 5+ )
It is easy to check thay; > 0 andy, < 0 forall X. Since , _ o(ly + o)V, CM-DFR .
. . - . o Hagy =S Valy Vg, ZF-DFR and PSD Constraint.
in this proof we have requireg to be nonnegative, there is a VoV Suc. Cancel
uniquevalue fory, which we cally,, for which the derivative of XoTLM ' ' (51)
f(y) is zero, namely, The proof of Theorem 2 is long and has several subtleties. It is
(¥ if X <0 outlined in the Appendix.
Yo = \/g, if X =0 (43)
Y, if X >0 C. On the Intersection of the PSD and SIR Ellipsoids

2 —1/2 We return to the constraint sets defined by (14) and one of
=2 (4 HXT-XvaS XQ) ’ for all X' (44) (15)—(17). In normalized form, the PSD and SIR constraints can
As a check it is easy to see thatdsgoes to negative infinity, be expressed as
1, goes to zero, and with a little work we find that &sgoes to M
positive infinity, 4, goes to unity. Also, to see th#{y, ) corre- Z df»(ljocps ! (52)
sponds to the maximum value ovee [0, 1], one can explicitly =
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v, nontrivial (Category 3), we are interested in analytically finding
PSD Constraint points that lie on the boundary of their intersection. The set of
SIR Constraint intersection points is rather complex, so we will consider only
those points of intersection that lie in one of the two-dimen-
sionalslicesformed by the major axi¥’; and one of the other
axes. That s, for any > 1, we consider the intersection of the
V1 — ¥V, plane with the two ellipsoids of interest. After taking
one of these slices, the two constraints are representable by two
two-dimensional ellipses. To this end, suppose that: 0 and

xp =2 0, then letj’ = min{j: x; > 0} so thatz; > 0 when

i < j < M bylLemma 3. For any > j we make a slice
defined by the axe¥’; andV ;. That s, setl; = 0 for all < not

J equaltol orj. Sincexr; < 0 andxj > 0, we are guaranteed that
the boundaries of these two ellipses intersect. The points where
their boundaries intersect are given(ay|d; |, &|d;|), where

Fig. 2. Category 1: The SIR constraint subsumes the PSD constraint. Two
points are considered, at the intersection of dxgsaandV ,, , , with boundary

of the SIR ellipsoid. 4 (11(12—502))
and (d)? =4 cmtelomd cMDFR - (58)
M Qe —Qpsd l;
CM-DFR: Z dJQ((lJ + 0_2)acm)fl <1 (53) { ll—ll—lj 1 Suc. Cancel.
J=1 ( (lj(lj+02))
M o? ,
ZF-DFR Z d?(ljazf)fl S 1 (54) (d;)Q — _aC‘ﬂ(lllTo-l)—i—aDSdll CM-DFR (59)
Jj=1 —asc 0’ tapsaly
o \l 1171‘ Suc. Cancel.
Suc. Cancel. Y _ di(0%a.e) ™t < 1 (55)  The next lemma is used to decide on the preferred slice. Its
j=1 importance will become apparent in Section IV when consid-
where ering signal design for Category 3.
Opsd = Wk, Oem = Qg = Wi (1 — M) < apea, Lemma 4: Over the set of such thatj > j, (d})? as given

and aee = 51— ). (56) in(58)is maximized foyj = M.
Mk Proof. Considering only the CM-DFR, we have that the
The following lemma from [1] tells us something about the inpartial derivative of cce, (1402 )—apsal; )/ (11—1;) with respect
tersection of the two constraint sets. to; is equal to a positive constant times,, (11 +02) — apsals .-
The fact thatz; < 0 thus implies tha{d} )? is decreasing in

Lemma3: Forl < j < M we definer; for the three receiver _ D I
=J= ! l;. Choosingj = M minimizes!; and, therefore, maximizes

types

P (dy)2. O
(liopsa) ™t = ((I; + 0%)aem)™  CM-DFR

25 = (japea) ™t — (o)™t ZE-DFR (57) We now have the tools necessary to give a general method
(Ljatpea) ™ — (020e) ! Suc. Cancel. for designing signal sets that allow the users to achieve the SIR

Then we have that; < 0 implies thatz;_; < 0, andz; > 0 specifications in a bandwidth-efficient manner.
J = j—1 =Y J =

implies thatz;; > 0, andz; < 0 implies thatz;_; < 0, and
x; >0, implies thatz;4, > 0. IV. SIGNAL DESIGN FORBEMA

This lemma implies that there existg & {1, ..., M} such In general, there is a nondenumerable sefof, that lie
thatz; < 0forall j < ;andxl > o forall j > 7. The SIR within the intersection of the two ellipsoidal constraint sets. Be-
constraint is at least as restrictive along the akélsroughj, cause this intersection becomes rather unwieldy for larger di-
while the PSD constraint is at least as restrictive along the axasnsions, it is desirable to avoid anything resembling an ex-
j through M. Note that ifj = M, then the ellipsoid of the haustive search of the region. In the following, we present a
SIR constraint lies inside the ellipsoid of the PSD constrairgimple and general design methodology that finds rigorous jus-
The ZF-DFR is special in this sense because the SIR constraifitation based on the analytical results of the previous section.
always subsumes the PSD constraint. If inst¢agt 1, then We patrtition the set of constraints into three categories and
the ellipsoid of the PSD constraint lies within the ellipsoid ofhen use the results of Section Ill to chodég,) appropriately
the SIR constraint. Finally, if < 5 < M, then neither of the within each category.
ellipsoids lies wholly within the other. Category 1: The SIR constraint subsumes the PSD con-

When the SIR constraint subsumes the PSD constraint (Cattraint. Lemma 3 implies; < 0, and hence that; < 0 for
gory 1) or vice versa (Category 2), good signal-design methoal$ ;. See Fig. 2 for a two-dimensional example. From the PSD
can be based on the results of Theorems 1 and 2 as describ@astraint in (14) and the SIR constraint in (15)—(17), it is clear
in the next section. When the intersection of the ellipsoids tkat for the CM-DFR or successive cancellation the constraint
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Vian

SIR Constraint ¥ SIR Constraint

Fig. 3. The two possibilities of Category 2. The chosen point lies on tl o . .
intersection of axid’; and the boundary of the PSD ellipsoid. kEalg. 4. The two possibilities of Category 3 for the two-dimensional case. One

of two points is chosen. The first is at an intersection of axis with the
boundary of the SIR ellipsoid. The second is a point in the intersection of the
sets will fall into this category for large enough, while for V. — V11 plane, the SIR ellipsoid, and the PSD ellipsoid.

the ZF-DFR the constraint sets always fall into this category.
We consider two choices and settle with the one that yiel@sstrictive than the PSD constraint alo¥ig, the major axis. We

a smaller bandwidth foH ;. The first choice is motivated by find

Theorem 1 and maximizes the largest eigenvaluBl gf, sub-

ject to the SIR constraint, i.e.,

Vur(d — )i +02)V; CM-DFR

Hgy = (63)
Vwr(l—m)(l +02)V; CM-DFR Ui (1 — )02V Suc. Cancel.
Hoy = (L — )iV 1 ZE-DFR (60) wh|(_:h by Theorem 1 maximizes the largest eigenvaluHl gf,
subject to the SIR constraint.

The second choice is motivated by the fact that a point that
lies on the boundary of the PSD constraint will force (f¢ +
The second choice is based on Theorem 2 and minimizes {hh-largest eigenvalue d ) to be zero, i.e., the rank &
(M + 1)th eigenvalue of ). i.e., v;/]ill be e%l:al th \llvr_lich i_sht_he r:ar_lk ofH(kJ_rl). (?v;zr all of

the possible points lying within the intersection of the two con-
— 2 -
V(=) + 0%V, CM-DFR straints as well as on the boundary of the PSD constraint, we
1 v ZE-DER choose one that is nearest to the point chosen in (63). The idea

Vwr(l —m)V i (61) is to minimize the rank of (;,y while at the same time make its

n largest eigenvalue as large as possible. Over the set of two-di-

77—(1 =m0V Suc. Cancel. mensional slices formed by the major axis and one of the other

k

e - axes, Lemma 4 gives us this point. Usi d’;) from this
Category 2: The PSD constraintis at least as restrictive as th 9 P 0d, dy)

: . o i&€mma, our second possible choicédifyy = Vid) +Vdy,.
SIR constraint along the major ax¥,. Lemma 3 implies that - . . i —M M .
21 > 0, and hence that, > 0 for all . See Fig. 3 for a two-di- The required bandwidth faH , is calculated for both possi

. T bilities, and thef (;, that yields the lesser value is chosen.
mensional example. The PSD constraintin (14) and the SIR CON=he method of signal design we have developed avoids ex-

straint in (15)—(17) imply that for the CM-DFR and SucceSSiVﬁ)austive searches. We do not evaluate and compare the band-
cancellation the constraint sets fall into Category 2 whengyer

) . idths associated with a large number of candiddig, at
IS sma]l enough, and that the ZF-DFR constraint sets never fg ch stage in our systematic construction of the correlation ma-
into this category.

trix. Instead, we carefully consider at most two possible values
For Category 2, we let for H;, at each stage. Hence, the computational complexity is
Hy = vweliVa (62)  dominated by the evaluation of at most two spectral decompo-
for this maximizes the largest eigenvalue, as indicated by Th&tions per stage. A quick computation of the signals at the base
orem 1, while simultaneously setting thd/ + 1)th-largest stationis paramount for enabling effective adaptation to changes
eigenvalue to zero. The latter follows since any point that lies @amthe operating conditions as may be caused by users entering
the boundary of the PSD constraint causeg ffet 1 )th-largest and leaving the system, fading, etc.
eigenvalue to be zero. Before we conclude this section, we address the issue of de-
Category 3: Neither the SIR nor the PSD constraint is domeoding order. For uncoded systems, users must be detected in
inant. Lemma 3 implies that; < 0 andzx,; > 0. See Fig. 4 for the decreasing order of their QoS (i.ey7;) to mitigate error
a two-dimensional example. propagation effects [13]. For coded systems (and here we limit
In Category 3, we again consider two possible choices fourselves to the random coding argument where the order of
H 1, choosing the one that requires lesser bandwidtiffigs.  decoding has, in principle, no effect on error propagation as de-
The first results from the fact that the SIR constraint is mowribed earlier), recall that the QoS constrajptdenotes the

%(1 — )oYV Suc. Cancel.
k

Hgy =
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fraction of thekth user’s power that is needed for reliable trans- 14 .
mission. The smaller the,, the greater is usér's excess power _' ggﬁ‘:
over what_ is necessary for reliable transmission in the absenc 12 ...... BEMA: Suce. Cancel. R
pf mterfermg users. Thus we propose the decodmg order to be -¢ BEMA: ZF-DFR
in decreasing order dfl — 7). This allows users with excess E 10rf — BEMA: CM-DFR R
power, who can most afford to combat interfering users, to be = — Lower Bound: ZF-DFR R
decoded earlier. We have found through an extensive set of n. 2 8.2 Lower Bound: CM-DFR} . *
merical examples that such an order yields signal sets with con 2 L’
sistently lower bandwidths than other orders. 2 6 Le° g
w L4 PR ARTIELY
= 4t Lo Pt
V. NUMERICAL EXAMPLES ~ .’ miT
In this section, we describe several examples to illustrate the
potential for a substantial savings in bandwidth that result from

using BEMA. We first obtain a rule-of-thumb for a choice of re-
ceived power disparities (cf. [16] where the same rule of thumb
is used).
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5 10 15 20
Number of Users

25

If all users transmit with the same powet their received Fig. 5. RMS bandwidth versus the number of users, with= K — k + 1,

powers depend primarily on their distances from the base stAR

tion. The received power of thigh user can be approximated

=10 log,o(Ny ') = 10dB,T = 1.0, andr;, = w; .

by the following path-loss formula [17]: 14— O A

Wi = Koy, Wy (64) | OOMA

. . . e A: Succ. Cancel.
wherery, € [0, _1] is the norm_allzed distance of L_Jslefrom_the “ -0 ggﬁ A Z;C_CDFQHCG
base stationy is an attenuation exponent, arg is an adjust- T 10H — BEMA: CM=DFR ie
ment factor. The value of ranges froms = 2.0 in free space _E — Lower Bound: ZF-DFR L7
to » ~ 4.3 in an open or urban area. If we assume further that © 8{L_¢ lower Bound: CM=DFR /"
the K users are uniformly distributed across a circular cell, then -é .7
the received power of theth user is given by S0 e
K+1-k\"? g .l .o -
—1 P Lt
= Fo <K—+1> “ © =z T
where the users have been ordered from strongest to weake: 2f /" T :
We define the SNR of the system to be that of the weakest use w_;;._—_g{_".:W.
(the user at the cell boundary) " 0 5 10 15 20 25
SNR= k=M (K 4 1) »/2 % 66 Number of Users
Ky (K +1) No (66)

The SNR of thé:th user is thus equal to SNRK + 1 — k)”/Q, Fig.6. RMS bandwidth versus the number of users, with= (K —k+1)2,

- ; R= 101log,,(Ny ') = 10dB,T = 1.0, andn. = w; *. Note that the
Whefe”ﬂ € [1'0’ 2'1‘?] '.Th|$ means that, On_average’ t,he us,er%;‘-DFR lower %)Oound is only barely distinguishable from BEMA : ZF-DFR and
received powers exhibit a linear to quadratic power disparity gtma : CM-DFR.

the receiver.

and the successive-cancellation-based DFR. In Fig. 5, we let
w,, = K —k+1andT = 1.0 second so that the SIR constraint
FIgS 5and 6 depict the bandwidth needed for BEMA aSkﬁgcomesyk > N(;l and (65) and (66) can be combined to y|e|d
function of the number of users for linear and quadratic r&NR = 10 log, (N, ') decibels. It is evident that BEMA pro-
ceived power disparities, respectively. In these examples, ev@yes substantial savings in bandwidth over OOMA and TDMA
user is assigned the same SIR constraint. This symmetric SR this savings is most pronounced for the CM-DFR. For ex-
constraint is enforced by requiring. > 3 = wx /3¢ forall  ample, if SNR= 10 dB, then supporting 20 users with OOMA
k (i.e.,m = wi /ws for all k). For the sake of comparison,requires more than three times the bandwidth of BEMA with
we include the OOMA upper bound, the ZF-DFR lower bounghe CM-DFR (4.39 Hz versus 1.45 Hz). Moreover, note that the
(cf. Section 1I-D-1), and the minimum bandwidth required fopandwidth needed for the ZF-DFR is only slightly more than the
TDMA.3 In the case of BEMA, Figs. 5 and 6 depict the bandinachievable lower bound of Section 11-D1, thereby implying
width versus number of users for the CM-DFR, the ZF-DFRpat not only can the lower bound be tight, but also that the pro-
3The minimum bandwidth for TDMA was obtained in [1] (in this form of posed signal deSIQI‘.l methOd Can. yield Slgna‘_l sets with bandwidth
TDMA, the signals are constrained to be nonoverlapping in time within théery close to the minimum required bandwidth. For the case of
symbol duration but not necessarily of equal duration) and is given by guadratic power disparity in Fig. 6, the gains of BEMA signal
k. 1/3)° design over the OOMA upper bound are even more pronounced.
1 (Ek:l Wy, ) . . . .
Brpua = 7\ SF e _ When power imbalances are high (cf. F|g._6)_, our signal de-
k=t sign method tends to make the waveforms similar for all users.

A. Bandwidth Versus the Number of Users

(67)
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Fig. 7. RMS bandwidth versus normalized distance from base station for equal-power usets, BNRg, ,(Ny ") = 6 dB,T = 1.0, andy, = r?.

This follows directly from the observation in Section IV con- 8 .
cerning Category 2. That is, the PSD constraint subsumes th
SIR constraint whemy,, which is equal towy /wy, in this ex- L)ttt
ample, is small enough. The result is &,y whose rank is I - TDMA
equal to that off ;. 1.1). If, on the other handy, = wy /wris 7 |- OOMA
large enough, then the SIR constraint subsumes the PSD cot 5. | BEMA: Suc. Cancel.
straint as described in Category 1 in Section IV. Hence, the ran Tt R DER
of H, is one greater than the rank &f ). If 7 tends S 4
[=2]

to unity for each uset ) for each user gracefully approaches 2 |-.-- fmemimimmm r————— R -
the zero vector. This means that as the power imbalances shrinl 23
BEMA signal design will yield orthogonal signals.

S

2_

B. Equal Received Powers 1

In this example, we consider the scenario in which users with 0 , , )
equal transmit powers are situated on a ring of normalized radiu: -15 -10 SN—Q of Last UserO(dB)
r € [0, 1] (if » = 1 they would be on the boundary of the cell).

A symmetric QoS is imposed where the common SIR constrai% 8. RMS bandwidth versus SNR 10 log,,(N:) decibels, withk =
is that which results from an isolated user transmitting with the, «w, = K — k + 1,7 = 1.0, andy,, = w; *.

same power from the boundary of the cell = 1.0) so that

n. = r¥ forall k. Letr = 2. The closer the users are to the basg. The Effect of SNR on Signal Design

station, the higher the bandwidth savings for BEMA relative to

We consider again the case of linear disparity in the received
Sgwers, and study the effect of varying the noise power. We fix

relative to the symmetric QoS constraint is higher for smal.ler‘f{f — 15. The symmetric QoS constraint is given-as> No_l-
i

This is evident in Fig. 7 when the CM-DFR is used for sever

. 8 compares the performances of the various receivers as a
values oft and an SNR of 6 dB (the plots for other SNRs Sho‘?’ugction ofl?he SNR Apgain BEMA with the CM-DFR requires
similar behavior). Also depicted in Fig. 7 is the rank of the as; ' '

sociated correlation matrices. Note that for sufficiently small The least bandwidth over the entire range. Note that our signal

. . ysma design method also consistently maintains the relative perfor-
the rank isl so that BEMA reduces to IWMA. As grows suf- ) . : .
- . - mances between the DFR’s (for a fixed signal set) even for their
ficiently close tol, the correlation matrix is full-rank, and when

T respective optimal signal sets.
r = 1, BEMA reduces to OOMA. It is seen in Fig. 8 that the required bandwidths for BEMA

with the CM-DFR and the successive-cancellation-based DFR
are both very dependent on the SNR since noise power plays a
“Note, however, that since the bandwidth depends on the actual eigenval%tg;n'ﬁc"’mt rolein th? Slgnal deS'g” for th.ese recelvers: At h|gher
and not just the rank of the matrix, it is possible for the rank to be increasiMplues of SNR, the interference is dominated by the interfering
while still keeping a rein on the bandwidth. This is illustrated by the similgyisers. while at lower values of SNR it is dominated by the noise
performances of the ZF-DFR and the CM-DFR in Figs. 5 and 6. The correlatign ’ . .
matrix for BEMA with the ZF-DFR is always full-rank, but in these examplePOWer. On the other hand, BEMA with the ZF-DFR requires

its smaller eigenvalues asignificantlyless than the larger eigenvalues. a bandwidth that is independent of SNR. Moreover, since the
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the maximum number of users that can be supported for a given
QoS subject to a bandwidth constraint. The better the design, the
greater the number of users that can be supported. Once an op-
erating point is chosen, say a QoS of 0.8 nats/s and a maximum
of 13 supportable users, the corresponding signaling intéfval
can be fixed. If either the disparity of the 13 users increases or
if there are less than 13 active users (still with linear disparity),

._
=

e
%0

Symmetric Capacity in nats/sec
o
o

. ' ~ | then all users will still be supportable without modifyifig
+-»-- ZF-DFR Upper Bound [/,
04F| — BEMA: CM-DFR el VI. CONCLUSIONS
-¢ BEMA: ZF-DFR .. _ _ _
0.2H BEMA: Succ. Cancel. | ~ " ~===ool_] The BEMA strategy relies on a QoS-based signal design for
== OOMA nonlinear receivers and was introduced in [1]. As described
L= TDMA : , therein, these signals are to be continually evaluated at a base
5 10 15 20 station so as to adapt to changes in operating conditions such
Number of Users as users entering or leaving the system, changes in power levels

) er of A - (g;e to user mobility, fading, etc. The vector representations
Fig. 9. Symmetric capacity versus the number of users, with rms bandwigih the designed signals are subsequently communicated to the
,e;f“jl flel';ﬁs,’;k — ﬁ‘,;? R L SNR = 10108,0(No ) =3 dBand 4o nsmitters via a feedback channel. To enable fast adaptation,
signal design methods are required to be computationally
efficient. The quality-of-service (QoS) based approach is
ZF-DFR forces the interference to zero, its performance is coglie wherein the reception quality (measured in terms of
parable to that of the CM-DFR for high SNR but distinctly insjgng|-to-interference ratio (SIR)) is required to be above a
ferior for low SNR. In contrast, successive cancellation ignorggtain (possibly distinct) threshold for each user. Under such
the effects of interfering users, so that it compares well with thr constraints, the signals are designed to be bandwidth-effi-
CM-DFR at low SNR but degrades significantly for high SNRGjent in that they conserve the bandwidth of the superposition
In any case, BEMA with any one of the three receivers yielgs the users’ signals to the extent possible. While [1] obtained
substantial savings in bandwidth relative to OOMA and TDMAy 5 gwidth-efficient signals with respect to the strict bandwidth
measure, this paper obtains time-limited signals that are
D. User Capacity bandwidth-efficient in the rms sense for each one of three

In this section, we fix the available bandwidth and depict thhlgh-performance decision-feedback receivers. As in [1], we

. .Obtain very substantial savings in bandwidth relative to the
humber of users that can be supported (user capacity) for a9¥&6re common multiaccess techniques such as TDMA, IWMA
symmetric (worst user’s) capacity constraint. ; '

F fixed bandwidth leulate th i and OOMA. In contrast to the strict bandwidth criterion,
or a fixed bandwidth, we caiculate the symmetric C"le""c'r’}’owever, where the rank of the signal correlation matrix has to

th:t IS aclhlt_avable with S|gnf_al c(ijesllgn for a|g|venhset of gselri% conserved, the rms (or other nonstrict) bandwidth measures
whose relative powers are fixed. In general, as the number 8%leire a proper selection of the distribution of the eigenvalues

users is incrgased, the.signaling interval must be incrgasec{)i at matrix. This paper provides several technical results on
that the r'equwed bandwidth doe; not grow b?y"”‘?' ‘.Nhat.'s avalertain eigenvalue optimization problems in this regard.
able. This reduces the symmetric capacity since it is strictly de-

creasing in7’. The better the signal design, the |é8das to

be increased, and hence the less the symmetric capacity is re-
duced. The ZF-DFR is easiest to work with because its signal
design is independent &. For the CM-DFR and the succes- Before proving the result on minimizing tfé/+1)th-largest
sive-cancellation-based DFR, we iteratively obtain the signeigenvalue ofH ;, of Theorem 2 , we must consider several
sets to find the value df for which the bandwidth is equal to preliminaries.

the available bandwidth. For fixed unit bandwidth, the results
are shown in Fig. 9, including the upper and lower bounds of

APPENDIX
MINIMIZING THE (M + 1)th-LARGESTEIGENVALUE

Lemma 5: Given the function

Section 1I-D1 and TDMA. From this figure we see that for a wry? + (1 — v — 2y/ay /1 — >/ + o?
symmetric capacity of 0.8 nats/s, OOMA can support three users CM-DFR
whereas BEMA with CM-DFR can support 13 users. Note a'i?”(y, ) = wry? + (1 —yH)p — 2y/ay/1 - y3 /1
that BEMA : ZF-DFR closely tracks its upper bound (deduce ZF-DFR and PSD constraint
from the result in Section 11-D1). wiy? + (1 — ) — 2y/ay/1 — 42V0?
Since it may be impossible to dynamically change the sig- Suc. Cancel. (68)
naling interval in practice, the above example should be viewe
L L Wherey € [0, 1], wy > 0
as a tool for determining a good signaling rate at the system
design stage. For example, suppose that the worst case distri- [-02, ) CM-DFR
bution of received powers that can be expected is linear. Then, 4 € < [0, oo) ZF-DFR and PSD constraint  (69)

with the freedom of adjusting the signaling rate, we can find (—o0, o0) Suc. Cancel.
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and, as per the discussion in Section II-D For the first case, suppose th&t > 0. This implies that
(0, wx) CM-DFR or ZF-DFR a+ Z > a > 0sothat(a + Z)2 > «%. Moreover, since
e [W’k wy] PSD constraint (70 Y > 0 (the cas&” = 0, i.e.,u = —o?, was already discussed),
(0, 0)  Suc. Cancel. we find that
so thatee > 0. Then g> (22)7H 0+ a? +a/0+a?) = 1.

1) For all put the sqccesswe-cancellatlon c@ﬁ/@u has _ In the second case we have tia 0 anda = —Z. Then
orlly one stationary point. It corresponds to a minimum and js, » — andg = Y/a = Y/(—Z). But the latter equals
given by the function /(i — mwy) + 02 /(n — maw), where, since-Z > 0, the

(4) = ((a+0oHy? —o*)(1—5%*)~t CM-DFR first term is greater than unity and the second term is positive.

Ho\Y) = ay*(1 —y*)~! ZF-DFR and PSD constraint  Thus we find that for the second cage> 1 is also true. Note

(71) alsothat the last step indicates tiak 0 implies that” > —Z;
This function is strictly increasing ip with 4,(0) = —o% and  this fact will be used in proving the next two cases.
lim, .1 po(y) = oo for the CM-DFR, whiley,(0) = 0 and  For the third case, we considér < 0 anda > —Z so that
lim,—1 p,(y) = oc for the ZF-DFR and the PSD constrainta + Z > 0. Since it is also true that > —Z > 0, we find that
For successive cancellatiaif /9y is strictly positive except at

y = 1 where it is zero. 9> 5 (2(—Z)a+(a+Z)2+(a+Z)
2) 8 f /0y has only one stationary point and it corresponds to Zox
a minimum. It is given by the function VA=Z)a+ (o + Z)2) =1. (77)

—1/2
Yo(p) = V2 (4 + X2+ X4+ X2) (72)  The fourth and final case is whéh < 0 anda < —Z, so that

a+ Z <0andY > —Z > « > 0. We can then rewritg as
where

(wr — p)/v/a(c? + ) CM-DFR 1 va \Y?
X = (wy —p)/y/ap ZF-DFR and PSD constrain(73) 9 = 3.2 <2Y0‘ —(a+2) <—1 + <1 + m) ))
(wp — p)/vVas?  Suc. Cancel. (78)
This function is strictly increasing in and satisfieg,(—o2) = Since here\/(a + Z)? = —(« + Z). Now, to arrive at a con-
0 andlim, o y,(p) = 1 for the CM-DFR,%,(0) = 0 and tra_ldiction, suppose that < 1. Since(a + Z)? > 0 we find
lim,, ... ¥() = 1 for the ZF-DFR or the PSD constraint, andh'zto be equivalent td’(1 — o/Y) +1 < /14 2¥ where
lim,, oo Yo(pr) = 0 andlim,, . y,(;) = 1 for successive ¥ = 2Yo/(« + Z)?, a positive number. Sincé > « > 0,
cancellation. we can square both sides without changing the direction of the
3) For the CM-DFR and the ZF-DFR we have that> inequality. After some algebra we arrive %)2 < 2a/Y.
1o (%o (1)) With strict inequality except whep = —o? forthe We can replacel’ with its definition to eventually yield the
CM-DFR andyu = 0 for the ZF-DFR. For the PSD constraint itequivalent statemen}” — «| < |« + Z|. But this is a con-

is always true that = i, (y,(1)). tradiction since
Proof: We will consider only the CM-DFR. Part 1) is

straightforward to show, and Part 2) is shown in essentially Y —a| =Y = (=2) + (-2 — o) (79)

the same way that (44) was derived. Thus we concentrate on =Y+ Z|+|a+Z| > |a+ Z| (80)

the most interesting case, Part 3). Using (71), Part 3) can be

equivalently stated as where the second line is a resultbf> —Z anda + Z < 0.

) ) ) Thus our assumption for this final case that 1 was false, and

yo(u) < (N+O— )/(LL—FO(—‘,—O’ ) (74) sog > 1las desired. O

Hence, we see that whgn= —o?, equality holds. (Note also
thaty, (1) is zero only whenX = oo, and this is possible only th
for 4 = —o2.) Recall from (70) that for the CM-DFR =
wi(1—m) > 0,and defin@” = p+o0? > 0andZ = nwy —p.
Using these definitions and the expressiongfgfy) in Part 2),
(74) can be restated as

Corollary 1: The minimum off on the set ofy, ) such
aty € [0, 1] andy € [In, l1], wherely; > 0, occurs at the
point (yo(Iar), {ar)-

Proof: Fig. 10 may help the reader follow this proof.
Choose any(y, 1) in the appropriate set and suppose that it
yields the minimum off. But f(y, 1) > f(y.(1s), 1) unless

1y (2 X2y X\/m) > 1. (75) ¥ = yo(p) by the second result of Lemma 5. The first and third
2a results of the same lemma tell us that
Now, sinceX = (a + Z)/v/aY, itis possible after some alge-

braic manipulation to show that this becomes Fyope), 1) > f(yo(p), max{lns, po(yo(p))})
g 2 21_2 (2Ya +(a+ 2+ (a+2) unlessyy = max{lys, po(yo(ie))}. But over the region of in-
67

terest, this occurs only when = [, as indicated by the third

AYa+ (a+ Z)Q) >1. (76) partof Lemma 5. Thus only the poitw,(Ixr), Iar) yields the

To show that this is always true, we must consider four possibrnaInlrnum of f. =

cases. We can finally prove Theorem 2.
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Fig. 10. A contour plot of the “valley” formed byf(y, #) when [2

wy = 0.9797,02% = 0.2714, I, = 0.75, anda = 0.1730. The indicated
point, (yo(Iar), Iar), is the argument that minimizeg(y, p) over the
constraint region.

3]
Proof: We will specifically consider the CM-DFR, the [4]

other constraints being treated in a similar fashion. Choosing

D asin (23) of Lemma 2 we now seek to minimize the function (5]

fy. Z) =wiy® + Z"H i1y Z — 2ly|v/ e
E HyinZ+0227VV 2 (81)

over the set of, Z such thaty> + Z*'Z = 1, for this yields
the smallest eigenvalue & ;. This is symmetric iny, so we [7]
assume without loss of essential generality that [0, 1]. Let

V denote the matrix containing a set of column vectors so that
[V V]isanK — k x K — k orthogonal matrix; this is always
possible since the columns ¥ are orthonormal. Note that if
we chooseZ to be any one of the columns ¥, sayU 1, then
fly, Uy) = wyy? results sincd* U, = 0. Settingy = 0 then
yields f(0, U;) = 0. SinceH ;, is of a form that forces itto be g
positive-semidefinite, we know that this has yielded the smallest
eigenvalue of ;). Now, again by the Rayleigh-Ritz theorem,

(6]

(8]

we know that the second smallest eigenvaluddef, is given 10
the minimization off(y, Z), subject toy® + Z¥Z = 1 and
[v Z"] being orthogonal té0 U/, " . But choosingZ to be some |,

column of V other tharl/y, this time sayU,,, thenf(0, Us) is
also zero. Proceeding similarly, we find that the— & — M
smallest eigenvalues & ;, each of which is guaranteed to be
zero, are yielded by choosingto be theK — k — M columns
of V.

To find the next smallest eigenvalue, which is also th
(M + D)th-largest eigenvalue, we minimiz&y, Z) subject

[12]

13]

toy? + ZYZ = 1and[y Z7]0 VT]T = 07. The latter 14l
constraint is equivalent to saying that must be a linear
combination of the rows oV. This, along with the fact that [15]
Z¥7Z = 1 — 42 tells us thatzTVvVv?TZ = 1 — 42 and 116
Z'H 41)Z € [(1 — y»)ln, (1 — y*)l1]. Denoting the latter
term by the term(1 — y?)u wherep € [ly, 11], we seek to
minimize [17]

Fu, 1) = w® + 1=y )n—2vayy'1 — vV + o2 (82)
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overy € [0, 1]andu € [Ias, [1]. Butby Lemma5 and Corollary
1 we know that: = Iy, andy = y,(ly) yields the minimum.
ThusZ = /1 —y.(Ins)V,,. Following a line of reasoning
similar to the last paragraph of the proof of Theorem 1, this

becomesZ = /a(lps +02)V .

O

ACKNOWLEDGMENT

The authors wish to thank the anonymous reviewers for their
helpful comments, particularly one reviewer's suggestion that
perhaps the arithmetic-geometric inequality could be used to
derive a lower bound.

REFERENCES

M. K. Varanasi and T. Guess, “Bandwidth-Efficient Multiple Access
(BEMA): A new strategy based on signal design for multiuser receivers
under Quality-of-Service constraints|EEE Trans. Commun.May
1998, submitted for publication.

R. S. Cheng and S. Verdu, “Capacity of root-mean-square bandlimited
Gaussian multiuser channel$£EE Trans. Inform. Theorwol. 37, pp.
453-465, May 1991.

D. Parsavand and M. K. Varanasi, “RMS bandwidth constrained signa-
ture waveforms that maximize the total capacity of PAM-synchronous
CDMA channels,IEEE Trans. Commurpvol. 44, pp. 65-75, Jan. 1996.
M. Rupf and J. L. Massey, “Optimum sequence multisets for syn-
chronous code-division multiple-access channelsEZE Trans. Inform.
Theory vol. 40, pp. 1261-1266, July 1994.

P. Viswanath and V. Anantharam, “Optimal sequences and sum capacity
of synchronous CDMA systemslEEE Trans. Inform. Theorwol. 45,

pp. 1984-1991, Sept. 1999.

M. K. Varanasi and E. A. Fain, “Optimum signal design and power
control for multiuser wireless communications under location-invariant
bandwidth constraints,” ifProc. 36th Allerton Conf. Communication,
Control, and ComputingSept. 1998, pp. 556-565.

M. K. Varanasi and T. Guess, “Bandwidth-efficient multiple-access
via signal design for decision-feedback receivers: Towards an optimal
spreading-coding trade-off,” iRroc. IEEE Global Telecommunications
Conf.: Communication Theory Mini-ConfPhoenix, AZ, Nov. 3-8,
1997, pp. 159-165.

—, “Optimum decision feedback multiuser equalization with succes-
sive decoding achieves the total capacity of the Gaussian multiple-access
channel,” inProc. 31st Asilomar Conf. Signals, Systems, and Computers
Nov. 1997, pp. 1405-1409.

P. Viswanath, V. Anantharam, and D. Tse, “Optimal sequences, power
control and user capacity of synchronous CDMA systems with linear
MMSE multiuser receivers,[EEE Trans. Inform. Theorwol. 45, pp.
1968-1983, Sept. 1999.

S. Ulukus and R. D. Yates, “Iterative signature adaptation for capacity
maximization of CDMA systems,” ifroc. 36th Allerton Conf. Commu-
nication, Control and Computeréllerton, IL, Sept. 1998, pp. 506-515.

M. K. Varanasi and T. Guess, “Bandwidth-Efficient Multiple-Access
(BEMA): Signal design with a strict bandwidth criterion under
Quality-of-Service constraints,” iRroc. Int. Symp. Signals, Systems,
and Electronics (ISSSE'98pisa, Italy, Sept. 29-Oct. 2, 1998, pp.
146-151.

E. A. Fain, “Minimum bandwidth basis functions for the fourth-mo-
ment bandwidth measure,” IfEEE Int. Symp. Information Theory
(ISIT'2000) Sorrento, Italy, June 2000.

M. K. Varanasi, “Decision feedback multiuser detection: A systematic
approach,lEEE Trans. Inform. Theoryol. 45, pp. 219-240, Jan. 1999.

T. Guess and M. K. Varanasi, “Error exponents for maximum-likelihood
and successive decoders for the Gaussian CDMA chan&&E Trans.
Inform. Theoryvol. 46, pp. 1683-1691, July 2000.

R. A. Hornand C. R. JohnsoWatrix Analysis Melbourne, Australia:
Cambridge Univ. Press, 1993.

R. R. Muller and J. B. Huber, “Capacity of cellular CDMA systems
applying interference cancellation and channel coding,” Piroc.
IEEE Global Telecommunications Conf.: Communications Theory
Mini-Conf,, Phoenix, AZ, Nov. 3-8, 1997, pp. 179-184.

W. C. Y. Lee,Mobile Communications Design Fundamental®New
York: Wiley, 1993.



