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Abstract

We revisit suboptimumlinear and group detectionfor CDMA systemsandfocuson
“overloaded” or low-rank CDMA systemswhereinthe total numberof signalscanbe
largerthanthedimensionof the signhalspace Suchsystemsareof particularinterestwhen
bandwidthis at a premium. Specifically we considercasesvherethe desiredand/orthe
interferingsignalspacesanbe of reducedankand/orhave anon-triial intersectionBe-
causdt generalize$ineardetectionwe considemgroupdetectionandanalyzeits behaior
and asymptoticperformance.In particular we introducethe Group Pseudo-IverseDe-
tectorandthe Group MMSE Detectorand shav the asymptotic(low-noise)equialence
of thetwo. We alsoconsidera signaldesignproblemwhereinan additionalusermustbe
introducednto asystemwhichis alreadyeither“fully loaded”or “overloaded”to achiere
optimumperformancef thatuserwithoutincreasinghe systembandwidth.

1 Intr oduction

Suboptimumdetectorsfor multiuser CDMA communicationsystemshave beenextensvely

studied. The decorrelatorandits groupcounterpar{l] (seealso[2]) aredesignedo project
out the multiple-accessnterferencelMAI). However, theredetectorscan have an unaccept-
able performancenvhenthe desiredsignalsare linearly dependenbn the interfering signals.
For suchscenarios|[3] hadproposedo replacethe linear decorrelatoby a “pseudo-iverse”

detectomwhich hasa least-squaremterpretation.

As for MMSE detection the linear MMSE detectoris known to corverge, for low noise
power, to the decorrelatgrwhenthe desiredusers signalis linearly independenbf theinter-
fering users’signals[4]. Similarly, the GroupMMSE Detectorproposedn [5] wasshavn to
convergeto the GroupDecorrelatoiif thedesiredsignalsarelinearly independenof theinter-
fering signals.In eithercase the asymptotidbehaior of MMSE detectionwasnot considered
whenthe intersectionof the desiredandinterfering signalspacess a subspacef dimension
strictly greatethanzero.

In this paper we focus on low-rank signaling systemsand considerthe generalcaseof
detectingagroupof userssothatlineardetectionwhereinonly oneuseris desiredjs aspecial
caseof ouranalysis.Thelineardependencesanoccurwithin thedesiredor interferingsignals
and/orthey canoccurbetweerthetwo groups.We introducetwo new groupdetectorsnamely
theGroupPseudo-InerseDetectorandanen GroupMMSE Detector We show thattheformer
is the naturalgeneralizatiorof the notion of (group) decorrelationn thatit is applicableto
the generalCDMA modelincluding, in particular low-rank systemsandmoreoer, it is the
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limiting form (for low noisepower) of the latter By analyzingits asymptoticperformance,
we considetthe problemof introducinganadditionaluserinto analreadyfully- or over-loaded
systemby maximizingalowerboundonits asymptotieefficiency withoutincreasinghesystem
bandwidth.

2 CDMA SystemModel

ConsideramultiusersystemwhereinK usereemploy QuadraturémplitudeModulation(QAM)
to communicatesimultaneouslyand synchronouslyover an additive white Gaussiarchannel
(AWGN) usingsignaturewaveformsthat satisfythe generalizedNyquist criterion. Giventhis
set-up,detectionon a symbol-by-symbobasisis optimal. The complex basebanequivalent
representationf therecevedsignalin asymbolinterval is

r(t) = Z VEy, €7% bysy(t) + n(t), 1)

where Ey, ¢, by, and s, (t) representrespectiely, the receved enegy, phase dataandthe
basebandquivalentof the signaturewaveform for userk. The enegies and phasesof all

usersareassumedo be known at the recever andtheir signaturewaveformsare normalized
to have unit-enegy. Furthermoreall usersemploy the samesignalingalphabetA = {«;} ¥,

alsonormalizedto have unit averageenegy. Finally, n(t) is a zero-mearpropercomple

white Gaussiarrandomprocesswith power spectrumof heighto?. An equivalentdiscrete-
time modelcanbeobtainedoy matchediltering r(¢) with asetof basisfunctionsandsampling
the outputappropriately This operationyields the following N-dimensionalector (N is the
dimensionalityof the signalspace)

r = SAb + n, (2)

whereS 2 [s1,...,8x] denoteshe N x K signalmatrix, A = diag (v/E71 e/, ..,\/Ex eI?x)
thediagonaimatrix of complex recevedamplitudesb’™ = [by, . .., bx] thedataof all usersand
n is azero-mearpropercomplex Gaussiamandomvectorwith covariancematrix oIt

As anaside we notethatwhenthemodulationis real(suchaspulseamplitudemodulation,
a specialcasewhich hasreceved considerablattentionrecently),an equialentreal-valued
modelcanbedervedassuggestedn [1]. Linear(group)detectionfor this real-valuedmodel
is known to outperformlinear (group)detectionon the comple< model[1, Corollary 2]. Fur
thermore linear (MMSE anddecorrelatingdetectordor the equivalentreal modelof [1] can
be shavn to beequialentto the so-called'widely linear” (or “linear-conjugate”)detectorgor
the complex modelasderivedin [6-9]. In otherwords,widely linear detectorsarenot really
new andthe correspondinglerivationscanbe avoidedby considerindinear (group)detection
for theequivalentrealmodelasin [1].

3 Group Detection

Groupdetectionwasintroducedin [1] for systemswhereina subsetz C {1,... K} of the
K usersis to be detectedthe complementangetis denoted). In this section,we describe
it asa two-stagealgorithm. It is corvenientto introducethe subscripts; and s to referto

Thesuperscripts, t andt denotethetransposetheconjugatdaransposandthepseudo-inerseyespectiely.



parameterpertainingto the desiredandinterferingusers respectrely, andrearrangeisersso
asto partitionthe columnsof the signalmatrixasS = [Ss, Sz]. Themodelin (2) canthenbe
writtenasr = S;Acbg + SgAgbg + n.

Therecevedsignalis first fed to a bankof |G| filters to producean estimateof the desired
users’dataunderagivendesigncriterion. Thislineartransformations referredto asthe Group
filter andis denotedby F . Its output

Yo = FTGSGAGbG + FTGS(';AGbG' + Ne (3)

is thenfed to a decisionrule which selectsthe joint hypothesidor the desiredusers. Since
the estimate(3) is in generalnot MAI-free, ary decisionrule thatignorestheresidualMAI is
suboptimalvhile themaximumlik elihood(ML) ruleis toocomplec to implement.We propose
a simpledecisionrule which, while still suboptimalaccountdor the structureof theresidual
MAI: we assumehatit hasa Gaussiardistribution therebyaccountingor its first andsecond
ordermoments.This rule achiezesa good compromisebetweeneaseof implementatiorand
performanceswill be seenin the numericalsimulations.

Sincethe residualMAl haszeromeanandis statisticallyindependentrom the Gaussian
noisen, theresultingpost-filteringstatisticcanbe written as

Yo = FZ;SGAGbG + Y, (4)

where~,, is the compoundresidualMAl + noiseterm. Its covariancematrix is the sum of
the covariancematricesof the residualMAI and of the noise,andis denotedas oK, with
K 2 01—2FL (S(—;E@Sé +0%Iy ) F, andE = diag(FE1, ..., Fk). Thedecisionrule selects
the joint hypothesiswhich yields the maximumlik elihoodunderthe GaussiarresidualMAI
assumptionlt is easilyshovn to begivenas

b € arg max {QbLATGSL Kr—bLALSLK ScAchbg}, )

wherewe have introducedC 2 F.K*Fl. Noticethatin general,the matricesK and IC
dependon the noisepower o2.

3.1 Specificexamplesof Group detectors

The Group Decorrelatowasderivedin [1] by meansof the generalizedik elihoodratio test
(GLRT). Alternatively, we candescribet asa decorrelatingstage with GroupDecorrelating
filter?

FéfD = ATGSTGP‘JS_@ ) (6)

which completelyremovesthe MAI. Therefore,no Gaussiarassumptioris requiredandthe
following ML ruleis optimal

A

b € argmax {zbgAgsgpgér - bgAgsgP§ésgAGbG} . @)

While it possessethe attractve featureof requiringneitherthe interferingusers’enegy nor
the noisepower, the Group Decorrelatorcompletelycancelshe MAI regardlesof the signal
spacegeometry In low-rank (overloaded)systemswvherethe desiredandinterfering signals

2Henceforth X will denotethe span(or range)of thematrix X andP3 the projectionorthogonato X'.



canbelinearly dependenthe GroupDecorrelatindilter will cancelthedesiredsignalsthatlie
in theinterferingspace Clearly, this canleadto anunacceptablperformancealegradation.

Group MMSE detectorsvere proposedn [5] and[10] without, however, accountingfor
theresidualMAIl. They wereshavn to corverge (asthe noisepower goesto zero)to the Group
Decorrelatorfor the caseof linearlyindependensignaling.In thelow-rankcasehowever, their
asymptotidehaior wasnotstudiednorwastheir performancenalyzed We will addressuch
issuesn Section5 wherewe proposea GroupMMSE detectotbasednthe ML rule underthe
GaussiarMAI assumption.

4 Group Pseudo-lrnverseDetection

The GroupDecorrelatiorapproachappliedto low-ranksignalingcanresultin the cancellation
of the usefulsignals. Instead,we propose|n this Section,a Group Pseudo-IaerseDetector
which generalizeshe GroupDecorrelatorWhile thetwo groupdetectorsareequivalentwhen
the desiredsignalsare linearly independenfrom the interfering signals,the Group Pseudo-
InverseDetectoractsasa partial decorelatorin thelinearly dependentase.

Thefirst stageof the new groupdetectorconsistsof a least-squaresstimationof the data
y € argm&n |[r — SAb||> which yields the estimatey = (SA)*r. Notice this is alsothe

unconstrained/L estimateof b, i. e., whenb € IRY ratherthan.A¥. Theestimatey,, of the
desireddatacorrespondso thecoordinate®f y in G. Thecorrespondingineartransformation
Fl,_.. = [I, 0](SA)" is the GroupPseudo-Iuersefilter andits outputis

ve = [Is, 0](SA)*SAb +FL__n. (8)

The decisionrule is then given asin (5) with the appropriatematricesK;,;, the compound
residualMAIl + noisecovariancematrix, and/Cy,.

4.1 Linearly independentdesired and interfering signals

Considerthe caseof desiredsignalsbeinglinearly independenof theinterferingsignals,. e.,
dim(S; N Sz) = 0. The following lemma(proofsof lemmasare omitted)is appliedto the
GroupPseudo-luersefilter.

Lemmal Let Q beanm x n matrix with m < n which is partitionedas Q = [A, B],
where A andB are not necessarilyfull rankbut sud thatthe subspacethey spanare linearly
independenti. e, rank(Q) = rank/A) + rank(B). TheMoore-Renosepseudo-inerseof Q
hasthefollowing partitionedform

(ATPA)" ATPS
(BtP4B) " BIP}

(PsA)”
(PiB)"

Q"= : (9)

+
UsingLemmal we find thatFl,_,, = (P§GSGAG> , I. e., the GroupPseudo-Inersefilter is
equialentto the GroupDecorrelatindilter in (6). Furthermoreit canbe shovn that

+
o (ALSIPESoA.) andK, - P SAKAISIRY, GO

(noticethey don't dependon the noisepower) sothatthe decisionrule of the Group Pseudo-
Inversedetectoiis

~

b € argmax {2bgAgsg Pq_r — bl ALS P§_ SGAGbG} . (11)



Consequentlythe Group Pseudo-laerseDetectorsimplifiesto the GroupDecorrelator Note
thatour derivationis moregenerathanin [1] becauseve allow for lineardependenciewithin

the setof desiredsignalsor of interferingsignals,i. e., S; and/orSs canbe column-rank
deficient.

4.2 Linearly dependentdesired and interfering signals

Whendim(S; N Sz) > 0, i. e., thedesiredsignalsarelinearly dependenbn the interfering
signals,we usethefollowing resultin linearalgebrawhich canbe provedby usingGreville’s
formulafor the updateof a pseudo-inerse[11].

Lemma 2 If thek* columnof the matrix Q, denotedyy, is linearly independenfromthere-

L P =k
14+ |xx] 2 (Xk)j |f] §£ k"’
whee x;, = Q; q; is the“coordinate” vectorand (x), is its j** component.

mainingcolumnsthen(Q*Q); = dx;, otherwise(Q*Q)x; =

UsingLemmaz2 to determinethe outputof the GroupPseudo-Iuersefilter, we find that F_p,
actsasa partial decorrelatarIindeed for eachdesiredsignalsy, only thosesignalsin S;, from
which it is linearly independenhave a correspondingomponenin x;, equalto zero. These
usersarethereforecanceled.

TheGroupfilter outputis not MAI-free sothatthe matricesK,, andXC;;, andconsequently
the Group Pseudo-laersedetector dependon the noise power and on the enepies of the
interferersghatarenotcanceledy Fg_»,.

5 Group MMSE Detection

In this section,we proposea nev GroupMMSE Detectorandstudyits asymptoticform. Let

us assumethat b is a zero-meanGaussiarrandomvector with covariancelx. Under this

assumptionr and b, arejointly Gaussian.Therefore,the (unconstrainedMMSE estimate
of b giventhe obsenationr is easilyobtainedfrom the Gauss-Markv theoremasthelinear
transformatiorFTG_Mr, wherewe have introducedthe GroupMMSE filter

Fov = H'ScAq (12)

andd 2 F [rrf] = SES' + o%Iy. This filter requiresthe knowledgeof the signalsand
amplitudesof all usersaswell asthe noisepower. Underthe GaussiarresidualMAI assump-
tion, the post-filteringstatisticis y, = ALSIH 1S Ab, + ~s, Where~, hascovariance
?K,, 2 G — G2 andG 2 ALSLH S A.. TheML ruleis

with IC,, = H !'SA.KFALSLH!. The resultingcascadenf operations(Group MMSE
filtering andML decisionrule) is termedthe GroupMMSE Detector It differsfrom the one
in [5] and[10] in thatit accountdor the residualMAI. However, for a groupsize one,they
coincideandreduceto the classicaMMSE solutionof [4].

3Q;, containsall columnsof Q exceptqy



5.1 Asymptotic form of the Group MMSE Detector

We find the asymptotic(low noisepower) form of the GroupMMSE Detectorby considering
the limits of the GroupMMSE filter andof the subsequendecisionrule. For the latter limit,
we needto considerthelinearindependenanddependentaseseparately

First, we write the GroupMMSE filter in termsof F,;, thejoint MMSE filter for all users,
asF\_,, = [I, O]'F,.

Lemma3 Thelimit of F_,, canbefoundfromthatof F,, whichis lim F], = (SA)™.

o —0
Therefore the Group MMSE filter is asymptoticallyequialentto the Group Pseudo-Iaerse
filter.

Lemma4 In thelinearindependentase whendim(S; N Se) = 0,

llm KM = KPI and lim ’CM = ’CPI
020 020
with K., andC,,; givenasin (10).
In thelinear dependentase whendim(S; N Sg) > 0,

lim 0?K,, = lim ¢’K,;, and lim ¢’k = lim ?/Cp,
0250 0250 020 020

andthesdimits are non-zeo.

Therefore,whenthe desiredand interfering signal spacesare linearly independenbf each
other the GroupMMSE Detectorconvergesto the Group Pseudo-IaerseDetector(whichin
turn reducedo the Group Decorrelator).Notice we have madeno assumption®n the ranks
of the desiredandinterferingsignalmatrices.This resultgeneralizeshat of [4] which proves
that the linear MMSE detectorcorvergesto the decorrelatorwhen the desiredusers signal
is linearly independentrom the interferingsignals. The GroupMMSE detectorgproposedn
[5,10] withoutthe Gaussiamssumptionverealsoshovn to corvergeto theGroupDecorrelator
in the caseof linearly independensignaling.

The secondpart of the lemma statesthat even when the desiredand interfering spaces
have anon-triial intersectiontheasymptotidorm of the GroupMMSE Detectoris the Group
Pseudo-IluerseDetector The specialcaseof groupsizeoneis asfollows.

Fact1 Thelinear MMSE detectorcorvergesto the pseudo-inerse detectorof [3] whenthe
desiedsignalliesin theinterferencesubspace

5.2 Numerical examples

We illustrate the performanceand asymptoticbehaior of the group detectorswe have dis-
cussedor a CDMA systemwith K = 8 usersemploying 4-QAM. We assumehey all have
unit enegiesE = I butthattheir phasesredifferent. The setof desireduserss G = {1, 2}
andwe considerseveral signalspacegeometries.n all examples the signalsand phasesare
randomlygenerated.

In Figure 1, the desiredsignalsare linearly independenfrom the interferingsignals. As
expectedthe Group Decorrelatingand Pseudo-laerseDetectorsare equivalent. The Group
MMSE Detectoraccountdor the MAI sothatis outperformghe oneproposedn [5, 10].

Figures2 and3 illustrate overloadedsystems.In Figure 2 the desiredsignalsarelinearly
dependentntheinterferingsignalsandin Figure3 they lie entirelyin theinterferingspaceln
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Figure 1: Fully loadedsystemwith (N, K, |G|) = (8,8,2) and 4-QAM: rank(Sz) = 6,

rankS; = 2) and rank<P§éSG) = 2, 1. e., the desiredandinterfering spacesare linearly

independent.

both casesthe Group Pseudo-laerseand MMSE detectorswhich areasymptoticallyequiv-

alent,have almostidenticalperformancesven at low SNRs. The Group Decorrelatorcancels

someor all the desiredsignalssothatit is uselessvhile the GroupMMSE detectorof [5, 10]
is interferencdimited andits error probabilityfloors.
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Figure 2: Overloadedsystemwith (N, K, |G|) = (7,8,2) and 4-QAM: rankSs) = 7,
rank(Sq = 2) andrank(PéGSG> = 1.

6 Signal Designfor Linear Detectionin Low-Rank Systems

In this sectionwe assumehatthesystemhask — 1 active users.Their signalmatrix, comple
amplitudesanddataaredenotedby S;, A; andb,, respectiely. The problemwe poseis to
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Figure 3: Overloadedsystemwith (N, K, |G|) = (6,8,2) and 4-QAM: rank(Sz) = 8,
rankS; = 2) and rank(PééSG) = 0, i. e., the desiredsignal spacelies entirely in thein-
terference.

assigmasignalto a new usersoasto maximizeits asymptoticefficiency with MMSE detection
withoutincreasinghe signalspacedimension.SinceMMSE andpseudo-inersedetectionare
asymptoticallyequivalentin this case we canequialentlymaximizethe asymptoticefficiency
usingthe pseudo-inersedetector

Whenthe desiredsignals; lies in the spacespannedoy the interfering signalsdenoted
by S;, we definethe coordinatevectorx £ (SlA1)+ s;, where A, is the diagonalmatrix
of the interfererscomplex amplitudes:. The pseudo-inersefilter f,_,, is thenobtainedfrom
Greville’ s formulafor the columnupdateof a pseudo-inerse[11] andis given,upto a scalar
constantpy

fl . =x"(5,4,)". (14)

Sincex is in therangeof (S;A;)* and(S;A;)*S; A, representshe projectionorthogonako
therangeof (S;A )™, it followsthat(S; A;)*S; A x = x, orequialentlyx! (SlAl)J’ S;A; =
x!. Consequentlythe post-filteringstatisticy; = f};_»,r becomes

Y1 = A1HXH251 +x'b; + m, (15)

- +
wherer, is a zero-mearGaussiamrandomvariablewith variances2x! (AJ{SIslA1> x and

b: representshe dataof theinterferingusers: Thedecisionrule reducedo a QAM slicer.

Our signaldesignis basedon an exact performanceanalysiswherewe make no assump-
tions aboutthe residualMAI. The conditionalerror exponentz;;(b,) of the conditionalpair
wise error probability that hypothesisH; is more likely than the true hypothesisH; (corre-
spondingo hypothesisy; andc;, respectiely), canbeshavn to be givenby

VI |[x]Yey| — 2Re (¢ 5 x1b,)
e +
20\/xf (A{s{slAl) x

“Noticethatin this casetheS; hashave full row rank,sothatS; S} = In.
5To computethe noisevariancewe have usedthe resultthatfor ary matrix X, X * X+t = (XTX)+.

€ij (Bl) = maX2 Oa ’ (16)




wherewe introducethe errorevente;; = a; — a; = |ey;|e?®8eiu) . Solvingfor the unit enegy
signals; which will maximizethe worst caseconditionalerror exponent(minimizedover all
interferingdatavectorsandpairsof hypothesis)s a problemthatis not analyticallytractable.

Instead we usethe Cauchy-Schwarz inequalityto lower boundthe worst caseconditional
errorexponentandoptimizethislowerbound.Recallingthatx = (S, A;)*s,, thelowerbound
is obtainedas

minmineg;;(by) > 17
ninmine;(by) 2 (17)

(18)

A A
where|amax| = ?gi\ak\ and|oamin| = min loaj — oyl
k

Proposition1 The lower boundin (18) is maximizedby choosings,; as the eigervector of
SIEIS‘{ correspondingo its minimumnon-zeo eigervalue which we denoteas A,;,. With
sud a choice thelower bound(18) becomes

VE K -1
max> < 0, ! |Omin| — 24/ Amin—=—| Qmax| . (29)
20 E1

We illustrateour signaldesignin Figure4 by consideringhe samesystemasin Section5.2
with (N, K, M) = (7,8, 4). Theoptimumsignalwhich maximizesthe worstcaseconditional
errorexponentis found numerically Its simulatedperformancaes virtually identicalto thatof
the signalwhich maximizesthe lower boundandfar outperformghat of randomlygenerated
signalsfor thenew user
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Figure4: Signaldesignfor linearMMSE or psuedo-inersedetectionn anoverloadedsystem:
(N,K,M) = (7,8,4).




7 Conclusion

Suboptimumlinear andgroupdetectionwasstudiedfor generalCDMA systemswith special
attentionto over-loadedCDMA systemsTwo new groupdetectorshamely the GroupPseudo-
Inverseand a new Group MMSE Detectorwere introduced. While it reduceso the Group
Decorrelatowhentheinterferinganddesiredsignalspacesrelinearlyindependenthe Group
Pseudo-luwersegeneralizeghe notion of (group)decorrelatiorto the generalCDMA model
thatallows for linear dependenciebetweenthe desiredandinterferingsignalspaces.lt also
finds rigorousjustificationin the factthatit is the asymptotic(low noisepower) form of the
GroupMMSE Detectorindependenthof signalspacegeometry Our asymptoticanalysisfor

overloadedsystemsis also usedto solve a signal designproblemof finding a signalfor a
new userthat mustbe addedto a fully- or overloadedsystemso asto maximizethat users

performancen termsof asymptoticefficiency with linearMMSE andpseudo-inersedetection
without increasinghe systembandwidth.
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