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Abstract

We revisit suboptimumlinear andgroupdetectionfor CDMA systemsandfocuson
“over-loaded” or low-rank CDMA systemswhereinthe total numberof signalscan be
largerthanthedimensionof thesignalspace.Suchsystemsareof particularinterestwhen
bandwidthis at a premium. Specifically, we considercaseswherethedesiredand/orthe
interferingsignalspacescanbeof reducedrankand/orhaveanon-trivial intersection.Be-
causeit generalizeslineardetection,weconsidergroupdetectionandanalyzeits behavior
andasymptoticperformance.In particular, we introducethe GroupPseudo-InverseDe-
tectorandthe GroupMMSE Detectorandshow the asymptotic(low-noise)equivalence
of thetwo. We alsoconsidera signaldesignproblemwhereinanadditionalusermustbe
introducedinto asystemwhichis alreadyeither“fully loaded”or “over-loaded”to achieve
optimumperformanceof thatuserwithout increasingthesystembandwidth.

1 Intr oduction

Suboptimumdetectorsfor multiuserCDMA communicationsystemshave beenextensively
studied. The decorrelatorandits groupcounterpart[1] (seealso[2]) aredesignedto project
out the multiple-accessinterference(MAI). However, theredetectorscanhave an unaccept-
ableperformancewhenthe desiredsignalsare linearly dependenton the interferingsignals.
For suchscenarios,[3] hadproposedto replacethe lineardecorrelatorby a “pseudo-inverse”
detectorwhichhasa least-squaresinterpretation.

As for MMSE detection,the linear MMSE detectoris known to converge, for low noise
power, to thedecorrelator, whenthedesireduser’s signalis linearly independentof the inter-
fering users’signals[4]. Similarly, theGroupMMSE Detectorproposedin [5] wasshown to
convergeto theGroupDecorrelatorif thedesiredsignalsarelinearly independentof theinter-
fering signals.In eithercase,theasymptoticbehavior of MMSE detectionwasnot considered
whenthe intersectionof thedesiredandinterferingsignalspacesis a subspaceof dimension
strictly greaterthanzero.

In this paper, we focus on low-rank signalingsystemsandconsiderthe generalcaseof
detectingagroupof userssothatlineardetection,whereinonly oneuseris desired,is aspecial
caseof ouranalysis.Thelineardependencescanoccurwithin thedesiredor interferingsignals
and/orthey canoccurbetweenthetwo groups.Weintroducetwo new groupdetectors,namely,
theGroupPseudo-InverseDetectorandanew GroupMMSE Detector. Weshow thattheformer
is the naturalgeneralizationof the notion of (group)decorrelationin that it is applicableto
the generalCDMA model including, in particular, low-rank systems,andmoreover, it is the�

This work wassupportedin partby ARO GrantDADD19-99-1-0291andby NSFGrantNCR-9725778.



limiting form (for low noisepower) of the latter. By analyzingits asymptoticperformance,
weconsidertheproblemof introducinganadditionaluserinto analreadyfully- or over-loaded
systembymaximizingalowerboundonitsasymptoticefficiency withoutincreasingthesystem
bandwidth.

2 CDMA SystemModel

Consideramultiusersystemwherein� usersemploy QuadratureAmplitudeModulation(QAM)
to communicatesimultaneouslyandsynchronouslyover an additive white Gaussianchannel
(AWGN) usingsignaturewaveformsthatsatisfythegeneralizedNyquistcriterion. Giventhis
set-up,detectionon a symbol-by-symbolbasisis optimal. Thecomplex basebandequivalent
representationof thereceivedsignalin asymbolinterval is���	��

� �� � ��� � � ������������� �!� �	��
#"%$&�	��
(' (1)

where
� �

, ) � , ���
and

�!� �*��
 represent,respectively, the received energy, phase,dataandthe
basebandequivalentof the signaturewaveform for user + . The energies and phasesof all
usersareassumedto be known at the receiver andtheir signaturewaveformsarenormalized
to have unit-energy. Furthermore,all usersemploy thesamesignalingalphabet, �.-0/�132041 ���
also normalizedto have unit averageenergy. Finally, $&�	��
 is a zero-meanpropercomplex
white Gaussianrandomprocesswith power spectrumof height 576 . An equivalentdiscrete-
timemodelcanbeobtainedby matchedfiltering �8�*��
 with asetof basisfunctionsandsampling
theoutputappropriately. This operationyields the following 9 -dimensionalvector( 9 is the
dimensionalityof thesignalspace) : �<;7=?>@"BA
' (2)

where;DC�FEHG � '!I!I!IJ'�G �LK denotesthe 9BML� signalmatrix, =N�PO8QSRUTWVYX � � � �Z�\[ ']I!I!IJ'�X � � � ����^`_
thediagonalmatrixof complex receivedamplitudes,>�ab�cE � � ']I!I!I]' � �dK thedataof all usersandA is azero-meanpropercomplex Gaussianrandomvectorwith covariancematrix 576fe�g .1

As anaside,wenotethatwhenthemodulationis real(suchaspulseamplitudemodulation,
a specialcasewhich hasreceived considerableattentionrecently),an equivalentreal-valued
modelcanbederivedassuggestedin [1]. Linear(group)detectionfor this real-valuedmodel
is known to outperformlinear(group)detectionon thecomplex model[1, Corollary2]. Fur-
thermore,linear(MMSE anddecorrelating)detectorsfor theequivalentrealmodelof [1] can
beshown to beequivalentto theso-called“widely linear” (or “linear-conjugate”)detectorsfor
thecomplex modelasderived in [6–9]. In otherwords,widely lineardetectorsarenot really
new andthecorrespondingderivationscanbeavoidedby consideringlinear(group)detection
for theequivalentrealmodelasin [1].

3 Group Detection

Groupdetectionwas introducedin [1] for systemswhereina subseth i -kjl'!I!I!I � 2 of the� usersis to bedetected(thecomplementarysetis denoted mh ). In this section,we describe
it asa two-stagealgorithm. It is convenientto introducethe subscriptsn and on to refer to

1Thesuperscriptsp , q andr denotethetranspose,theconjugatetransposeandthepseudo-inverse,respectively.



parameterspertainingto thedesiredandinterferingusers,respectively, andrearrangeusersso
asto partitionthecolumnsof thesignalmatrix as ;s�tEu; n '�; on K . Themodelin (2) canthenbe
writtenas : �<; n = n > n "v; on = on > on "%A .

Thereceivedsignalis first fed to a bankof wxhyw filters to produceanestimateof thedesired
users’dataunderagivendesigncriterion.Thislineartransformationis referredto astheGroup
filter andis denotedby z{n . Its output| n � z{}n ; n = n > n " z{}n ; on = on > on "%~ n (3)

is thenfed to a decisionrule which selectsthe joint hypothesisfor the desiredusers. Since
theestimate(3) is in generalnot MAI-free, any decisionrule that ignorestheresidualMAI is
suboptimalwhile themaximumlikelihood(ML) ruleis toocomplex to implement.Wepropose
a simpledecisionrule which, while still suboptimal,accountsfor thestructureof theresidual
MAI: we assumethat it hasa Gaussiandistribution therebyaccountingfor its first andsecond
ordermoments.This rule achievesa goodcompromisebetweeneaseof implementationand
performanceaswill beseenin thenumericalsimulations.

Sincethe residualMAI haszeromeanandis statisticallyindependentfrom the Gaussian
noise~ n , theresultingpost-filteringstatisticcanbewrittenas| n � z{}n ; n = n > n "D� n ' (4)

where � n is the compoundresidualMAI " noiseterm. Its covariancematrix is the sumof
the covariancematricesof the residualMAI andof the noise,and is denotedas 576f� , with� C� ��]� z }n�� ; on���on ; } on " 5 6 e]gd��z{n and � C� O8Q�RlT�� � � ']I!I!I]' � � 
 . The decisionrule selects

the joint hypothesiswhich yields the maximumlikelihoodunderthe GaussianresidualMAI
assumption.It is easilyshown to begivenas�> nb� Rl��TL��R0�� n���� > }n = }n ; }n�� :�� > }n = }n ; }nL� ; n = n > n7� ' (5)

wherewe have introduced � C� z{nk���7z }n . Notice that in general,the matrices � and �
dependon thenoisepower 5 6 .
3.1 Specificexamplesof Group detectors

The GroupDecorrelatorwasderived in [1] by meansof the generalizedlikelihoodratio test
(GLRT). Alternatively, we candescribeit asa decorrelatingstage,with GroupDecorrelating
filter2 z }n��\� � = }n ; }n�¡£¢¤�¥n ' (6)

which completelyremovesthe MAI. Therefore,no Gaussianassumptionis requiredandthe
following ML rule is optimal�> nb� Rl�YTd�bR\�� n§¦ � > }n = }n ; }n ¡¨¢¤ ¥n :�� > }n = }n ; }n ¡¨¢¤ ¥n ; n = n > n�© I (7)

While it possessesthe attractive featureof requiringneitherthe interferingusers’energy nor
thenoisepower, theGroupDecorrelatorcompletelycancelstheMAI regardlessof thesignal
spacegeometry. In low-rank (overloaded)systemswherethe desiredandinterferingsignals

2Henceforth,ª will denotethespan(or range)of thematrix « and ¬
­® theprojectionorthogonalto ª .



canbelinearlydependent,theGroupDecorrelatingfilter will cancelthedesiredsignalsthatlie
in theinterferingspace.Clearly, this canleadto anunacceptableperformancedegradation.

GroupMMSE detectorswereproposedin [5] and[10] without, however, accountingfor
theresidualMAI. They wereshown to converge(asthenoisepowergoesto zero)to theGroup
Decorrelatorfor thecaseof linearly independentsignaling.In thelow-rankcasehowever, their
asymptoticbehavior wasnotstudiednorwastheirperformanceanalyzed.Wewill addresssuch
issuesin Section5 whereweproposeaGroupMMSE detectorbasedontheML ruleunderthe
GaussianMAI assumption.

4 Group Pseudo-InverseDetection

TheGroupDecorrelationapproachappliedto low-ranksignalingcanresultin thecancellation
of the usefulsignals. Instead,we propose,in this Section,a GroupPseudo-InverseDetector
whichgeneralizestheGroupDecorrelator. While thetwo groupdetectorsareequivalentwhen
the desiredsignalsare linearly independentfrom the interferingsignals,the GroupPseudo-
InverseDetectoractsasapartial decorrelator in thelinearly dependentcase.

Thefirst stageof thenew groupdetectorconsistsof a least-squaresestimationof thedata| � Rl�YT
��Q�¯� w°w :±� ;#=?> w�w 6 which yields the estimate|t� �²;7=@
 � : . Notice this is also the

unconstrainedML estimateof > , i. e., when > �´³ µ �
ratherthan , �

. Theestimate| n of the
desireddatacorrespondsto thecoordinatesof | in h . Thecorrespondinglineartransformationz }n��\¶(· �FE e]n '¹¸ K �²;7=@
 � is theGroupPseudo-Inversefilter andits outputis| n �FE e�n '�¸ K �²;7=@
 � ;7=?>@" z }n�� ¶J· A
I (8)

The decisionrule is then given as in (5) with the appropriatematrices ��¶(· , the compound
residualMAI " noisecovariancematrix,and � ¶(· .
4.1 Linearly independentdesired and interfering signals

Considerthecaseof desiredsignalsbeinglinearly independentof theinterferingsignals,i. e.,O8Q°���*º n±» º on 
¼��½ . The following lemma(proofsof lemmasareomitted) is appliedto the
GroupPseudo-Inversefilter.

Lemma 1 Let ¾ be an ¿ M $ matrix with ¿ À $ which is partitioned as ¾ � EH=s'�Á K ,
where = and Á arenotnecessarilyfull rankbut such that thesubspacesthey spanare linearly
independent,i. e., rank� ¾ 
 = rank�3=@
 + rank�3Á¼
 . TheMoore-Penrosepseudo-inverseof ¾
hasthefollowingpartitionedform¾ � � Â V²= } ¡ ¢Ã = _ � = } ¡ ¢ÃV Á } ¡ ¢Ä Á _ � Á } ¡ ¢ÄÆÅ �ÇÂ V ¡ ¢Ã = _ �V ¡ ¢Ä Á _ � Å I (9)

UsingLemma1 we find that z }n��\¶(· � � ¡ ¢¤ ¥n ; n = n � � , i. e., theGroupPseudo-Inversefilter is

equivalentto theGroupDecorrelatingfilter in (6). Furthermore,it canbeshown that��¶(· � � = }n ; }n ¡ ¢È ¥n ; n = n � � and � ¶J· � ¡ ¢È ¥n ; n = nL� = }n ; }n ¡ ¢È ¥n (10)

(noticethey don’t dependon thenoisepower) so that thedecisionrule of theGroupPseudo-
Inversedetectoris�> nb� Rl��Td��R0�� n ¦ � > }n = }n ; }nd¡¨¢È ¥n :É� > }n = }n ; }nL¡£¢È ¥n ; n = n > n7© I (11)



Consequently, theGroupPseudo-InverseDetectorsimplifiesto theGroupDecorrelator. Note
thatourderivationis moregeneralthanin [1] becauseweallow for lineardependencieswithin
the set of desiredsignalsor of interfering signals,i. e., ; n and/or ; on can be column-rank
deficient.

4.2 Linearly dependentdesiredand interfering signals

When O8Q°�Ê�	º nË» º on 
¼Ì.½ , i. e., thedesiredsignalsarelinearly dependenton the interfering
signals,we usethefollowing resultin linearalgebrawhich canbeprovedby usingGreville’ s
formulafor theupdateof a pseudo-inverse[11].

Lemma 2 If the +�ÍÏÎ columnof thematrix ¾ , denotedÐ � , is linearly independentfromthere-

mainingcolumns,then � ¾ � ¾ 
 � � � Ñ � � , otherwise� ¾ � ¾ 
 � � � �� �7ÒxÒ Ó � ÒxÒ � M?Ô w�w Õ � w°w 6 if Ö � +� Õ � 
 � if Ös×� + ,

where Õ � C� m¾ �� Ð � is the“coordinate” vectorand � Õ � 
 � is its Ö ÍÏÎ component.3

UsingLemma2 to determinetheoutputof theGroupPseudo-Inversefilter, wefind that z{n��\¶(·
actsasa partialdecorrelator. Indeed,for eachdesiredsignal G � , only thosesignalsin m; � from
which it is linearly independenthave a correspondingcomponentin Õ � equalto zero. These
usersarethereforecanceled.

TheGroupfilter outputis notMAI-free sothatthematrices�Ê¶J· and � ¶(· , andconsequently
the Group Pseudo-Inversedetector, dependon the noisepower and on the energies of the
interferersthatarenotcanceledby z{n��\¶(· .
5 Group MMSE Detection

In this section,we proposea new GroupMMSE Detectorandstudyits asymptoticform. Let
us assumethat > is a zero-meanGaussianrandomvector with covariance e � . Under this
assumption,: and > n are jointly Gaussian.Therefore,the (unconstrained)MMSE estimate
of > n giventheobservation : is easilyobtainedfrom theGauss-Markov theoremasthelinear
transformationz }n�� Ø : , wherewehave introducedtheGroupMMSE filterz{n�� Ø �PÙÛÚ � ; n = n (12)

and Ù C� �.Ü :\: }ÞÝ � ; � ; } " 5 6 e�g . This filter requiresthe knowledgeof the signalsand
amplitudesof all usersaswell asthenoisepower. UndertheGaussianresidualMAI assump-
tion, the post-filteringstatisticis | n �ß= }n ; }n Ù Ú � ; n = n > n "P� n , where � n hascovariance576��ÊØ C�áà � à 6 and à C�â= }n ; }n Ù Ú � ; n = n . TheML rule is�> nb� Rl�YT
��R0�� n � � > }n = }n ; }n � Ø :�� > }n = }n ; }n � Ø ; n = n > n � ' (13)

with � Ø �ÇÙ Ú � ; n = nk� �Ø = }n ; }n Ù Ú � . The resultingcascadeof operations(Group MMSE
filtering andML decisionrule) is termedtheGroupMMSE Detector. It differs from theone
in [5] and[10] in that it accountsfor the residualMAI. However, for a groupsizeone,they
coincideandreduceto theclassicalMMSE solutionof [4].

3 ãäæå
containsall columnsof

ä
except ç å



5.1 Asymptotic form of the Group MMSE Detector

We find theasymptotic(low noisepower) form of theGroupMMSE Detectorby considering
the limits of theGroupMMSE filter andof thesubsequentdecisionrule. For the latter limit,
weneedto considerthelinearindependentanddependentcasesseparately.

First,we write theGroupMMSE filter in termsof z{Ø , thejoint MMSE filter for all users,
as z }n��\Ø �FE e�n '�¸ K } z{Ø .

Lemma 3 Thelimit of z{n��\Ø canbefoundfromthatof z{Ø which is è Q�����Zé{ê z }Ø �c�²;7=@
 � .

Therefore,the GroupMMSE filter is asymptoticallyequivalentto the GroupPseudo-Inverse
filter.

Lemma 4 In thelinear independentcase, whenO8Q°���*º në» º on 

� ½ ,è Q°����²é{ê ��Ø � ��¶(· Rl¯�O è Q°��]�ìé{ê � Ø � � ¶(·
with ��¶(· and � ¶J· givenasin (10).

In thelinear dependentcase, whenO8Q°�Ê�	º në» º on 
íÌî½ ,è Q°��]�²é{ê 5 6 �ÊØ � è Q°��]�²é{ê 5 6 ��¶(· Rl¯�O è Q°��]�ìé{ê 5 6 � Ø � è Q°��]�²é{ê 5 6 � ¶J·
andtheselimits arenon-zero.

Therefore,when the desiredand interfering signal spacesare linearly independentof each
other, theGroupMMSE Detectorconvergesto theGroupPseudo-InverseDetector(which in
turn reducesto the GroupDecorrelator).Notice we have madeno assumptionson the ranks
of thedesiredandinterferingsignalmatrices.This resultgeneralizesthatof [4] which proves
that the linear MMSE detectorconvergesto the decorrelatorwhen the desireduser’s signal
is linearly independentfrom the interferingsignals.TheGroupMMSE detectorsproposedin
[5,10] withouttheGaussianassumptionwerealsoshownto convergeto theGroupDecorrelator
in thecaseof linearly independentsignaling.

The secondpart of the lemmastatesthat even when the desiredand interfering spaces
haveanon-trivial intersection,theasymptoticform of theGroupMMSE Detectoris theGroup
Pseudo-InverseDetector. Thespecialcaseof groupsizeoneis asfollows.

Fact 1 Thelinear MMSEdetectorconvergesto the pseudo-inversedetectorof [3] whenthe
desiredsignallies in theinterferencesubspace.

5.2 Numerical examples

We illustrate the performanceandasymptoticbehavior of the groupdetectorswe have dis-
cussedfor a CDMA systemwith � �ðï usersemploying 4-QAM. We assumethey all have
unit energies � � e � but thattheirphasesaredifferent.Thesetof desiredusersis h �ñ-kj�' � 2
andwe considerseveral signalspacegeometries.In all examples,thesignalsandphasesare
randomlygenerated.

In Figure1, the desiredsignalsarelinearly independentfrom the interferingsignals. As
expectedthe GroupDecorrelatingandPseudo-InverseDetectorsareequivalent. The Group
MMSE Detectoraccountsfor theMAI sothatis outperformstheoneproposedin [5,10].

Figures2 and3 illustrateoverloadedsystems.In Figure2 thedesiredsignalsarelinearly
dependentontheinterferingsignalsandin Figure3 they lie entirelyin theinterferingspace.In
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Figure 1: Fully loadedsystemwith � 9 ' � ' w h@w 
ò� �3ï�'fï�' � 
 and 4-QAM: rank�ó; on 
%� ô ,
rank�²; n � � 
 andrank � ¡ ¢¤ ¥n ; n � � � , i. e., the desiredand interferingspacesare linearly

independent.

bothcases,theGroupPseudo-InverseandMMSE detectors,which areasymptoticallyequiv-
alent,have almostidenticalperformanceevenat low SNRs. TheGroupDecorrelatorcancels
someor all thedesiredsignalssothat it is uselesswhile theGroupMMSE detectorof [5,10]
is interferencelimited andits errorprobabilityfloors.
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Figure 2: Overloadedsystemwith � 9 ' � ' w h@w 
â� �3õö'�ï�' � 
 and 4-QAM: rank�²; on 
P� õ ,
rank�²; n � � 
 andrank � ¡ ¢¤ ¥n ; nk� �Æj .
6 Signal Designfor Linear Detectionin Low-Rank Systems

In thissection,weassumethatthesystemhas� � j activeusers.Theirsignalmatrix,complex
amplitudesanddataaredenotedby m; � , m= � and m> � , respectively. The problemwe poseis to
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Figure 3: Overloadedsystemwith � 9 ' � ' w h@w 
â� �÷ô�'�ï�' � 
 and 4-QAM: rank�²; on 
P� ï ,
rank�²; n � � 
 andrank � ¡ ¢¤ ¥n ; n � �ø½ , i. e., the desiredsignalspacelies entirely in the in-

terference.

assignasignalto anew usersoasto maximizeits asymptoticefficiency with MMSE detection
without increasingthesignalspacedimension.SinceMMSE andpseudo-inversedetectionare
asymptoticallyequivalentin thiscase,wecanequivalentlymaximizetheasymptoticefficiency
usingthepseudo-inversedetector.

When the desiredsignal G � lies in the spacespannedby the interfering signalsdenoted

by m; � , we definethe coordinatevector Õ C� V m; � m= � _ � G � , where m= � is the diagonalmatrix
of the interfererscomplex amplitudes.4 Thepseudo-inversefilter ù²n�� ¶(· is thenobtainedfrom
Greville’ s formulafor thecolumnupdateof a pseudo-inverse[11] andis given,up to a scalar
constant,by ù }n��\¶(· � Õ#} V m; � m= � _ � I (14)

Since Õ is in therangeof � m; � m= � 
 � and � m; � m= � 
 � m; � m= � representstheprojectionorthogonalto
therangeof � m; � m= � 
 � , it followsthat � m; � m= � 
 � m; � m= � Õ � Õ , orequivalently Õ } V m; � m= � _ � m; � m= � �Õ } . Consequently, thepost-filteringstatisticú � � ù }n��\¶(· : becomesú � �üû � w�w Õíw�w 6 � � " Õ } m> � "Dý � ' (15)

where ý � is a zero-meanGaussianrandomvariablewith variance576fÕ } � m= } � m; } � m; � m= � � � Õ andm> � representsthedataof theinterferingusers.5 Thedecisionrule reducesto aQAM slicer.
Our signaldesignis basedon an exactperformanceanalysiswherewe make no assump-

tionsaboutthe residualMAI. Theconditionalerrorexponentþ 1 � � m> � 
 of theconditionalpair-
wise error probability that hypothesisÿ �

is more likely than the true hypothesisÿ 1 (corre-
spondingto hypothesis/ � and /#1 , respectively), canbeshown to begivenby

þ 1 � � m> � 
 �P��R0� 6 ���� ��� ½�' X � � w°w Õíw°w 6 w � 1 � w � ��� � V � ��� �\[ Ú
	���
 ����� ����� Õ } m> � _� 5�� Õ } � m= } � m; } � m; � m= � � � Õ
�������� ' (16)

4Noticethatin this case,the ã��� hashave full row rank,sothat ã��� ã� r � �"!$# .
5To computethenoisevariance,we haveusedtheresultthatfor any matrix « , «Ér�« röq �&% «�qó«(' r .



wherewe introducetheerrorevent

� 1 � C�á/ � � /#1 � w � 1 � w � � 	��)
 �*�+� ��� . Solvingfor theunit energy
signal G � which will maximizetheworstcaseconditionalerrorexponent(minimizedover all
interferingdatavectorsandpairsof hypothesis)is aproblemthatis notanalyticallytractable.

Instead,we usetheCauchy-Schwarz inequalityto lower boundtheworstcaseconditional
errorexponentandoptimizethis lowerbound.Recallingthat Õ �c� m; � m= � 
 � G � , thelowerbound
is obtainedas��Q�¯1-,� � ��Q�¯o� [ þ 1 � � m> � 
/. (17)

�bR\� 6 ���� ��� ½�' X � � G } � � m; � m� � m; } � � � G � w /101243 w � � � G } � � m; � m� � m; } � � � G � X � � j w /10 	+5 w� 5 � G } � � m; � m� � m; } � � 6 � G �
� ������ '(18)

where w /60 	+5 w C�c��R0�7 �98;: w / � w and w /601243 w C�P��Q�¯1-,� � w / � � /�1 w .
Proposition 1 The lower boundin (18) is maximizedby choosing G � as the eigenvector ofm; � m� � m; } � correspondingto its minimumnon-zero eigenvaluewhich we denoteas < 01243 . With
such a choice, thelower bound(18)becomes��R0� 6>= ½�' X � �� 5 ? w /101243 w � � � < 01243 � � j� � w /10 	+5 w @BA I (19)

Weillustrateoursignaldesignin Figure4 by consideringthesamesystemasin Section5.2
with � 9 ' � '�C 
�� �Þõö'�ïö'EDk
 . Theoptimumsignalwhich maximizestheworstcaseconditional
errorexponentis foundnumerically. Its simulatedperformanceis virtually identicalto thatof
thesignalwhich maximizesthe lower boundandfar outperformsthatof randomlygenerated
signalsfor thenew user.
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7 Conclusion

Suboptimumlinearandgroupdetectionwasstudiedfor generalCDMA systemswith special
attentionto over-loadedCDMA systems.Two new groupdetectors,namely, theGroupPseudo-
Inverseanda new GroupMMSE Detectorwere introduced. While it reducesto the Group
Decorrelatorwhentheinterferinganddesiredsignalspacesarelinearlyindependent,theGroup
Pseudo-Inversegeneralizesthe notion of (group)decorrelationto the generalCDMA model
thatallows for lineardependenciesbetweenthedesiredandinterferingsignalspaces.It also
finds rigorousjustificationin the fact that it is the asymptotic(low noisepower) form of the
GroupMMSE Detectorindependentlyof signalspacegeometry. Our asymptoticanalysisfor
over-loadedsystemsis also usedto solve a signal designproblemof finding a signal for a
new userthat mustbe addedto a fully- or over-loadedsystemso asto maximizethat user’s
performancein termsof asymptoticefficiency with linearMMSE andpseudo-inversedetection
without increasingthesystembandwidth.
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