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Abstract — The problem of optimizing signals for the
Gaussian multiple access channel under Quality of Service
(QoS) constraint is addressed. In particular, the Band-
width Efficient Multiple Access (BEMA) approach of [1]
is considered, wherein signals are designed at the base sta-
tion and fed back to, and for use by, uplink transmitters,
in order to minimize strict bandwidth while ensuring that
each user meets a rate-specified QoS constraint. A new re-
cursive, greedy algorithm for signal design is proposed that
exactly meets the QoS requirements. Preliminary analysis
and numerical examples suggest it is optimal.

I. INTRODUCTION

The information theory of the Gaussian multiple access
channel has been extensively studied, owing as much to this
channel’s practicality in modeling cellular systems, as to its
relative simplicity. The capacity region of Correlated Wave-
form Multiple Access (CWMA) is derived in [2], and signals
that maximize its sum-capacity in [3] and [4] for equal and
arbitrary powers. An alternative QoS-based approach to sig-
nal design was proposed in [1] and motivated a new multi-
ple access strategy, namely Bandwidth Efficient Multiple Ac-
cess (BEMA), that assumes reception with the single-user-
code-based, vertex-achieving minimum mean-squared error
(MMSE) decision feedback detector [5]. The key feature of
BEMA is that it converts excess received-power into band-
width savings while meeting the QoS requirements. A QoS-
based approach was also used in [6] for joint signal design and
power control under linear MMSE detection.

In this paper, we revisit the problem of [1] and propose
an alternative signal design algorithm. Unlike the previous
one, this new algorithm provably ensures that each user exactly
meets its target QoS, and hence that the joint QoS is achieved
with a better spectral efficiency. The insight comes from
optimizing signals under linear MMSE detection, for which
we show that the direction of minimum interference max-
imizes the capacity of a bandwidth- and power-constrained
user. Extending this approach to joint signal design under
linear MMSE detection yields the sum-capacity maximizing
signals of [3, 4] for which, however, capacity can only be
achieved by using more powerful detectors. Moreover, their
performance under linear detection is known to be limited (see
e.g. [7]). Therefore, we consider the MMSE-DFD and assume
a QoS-based approach, wherein each user specifies a desired
transmission rate. To meet the QoS requirements with min-
imum bandwidth, we propose a recursive, greedy algorithm
that designs signals, at each stage, by sharing power along ap-
propriate directions in the already designed signal space.
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The channel model is presented in Section II, signal design
under linear MMSE detection and MMSE-DFD are discussed
in Sections III and IV, respectively. Numerical examples are
given in Section V, and Section VI concludes this paper.

II. CWMA SYSTEM MODEL

Consider a CWMA system wherein K users communi-
cate in symbol synchronism over an AWGN channel by lin-
early modulating unit-energy signature waveforms that satisfy
the generalized Nyquist criterion [8]. The symbols {Xk}Kk=1

are independent and distributed according to the capacity-
maximizing distributions [2], i. e., Xk ∼ CN (0, Ek) (com-
plex, proper normal), where E = diag (E1, . . . , EK) is the
power-constraint matrix. Passing the baseband received sig-
nal through a bank of N matched filters, matched to a set of
N orthonormal basis waveforms that span the signal space,
yields the discrete-time model Y = SX + W , where S =
[s1, . . . , sK ] is the N ×K signal matrix (S has full row-rank
equal to N ), XT = [X1, . . . , XK ] is the symbol vector of all
users, and W ∼ CN

(

0, σ2
IN

)

. CWMA models CDMA, or-
thogonal signaling such as TDMA and FDMA when S = IK ,
as well as the conventional Gaussian MAC, aka. Identical
Waveform Multiple Access (IWMA), when S = 1

T. Hence-
forth, X denotes the span (or range) of the matrix X, and the
superscripts T, H and + denote, respectively, the transpose,
hermitian transpose, and pseudo-inverse.

III. SIGNAL DESIGN: LINEAR MMSE DETECTION

The linear MMSE detector for any user, say user 1, consists
of the MMSE filter that produces a soft estimate of the symbol,
which is then fed to an appropriate decoder. Specifically, the
(scaled) MMSE filter is f1−M = H

−1
s1, where H = E[Y Y H],

and its output, which is not MAI-free, is Z1 = f
H

1−M
Y .

The capacity of user 1 under linear MMSE detection is,
given the interference, C1 = (1/T ) log2 (1 + SIR1), where
SIR1 denotes its signal-to-interference ratio. Using a Wood-
bury identity, it can be shown that SIR1 = E1 s

H
1 H̄

−1
1 s1,

where H̄1 = H − E1s1s
H

1 . We also introduce S̄1 and Ē1

to denote the interfering signals and their power constraints,
respectively.

When the interfering users and their power constraints are
given, C1 can be maximized under power and bandwidth con-
straints (E1 is given and s1 ∈ S̄1) by choosing

ŝ1 ∈ arg max
s1∈S̄1, ||s1||=1

E1 s
H

1 H̄
−1
1 s1. (1)

The solution is ŝ1 ∝ φ1, where φ1 is the left singular vector

of S̄1Ē
1
/2
1 that corresponds to its minimum singular value, de-

noted by
√

λmin. Note that, when s1 ∈ S̄1, λmin > 0 because
S̄1 has full row-rank equal to N . The maximum SIR value is



γ1 = E1 (λmin+σ2)−1, and, with such a signal allocation, the
linear MMSE detector degenerates to the matched-filter detec-
tor. That φ1, the direction of least interference, maximizes
SIR was also recognized in [9].

This approach can be extended to joint signal design. We
formulate the problem as solving for the signal matrix that
maximizes the minimum capacity, given the (strict) bandwidth
(specified by N ), the number of users K (with K > N ), and
the power constraints. The problem is a constrained optimiza-
tion that is solved, for E = IK , by the following proposition.

Proposition 1 Given N , K, and E = IK , Welch Bound
Equality (WBE) signals (see e.g. [3]) maximize the minimum
capacity (or equivalently SIR), i. e.,

SWBE ∈ arg max
S∈ ICN×K

min
k=1,...,K

SIRk(S). (2)

This result is a consequence of the following fact: general-
ized WBE signals are such that each column is the left sin-
gular vector corresponding to the minimum singular value of
the other weighted columns. With such an allocation, the lin-
ear MMSE and matched-filter detectors are equivalent. More-
over, also under linear MMSE detection, generalized WBE
signals solve a joint signal design and power control problem
for SIR-based QoS requirements [6], and issues of their prac-
tical implementation have been recently addressed in [9–12].
Finally, they also maximize sum-capacity [4] (and symmetric-
capacity in the equal-power case [3]), but this capacity can be
achieved only by using joint ML decoding, rate-splitting [13],
or MMSE decision feedback detection [5]. Receivers based on
linear detectors, on the other hand, are not suited to achieve the
high rates promised by the capacity region, and in fact perform
poorly in terms of error rate for generalized WBE signals [14].

IV. SHAPING THE CAPACITY REGION UNDER MMSE
DECISION FEEDBACK DETECTION

In this section, we assume that the base station employs
the vertex-achieving, single-user code-based MMSE-DFD [5],
and consider the problem of designing signals to minimize
bandwidth while ensuring that each user meets a QoS require-
ment [1]. The requirements are specified in terms of desired
rates (in bits/sec.) for arbitrary reliability, which translates
into SIR requirements. The underlying assumption is that the
weakest user achieves its QoS, and, hence, that other users
have extra power relative to that needed to achieve their re-
spective QoS. Next, we formulate the problem analytically
and, because it is not tractable, propose instead a recursive,
greedy algorithm for joint signal design.

A. Problem formulation The MMSE-DFD, which decodes
users successively, is described e.g. in [15]. Assuming users
are decoded in the increasing order of their indices, it forms
the estimate Zk at stage k, given by Zk = Xkf

H

k−M
sk +

∑K

j=k+1 Xjf
H

k−M
sj +f

H

k−M
W , where fk−M is the MMSE filter

in a user-expurgated channel, i. e., assuming that only users
k + 1, . . . , K (future users) are active, and where past users’
symbols have been perfectly estimated and canceled (no er-
ror propagation). This can be achieved if capacity-achieving
codes are used to make the error probabilities arbitrarily small.

Let ˆSIR be the K-dimensional vector that denotes the tar-
get SIRs. The problem can then be formulated analytically as

Ŝ ∈ arg min
SIR(S)≥ ˆSIR

rank(S), (3)

where SIR(S) is the K-dimensional vector of achieved SIRs
(with perfect feedback) by S, and the vector inequality is
component-wise.

In general, the problem in (3) is not analytically tractable.
Instead, we propose a recursive, greedy algorithm that, at each
stage, meets the QoS requirement and tries to preserve band-
width for the next stage. The driving idea relies on the solution
to (1) that, for a power- and bandwidth-constrained user, the
direction of least interference maximizes SIR.

A trivial upper bound on the minimum rank is K, and a gen-
erally unachievable lower bound was derived in [1, Prop. 3]. It
is equal to the minimum bandwidth of an IWMA system that
contains the target rate-tuple, and it can be achieved by vari-
able signaling-interval combined with joint ML decoding or
rate-splitting [13], neither of which are practical.

B. Joint signal design algorithm As in [1], the target SIRs
are expressed, for each user, as a fraction of its SNR had it
been the only active user: ˆSIRk = ηkEk/σ2, ηk ∈ (0, 1], and
users are arranged in the decreasing order of 1 − ηk. Hence,
signals for users with higher excess power are designed first.
The algorithm starts with the last user, user K, which sees a
single-user Gaussian channel. At stage K − k + 1, the signal
for user k is designed (k = K − 1, . . . , 1), and signals for
future users, which have already been designed, are grouped

in Ŝk+1. Let γk = Ek (λ
(k+1)
min +σ2)−1, where

√

λ
(k+1)
min is the

minimum singular value of Ŝk+1Ê
1
/2

k+1, denote the maximum

SIR that user k can achieve if its signal lies in Ŝk+1.
At stage K−k+1, compute γk and compare it with ˆSIRk to

determine whether the QoS can be met with or without incre-
menting the signal space dimension. In either case, infinitely
many signals will satisfy the QoS. The final selection should
maximize the likelihood of maintaining the signal space di-
mension constant at the next stage (i. e., stage K − k + 2),
which, in turn, depends only on γk−1. Note that γk−1 de-
creases monotonically as a function of λ

(k)
min, the minimum

eigenvalue of SkEkS
H

k , which, in turn, depends on sk. There-
fore, the strategy is to choose ŝk to maximize γk−1, or equiv-
alently minimize λ

(k)
min, while satisfying the QoS constraint

SIRk(ŝk) ≥ ˆSIRk. The algorithm is then as follows.
ŝK ←− 1
for k = K − 1 to 1, compute γk

if γk ≥ ˆSIRk, Ŝk ←−
[

ŝk, Ŝk+1

]

where ŝk ∈ argmin λ
(k)
min

subject to ||sk|| = 1, sk ∈ Ŝk+1, SIRk(sk) ≥ ˆSIRk

if γk < ˆSIRk, Ŝk ←−
[

ŝk,

[

0
T

Ŝk+1

]]

where ŝk ∈ argmin λ
(k)
min

subject to ||sk|| = 1, sk1 6= 0, SIRk(sk) ≥ ˆSIRk,

where 0
T and sk1 denote a (K − k)−dimensional row vector

of zeros and the first component of sk, respectively.



The two constrained eigenvalue optimization problems
above, referred to as C1 and C2, respectively, are solved in
Proposition 2. Note that, at stage k, Ŝk+1 has full row-rank by
construction (denoted by Nk+1), and dimensions Nk+1×(K−
k). It follows that, for C1, the rank is preserved (Nk = Nk+1),
while it is incremented for C2 (Nk = Nk+1 + 1), in which
case Ŝk is formed by zero-padding Ŝk+1 with 0

T.
Proposition 2 The solutions to the constrained optimization
problems C1 and C2 are

C1 : when λ
(k+1)
min /σ2 ≤ η−1

k − 1, let j be such that

λj/σ2 ≤ η−1
k − 1 ≤ λj+1/σ2, then

ŝk ←−
{

ŝ1 φj +
√

1− ŝ2
1 φj+1, if j < Nk+1

φNk+1
, if λNk+1

/σ2 ≤ η−1
k − 1

C2 : whenλ
(k+1)
min /σ2 > η−1

k − 1,

ŝk ←−
[

ŝ2
√

1− ŝ2
2 φ1

]

,

where ŝ1 and ŝ2 are given by

ŝ2
1 =

λj+1 + σ2

λj+1 − λj

(

1− ηk

(

λj/σ2 + 1
))

,

ŝ2
2 =

ηk

(

λ
(k+1)
min /σ2 + 1

)

− 1

λ
(k+1)
min /σ2

,

where Ŝk+1Ek+1Ŝ
H

k+1 = ΦΛΦ
H is its spectral decomposi-

tion, Λ = diag
(

λ
(k+1)
min , λ2, . . . , λNk+1

)

the diagonal matrix

of eigenvalues (all positive), arranged in nondecreasing order,
and Φ =

[

φ1, . . . , φNk+1

]

the unitary matrix of eigenvectors.

C. Comments For C1, the QoS is met without increment-
ing rank (or equivalently bandwidth). The solution consists of
a linear combination of two consecutive eigenvectors whose
indices, as well as the power sharing coefficient, are deter-
mined by the objective and constrained functions. Note that
the case where j = 1 and ŝ1 = 1 corresponds to maximiz-
ing SIR as in (1). However, preserving rank comes at a price.
Indeed, because in this case λ

(k)
min ≥ λ

(k+1)
min , γk−1 is poten-

tially reduced, and so is the likelihood that ˆSIRk−1, the QoS
at stage K − k + 2, can be met without incrementing rank.
If j 6= 1, then λ

(k)
min = λ

(k+1)
min and there is no penalty. In the

extreme case where λNk+1
/σ2 ≤ η−1

k −1, the QoS is so small
that it can be met with all the power along the direction of
maximum interference. This is typically very rare and, when
j = 1, the increase in the minimum eigenvalue is mitigated by
appropriately distributing power (i. e., through ŝ1).

On the other hand, for C2, the QoS can only be met by
incrementing rank: the first component is determined by the
constraint and objective functions, and the vector of remaining
components is proportional to the eigenvector φ1. However,
the benefit is a guaranteed reduction of λ

(k)
min. Indeed, from

the eigenvalue-interlacing theorem [16, Th. 4.3.4], λ
(k)
min ≤

λ
(k+1)
min regardless of the choice for new signal. Consequently,
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Figure 1: Processing gain vs. SNR for different signal designs
and a quadratic power distributions (Ek = (K − k + 1)2).

incrementing rank at stage K − k + 1 results in a potentially
higher value of γk−1 and a greater likelihood of meeting the
QoS at stage K − k + 2 without incrementing rank. Note that
ηk = 1 (i. e., user k desires maximum SIR) implies case C2,
that ŝ2 = 1, and hence that ŝk ⊥ Ŝk+1.

In either case, the solution to the joint signal design is such
that, at each stage, the QoS requirement is just met, while
maximizing the likelihood of preserving bandwidth at the next
stage. Note also that the algorithm shapes the capacity region
so that the target rate-tuple lies at a vertex.

Moreover, the algorithm yields orthogonal signals, i. e.,
S = IK , and IWMA, i. e., S = 1

T, if, and only if, ηk = 1 and
ηk ≤ (1 + 1/σ2

∑K

j=k+1 Ej)
−1 for all k, respectively.

V. NUMERICAL EXAMPLES

Consider a 15-user system with a quadratic power distribution
(Ek = (K − k + 1)2), and symmetric SIR constraint equal to
the SNR of the weakest user (if it were the only active user),
i. e., equal to SNR = 10 log10(1/σ2). Figure 1 plots the pro-
cessing gain versus SNR for the new design, the one in [1],
and the linear-MMSE, power-control-based approach of [6],
referred to as KV, VG, and VAT, respectively. Also included
is the lower bound. The KV design successfully bridges the
gap between the VG design and the lower bound, and, in fact,
almost always achieves this bound. That the VAT design per-
forms worst was already noted in [7].

Next, we plot the maximum number of users as a function
of the processing gain for fixed SNR, power distribution, and
symmetric SIR constraint. The results in Figure 2 are for the
linear power distribution and SNR = 10 dB. The proposed
signal design almost always achieves the lower bound. More-
over, all curves are quasi-linear, a behavior that was observed
for varied power distributions and SNR. Defining the load
factor β = K/N , we summarize its values for several con-
figurations in the following table. For all SNRs and power
distributions, the KV design is the most efficient, and this ef-
ficiency increases with lower SNR and more disparate power.
For instance, at SNR = 0 dB and with a quadratic power dis-
tribution, 100 users can be accommodated with a processing
gain equal to 9.
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Figure 2: Processing gain vs. number of users for the KV,
VG, and VAT signal designs, along with the lower bound, for a
linear power distribution (Ek = K−k+1) and SNR = 10dB.

6 9 12 15
6

9

12

15

1

4 93

158 1274

1929 3101

2895

9

331

205

Processing Gain of Lower Bound: N
LB

Pr
oc

es
si

ng
 G

ai
n 

of
 o

pt
SI

R

6 9 12 15
6

9

12

15

2

3

9

204

38

196

2766

238

3

1416

4330

258

1

233

298

5

Processing Gain of Lower Bound: N
LB

Pr
oc

es
si

ng
 G

ai
n 

of
 V

G

Figure 3: Histograms for asymmetric QoS with quadratic
power distribution and SNR = 10dB.

linear power quad. power
SNR (dB) VAT VG KV VG KV

0.0 1.94 2.92 8.2 4.95 12.2
5.0 1.3 1.94 4.0 2.4 6.65
10.0 1.09 1.92 2.75 1.95 4.3
20.0 1.0 1.68 1.82 1.91 2.66

Finally, consider a 15-user example with asymmetric, ran-
domly generated, SIR constraints, such that the QoS for user k
is uniformly distributed in [0, Ek/σ2]. The processing gain
for the KV and VG signal designs are determined and com-
pared to the lower bound. Figure 3 plots the histogram of the
processing gain of the two signal designs versus the process-
ing gain of the lower bound, for a quadratic power distribu-
tion, 10 dB, and 104 trials. The processing gain for the KV
tightly hugs the lower bound, whereas the VG processing gain
is more scattered. A similar behavior was observed for other
power distributions and SNRs.

VI. CONCLUSION

A new joint signal design algorithm is proposed to minimize
strict bandwidth under rate-specified QoS requirements. It

constructs signals recursively by carefully sharing power be-
tween different directions in the signal space to exactly meet
the QoS requirements with as little bandwidth as possible.
Consequently, it shapes the capacity region so that the desired
rate-tuple exactly lies at a vertex. Numerical examples illus-
trate that its performance is very close to that of the generally
unachievable lower bound. In fact, preliminary analysis sug-
gest that it is optimal, i. e., that no other signal set can meet the
QoS requirements with greater spectral efficiency. This opti-
mality can, in turn, be exploited to maximize the symmetric
capacity of CWMA systems. This issue is addressed in [17].
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[2] S. Verdú, “Capacity region of gaussian CDMA channels: the symbol
synchronous case,” in Proc. of the 24th Allerton Conf. on Comm. Con-
trol, and Comput., Monticello, IL, Oct. 1986, pp. 1025–1034.

[3] M. Rupf and J. L. Massey, “Optimum sequence multisets for syn-
chronous code-division multiple-access channels,” IEEE Trans. Inform.
Theory, vol. 40, no. 4, pp. 1261–1266, July 1994.

[4] P. Viswanath and V. Anantharam, “Optimal sequences and sum capacity
of synchronous CDMA systems,” IEEE Trans. Inform. Theory, vol. 45,
no. 6, pp. 1984–1991, Sept. 1999.

[5] T. Guess and M. K. Varanasi, “An information theoretic derivation of the
MMSE decision feedback equalizer,” in Proc. Allerton Conf. on Comm.,
Control, and Comput., Monticello, IL, Sept. 1998.

[6] P. Viswanath, V. Anantharam, and D. Tse, “Optimal sequences, power
control, and user capacity of synchronous CDMA systems with linear
MMSE receivers,” IEEE Trans. Inform. Theory, vol. 45, no. 6, pp. 1968–
1983, Sept. 1999.

[7] T. Guess and M. K. Varanasi, “A comparison of signal design meth-
ods for correlated waveform multiple-access communications,” in Proc.
38th Allerton Conf. on Comm., Control, and Comput., Monticello, IL,
Oct. 2000.

[8] E. A. Lee and D. G. Messerschmitt, Digital Communication, Kluwer
Academic Publishers, Boston, MA, 2nd edition, 1994.

[9] C. Rose, S. Ulukus, and R. D. Yates, “Wireless systems and interference
avoidance,” IEEE Trans. Wireless Commun., vol. 1, no. 3, pp. 415–428,
July 2002.

[10] S. Ulukus and R. D. Yates, “Iterative construction of optimum signature
sequence sets in synchronous CDMA systems,” IEEE Trans. Inform.
Theory, vol. 47, no. 5, pp. 1989–1998, July 2001.

[11] P. Anigstein and V. Anantharam, “Ensuring convergence of the MMSE
iteration for interference avoidance to the global optimum,” in Proc.
38th Allerton Conf. on Comm. Control, and Comput., Monticello, IL,
Oct. 2000.

[12] T. Strohmer, R. W. H. Jr, and A. J. Paulraj, “On the design of optimal
spreading sequences for cdma systems,” in Proc. Asilomar Conference
on Signals, Systems and Computers, Pacific Grove, CA, Nov. 2002.

[13] B. Rimoldi and R. Urbanke, “A rate-splitting approach to the gaussian
multiple-access channel,” IEEE Trans. Inform. Theory, vol. 42, no. 2,
pp. 364–375, Mar. 1996.

[14] A. Kapur and M. K. Varanasi, “On the severe limitations of linear mul-
tiuser detection and (generalized) WBE signals,” in Proc. Conf. Inform.
Sciences and Systems, Baltimore, MD, Mar. 2003, Johns Hopkins Uni-
versity.

[15] T. Guess and M. K. Varanasi, “Multiuser decision-feedback receivers for
the general gaussian multiple-access channel,” in Proc. Allerton Conf.
on Comm., Control, and Comput., Oct. 1996, pp. 190–199.

[16] R. A. Horn and C. R. Johnson, Matrix Analysis, Cambridge University
Press, 1993.

[17] A. Kapur and M. K. Varanasi, “On maximizing symmetric capacity
for CWMA systems,” in submitted to Proc. IEEE Intl. Symposium on
Inform. Theory, 2003.


