2001 Conference on Information Sciences and Systems, The Johns Hopkins University, March 21-23, 2001

Noncoherent Multi-user Detection
with a Receive Antenna Array for Fading Channels

Michael L. McCloud, Artur Russ, Louis L. Scharf, and Mahesh K. Varanasi'

Abstract — We consider M-ary communication with
K wusers over a space diversity channel, consisting of
a single transmit antenna and multiple receive an-
tennas. We examine two different flat fading mod-
els, namely phase coherent wavefront fading and non-
coherent element-to-element fading. In the case of
wavefront fading, the fade is constant across the face
of the receive antenna and we can associate an angle
of arrival to the signal. In the case of non-coherent
element-to-element fading, the fading path to each
sensor is different (although possibly correlated) and
no angle of arrival can be exploited for beamforming.
For each channel model we develop several detection
strategies which assume various amounts of prior in-

formation about the fading.

I. INTRODUCTION

M-ary modulation schemes are commonly employed on non-
coherent channels. The IS-95 standard, for example, employs
Walsh codes on the uplink of the channel, which are decoded
noncoherently. This is just one example of orthogonal mul-
tipulse modulation and noncoherent frequency shift keying is
another. Other common techniques employ differential phase
encoding and then perform detection by processing the re-
ceived data two symbols at a time. The effective model em-
ployed in such detection is of an M?-ary constellation with
each two dimensional transmit vector corresponding to the
present and previous information symbol (see e.g. [1]).

In this paper we consider several extensions of the nonco-
herent multiuser detection results of [2]-[4] for M-ary commu-
nication to the multiple antenna fading channel. We consider
two basic channel models. In the first case, the fading process
for each user is assumed constant across the face of the array.
This is called coherent wavefront fading. The second model we
consider is the noncoherent element-to-element fading channel
on which each sensor receives a copy of the transmitted signal
with a different fading parameter. The fading coefficients may
be correlated on this channel.

For the coherent wavefront fading channel, we are able to
associate a direction of arrival (DOA) with each user and em-
ploy detection rules which exploit this structure. The detec-
tion schemes are extensions of the generalized maximum likeli-
hood (GML) and the minimum mean squared error (MMSE)
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detectors presented in [2]-[5], the main difference being the
inclusion of the DOA.

In Section IV we introduce two detection strategies for the
noncoherent element-to-element fading channel, each appro-
priate for a different set of assumptions about the fading. We
first develop a GML detector under the assumption of un-
known deterministic fading. This technique is also appropri-
ate for Rayleigh fading when the spatial correlation of the fad-
ing process is unknown (or the fading is assumed independent
and identically distributed across the array). The detector
acts to completely cancel multiple access interference, making
it a zero-forcing invariant detector.

The MMSE detector rule requires knowledge of the fading
correlation for the user of interest. By examining the asymp-
totic algebraic structure of the MMSE detector we find a zero-
forcing detector which is an analog to the multipulse decorre-
lating (MD) detector presented in [4] (for the case of binary
signalling, an optimality of an equivalent detector was proved
earlier in [6]). The MD detector does not require knowledge
of the fading correlations.

The performance of each detector is analyzed through the
use of a union upper bound on the symbol error probability. It
is shown that each detector achieves the expected dependency
on the signal-to-noise ratio (i.e. (1/SNR) for the wavefront
fading channel and (1/SNR)* for the element-to-element fad-
ing channel) so long as there is some separation between the
signal subspace and the interference subspaces of the other
users.

II. THE ANTENNA ARRAY MODEL WITH MULTIPLE
USERS

Our convention will be that K users, each communicating
from an M-ary signal set and a single-antenna transmitter, is
communicating with an L-element receiver. The orthonormal
basis for the KM symboling waveforms has cardinality N <
K M. Then the basic model for multiple user communication
with multiple receive antennas may be depicted as in Figure
1. At the I** antenna element we receive the continuous-time
signal

K

ri(t) =Y ar(k)sm, (t) + m(), (1)

k=1

where s, (t) is the signal transmitted by user k from a set
of cardinality M, a;(k) is the fading coefficient for the path
connecting user k to the I*" antenna, and n;(t) is circularly
symmetric complex Gaussian noise.

By matching to an N-dimensional orthonormal basis,
{un (t)}¥, for the joint signal space spanned by all of the sig-
nals, {sm, (t)}, we build the measurement y, € C" :

yi=Y_ ou(k)hpm, (k) +n = ou(k)H(k)b(k) + . (2)
k=1 k=1
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Figure 1: The antenna array model with multiple users.
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Here h,,, (k) is a vector containing the expansion coefficients
for the k%" user’s mt" signal:

(B (K)}, = / Som (B (1), 3)

The matrix H = [H(1), H(2),--- ,H(K)] contains the signal
vectors for each user with H(k) = [hi(k), ha(k), - - - , hu(k)].
The vector b = [bT (1), b7 (2),--- ,bT (K)]T, an MK x1 vector
with each b(k) a column of the M x M identity matrix, se-
lects the signal transmitted by user k. That is, H(k)b,, (k) =
h., (k). The additive noise, n; € CV, is a circularly symmetric

*
white Gaussian vector with correlation E[mn, | = o’Iy.
If we are interested in user k, we may rewrite our model
with respect to this user as

yi = ashm + Spr + 1y, (4)

where we have dropped the dependency on k and have col-
lected all of the multiple access interference into the vec-
tor Spr = >4y (K )hm,, (K'), i.e. the matrix S con-
tains all M (K — 1) interfering signal vectors and the vector
pr € CME=Y s formed by stacking the vectors a;(k')b(k")
for k' £ k.

We may now collect the measurements into the LN x 1

vectory = [y y3 - y1]" € C*V:
K
y = Y (L@H)(ak)®b(k)+n (5)
k=1
= Fc+n,
where 7 = [I  H(1) -+ Ir ® H(K)] contains all KLM
of the wusers’ space-time signalling vectors, a(k) =
[a1(k) - - aL(k)]", and
a(1) @ b(1)
c= . (6)
a(K) ® b(K)

The symbol ® denotes the Kronecker product of two matrices

(see e.g. [7]).
We can rewrite this model with respect to user k as

I:®hp)a+ (I ®S)p+n (7)
Hma+8p+n,

y

where Hpp = I @by, S=1.® S, and p = [p], ---
CLM(K-1)

RS

We note that the measurement space has dimension LN,
whereas the signal and interference lie in subspaces of respec-
tive dimensions L and L(K — 1). We see that low space di-
mension L can be compensated by large time dimension IV,
or vice-versa, for separating signal and interference.

III. COHERENT WAVEFRONT FADING

We first consider the special case of phase coherent fading,
meaning that the fading parameters for each user are mod-
eled as a;(k) = a(k)a;(6x), where a(k) is a constant complex
fading parameter across the array, 6 is the direction of ar-
rival of the k" user’s signal relative to the array geometry,
and a;(6) is the response of the I*" sensor to a narrow-band
signal arriving from 6. See e.g. [8] for a more detailed devel-
opment of this model.
In this case the model of equation 5 simplifies to

a(k) (I ® hm, (k) a(fk) + n. (8)

Yy

If the direction of arrival for each of the users is known we
may simplify our model with respect to user k as

y =ahn, + S8+ n, 9)

where bold-script hn, (k) is the following signal vector, defined
by its symboling vector Hm (k) and its arrival angle 6:

hm(k) = (IL @ by (k) a(0k) = Hma(bk), (10)

S is the matrix containing the (K — 1) M interference vectors
{hm,, (K')} for k' # k, and B is formed by stacking the vec-
tors a(k')b(k') for k' # k; ie. SB = 3,y (KR, (K).
Notice that {h,(k)}, the DOA resolved signals, should not
be confused with {h,,(k)}, the original time signals. Except
for the very important details about the space-time struc-
ture of h, and S, our model is now algebraically identi-
cal to that considered in [2]-[4] and the detectors contained
there may be used on this channel without modification.
The interference matrix, S, is the space-time (or more ac-
curately the space-dimension) matrix formed by the vectors
(I ® by, (k")) a(By) for k' # k. If we choose the basis func-
tions to be time delayed versions of a common pulse shape (for
instance in direct sequence-code division multiple access (DS-
CDMA) or time-division multiple access (TDMA) communi-
cations), we can consider S to be the space-time interference
matrix. In general, the basis functions need not have such
an interpretation (they could be chosen to efficiently manage
bandwidth, for example).

A The Generalized Mazimum Likelihood (GML) Detector

The first detector that we consider is the generalized maxi-
mum likelihood (GML) rule developed in [2]-[4] by maximizing
the likelihood functions

o) = e o { 25 Iy —hma = SBIP} (1)

over the unknown parameters 8 and «. The result is

*pL 2
S ly"Pshm|
mgML = arg max

_ *
X Bl hll = argmaxy Ppin,y (12)

The right-most form of equation (12) shows the GML detec-
tor to be a matched subspace detector [9].The GML detector



chooses the signal, h,,, which has the greatest direction co-
sine with the measurement in the subspace orthogonal to the
interference, < § >*. This detector is invariant to complex
scaling of the data and to translations of the data in the inter-
ference subspace, < S >. A more thorough discussion of the
geometry and invariances of the GML detector is presented in
[3]-

The GML detector for waveform fading bears comment,
for it reveals an important decomposition of the space-time
receiver. To make this point, let us rewrite the quadratic
form in (12) as

argmaxy*Pp., y= (13)
m sm

* * pLl_ |2
arg max *|a(6k) (ILf? hLm) Psy| _
™ a(bk)” (I @ hm)” Pg (I ® hy) a(6y)

The implementation of this ratio of quadratic forms is illus-
trated in Figure 2. It consists of a space-time interference
rejection operator Pg, followed by temporal matched filtering
and then spatial matched filtering (beamforming). Note that
there is no approximation in this factored implementation of
the space-time GML detector.

B The Multiple Antenna Minimum Mean Squared Error
(MMSE) and the Decorrelating Detectors

We next consider the minimum mean square error (MMSE)
detector for M-ary modulation in [3] and [4] (and also dis-
cussed in [10]):

~ *___q 2

MMMSE = arg max ‘hmR y‘ , (14)
where R = E[yy*] € CEV*IN | As the SNR grows large, we
find that the MMSE detector converges to the zero-forcing
multipulse decorrelating (MD) detector derived in [4]:

{ (H*Pg-H) + H*P§y} 2

MMp = arg max (15)
m

m

Here H = [hy - - - has], with the h,, defined in equation (10),
are the angle-resolved signal vectors for the user of interest.
This detector is generally not the GML detector, except when
the matrix h*P3h is diagonal, a point which is discussed
in [4].

C  Performance of the Detectors

The performance of the GML and MMSE detectors has
been analyzed on the noncoherent additive white Gaussian
noise channel in [2]-[4]. In this section we will extend this
analysis to the Rayleigh fading channel. We will employ the
union bound on the probability of error,

;MM
P<or>
m=1

P(m, 1), (16)

i™

1
1#

3

where P(m, 1) is the probability that the I** decision statis-
tic is greater than the m'" statistic when signal m is trans-
mitted. We derive asymptotic (in the SNR) expressions for
these bounds, so we will only consider the zero-forcing detec-
tors (GML and MD), as the MMSE detector converges to the
MD detector at high SNRs. We will need expressions for the
two-signal error probability for each detector, and these are
computed in the following paragraphs.

C.1 The GML Detector

The pairwise probability of error is

ly*Pshn|’ _ ly*Pshi’
PGML(m,l) = Prob (17)
IPshnl|l® = [Pshil?
when signal h,, was transmitted. Letting Pn,, = Ppéhm,
P, = PPéhz and Ap =P, — P, we have
Pz (m,l) = Probly*Apy < 0]. (18)

Using the results of [11, Appendix B] we find the characteristic
function of the quadratic form z = y*Apy to be

1
GZ (S) = N * N ’
det(I+ s(v2PLhmhmPE + 021)Ap)

(19)

where 7> = E[|a(k)|’] is the variance of the wavefront fade
for user k.

To determine the probability of error, we need to
find the two nonzero eigenvalues, A°M%  of the matrix

*
(V’PshmhmPs + 62I)Ap. The corresponding error prob-
ability is then
1

(T =27V AFEY

GML
AL

Papyr(m,l) = (20)

where we have identified as the positive eigenvalue (see
e.g. [5, 12, 13] for more information on symbol error probabil-
ities and their asymptotic behavior for the fading channel).

By solving for these eigenvalues and determining their
asymptotic form (through a Taylor series about o> = 0) we
find the large SNR bound for the GML performance. The cor-
responding asymptotic expression for the pairwise error prob-
abilities is

1

14+ SNRgmr’ (21)

Paur(m,l) ~

where SNRgum 1 is the following signal-to-noise ratio:

72||h7n||2 2 2pL L
SNRguL = (T) sin®(hp, S)sin®(Pshm, Pshy).
(22)
We notice that the probability of error is a function of this
effective SNR, which relates the geometry of the signal set di-

rectly to the asymptotic performance of the detector through
the sine-squared terms sin?(P&hm,, PEh;) and sin?(hn, S).

C.2 The MD Detector

For the MD detector (and hence the MMSE detector at large
SNRs) we find

*pl $pl\ T T
V¥PLH (H PSH) (emem—

PMD(m,l) = Prob

+
e,e,T) (H*P§H) H*Piy <0

Hyp. m:| s

where e,, is the mth column of the identity matrix. We seek

the two nonzero eigenvalues of the matrix

Ryy(Q*(emeﬂ - elelT)Q): (23)
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Figure 2: Space-time structure of the GML detector.

+
where Q = (H*P§H> H*PL.
For the case of linearly independent signals (H *P§H full
rank), we find the following asymptotic form of the error

bound (where we expanded /\Jl\,lzD in a Taylor series around
o? = 0 and kept only the linear term)

1

pMP N~ —oo—— 24
()~ T (24)
where SNRyp is the effective signal-to-noise ratio:
2
04 1
SNR =|=)— 25
Mo (a2> (H*PSH); ! (25)

D A Numerical Ezample

We now consider an example of multiuser communications
on the wavefront fading channel. We have K = 2 users, each
employing M = 2 signals with a processing gain of N = 3.
A uniform linear array was employed with half wavelength
sensor spacing and L = 3 sensors. The fading processes for
each user were assumed to have the same variance and the
users employed identical waveform signalling, meaning that
the two users employ exactly the same signals, i.e. H(1) =
H(2). For this case, all of the interference rejection comes
from beamforming. This is sometimes called angle-division
multiple access (ADMA). Notice that bandwidth can be easily
managed in this scheme as each user employs exactly the same
frequency band; users can be added without increasing the
bandwidth so long as there are enough sensors in the array to
resolve the users’ DOAs. Since the signal separation between
the two users is only a function of their arrival angles, we
fixed user one’s DOA to 50° and varied the interfering user’s
DOA from —90° to 90°. The SNR was fixed at 20dB. The
results of this experiment are shown in Figure 3, and we notice
that when the interfering user is close to the desired user the
performance degradation is severe, as expected.

IV. NONCOHERENT ELEMENT-TO-ELEMENT FADING

In the case of element-to-element fading we allow the fading
parameters to change across the face of the array. In this
case, the dependency of the array response on the direction
of arrival for each user can not be separated from the fading
process, and we consequently subsume its effects into the fad-
ing. No beamforming is possible. We return to the general
measurement model of equation (7),

y = Hmna+Sp+n,

10
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Figure 3: Symbol error rate versus direction of arrival of
the interfering user for the GML and MMSE detectors
with identical waveform signalling.

A Generalized Likelihood Detection

The first detector that we consider models the fading pa-
rameters, a, as unknown deterministic quantities and is in-
variant to their effects. If we knew the multiple access in-
terference (MAI) and the fading for the user of interest the
optimal detector would form the M likelihood functions

¥l p) = oz exp { 23 lly = Honex = oI} 29

The corresponding decision, m(k) is the argument which max-
imizes these functions for each user k. In our model we do not
know o and p and consequently need to find an alternative
approach. To form the GML detector, we build maximum
likelihood estimates of these quantities under each hypothesis
and employ the test

Mmeur = arg max fm (y|@, p)- (27)

By employing the usual Kronecker identities (see e.g. [7]),
it can be shown that the GML detector is given by
L

~ *
MGmL = arg max E v, Ppéhmyl.
1=1

(28)



B A Minimum Mean Squared Error Detection Rule

We now place the complex normal distribution on each vec-
tor, a, to model Rayleigh fading. We shall assume the users’
fading paths are mutually uncorrelated, each with zero mean
and correlation Rao (k). We return to the model of equation

(5),

y = JFc+n,

and notice that the measurement is zero mean with correlation
Ryy = FRecF* + 021, where Ree = diag{(1/M)Raa (k) ®
In}.

We propose to first form the minimum mean squared error
estimate of the vector ¢, and use its k** sub-block, ¢(k), to
form the decision

MMMSE = arg mgxz |{c(k)}M(171)+m (29)

[
This detector is motivated by the fact that under hypothesis
m the vector c(k) has non-zero entries only in these positions.
We compute the MMSE estimate of ¢ using standard second
order statistical theory and find

€= ReeF* (FRecF* +0°1) “y. (30)

Taking the k** sub-block yields the statistic

-1

ek) = =

* . -1
(Raa(k) ®Tu) H (FReeF* +0°1) y, (31)
which can be used in the detector of equation 29.

C Independent Fading

We examine the special case of independent fading, mean-
ing that the L paths are uncorrelated for each user. In this
case we have Rao (k) = I'?(k), a diagonal matrix. Under this
model we find that the measurement has correlation

= 3 i M * o’
Ryy, = ;dag{ - H(KH(K) }+ I (32)

diag {Ry,y, } -

The corresponding MMSE test is simply

Parssss(k) = argmax (0 (0)° [ Ry by (33)

=1

which is the average of L single-antenna MMSE detection
statistics of the type presented in [3] and [4], with the weight-
ing determined by the channel fading powers, {7 (k)}.

D The Multiple Antenna Decorrelating Detector

In [4] we analyzed the single-antenna MMSE detector as
the SNR grew large and suggested that the asymptotic form
of that detector be called the multipulse decorrelating detec-
tor (MD). A similar analysis is possible for the multiple sensor
MMSE estimator of equation 31. Employing the same alge-
braic steps as in [4], we find that asymptotically:

~ RTINS P

o(k) —» (H*P5H) ~ H*Psy, (34)
where S is the interference matrix defined in equation 7 and
we have dropped the dependence on k.

We may apply the properties of the Kronecker product to
find that

((IL ®@H)*PS (I, ® H))+ (I, @H)*Pgy = (35)

+
(IL ® (H*PgH) H*Pé) y.

The MD test is therefore given by

{ (H*P-SLH)+ H*Péyl}

which is the sum of L single-antenna MD statistics. It is
interesting to notice that, like the GML test, the MD detector
is invariant to the multiple access interference and does not
use the spatial structural information contained in Raa (k) to
make its decision.

» (36)

L
Mup = arg max E
i

m

E  Performance of the Detectors

We proceed as in Section C and employ union upper bounds
to quantify the performance of the detection rules. This means
that we need to determine the pairwise error probabilities for
each pair of signals. We make use of the fact that, for each
detector, an error occurs when a certain quadratic form y* Ay
is negative. The kernel, A, is different for each detector. For
the Rayleigh fading channel, the performance is a function of
the eigenvalues, Ay, of the matrix Ryy A. We will consider the
zero-forcing detectors (GML and MD) so we may employ the
interference-nulled measurement z = W*y with the correla-
tion matrix R, = ngMgZ + 021 when user k transmits its
mt" signal, where we have factored the interference projection
matrix as Ps = WW* and defined G, = W*H,,. Given the
eigenvalues, the union bound is given by

1 1
P(m,1)=- > Res — k=3 |
A <0 S1li—1 )\l (5 + /\_l)

(37)

where we sum over the residues of the negative eigenvalues
(see e.g. [12],[14], [13]).

V. SUMMARY AND CONCLUSIONS

We summarize our key findings by reviewing the GML and
MD detectors for wavefront and element-to-element fading in
Table 1. In this table h,, = (Iz ® hp)a(d), Hm = (I ®
h,,), H=[h:---hy], S = (I.®S)[a(f:) - - a(fx)] excluding
a(fr), and S = (I ®S). That is, by = Hpa(f) and S = SA
for A =[a(f:1)---a(fx)], excluding a(6).

We see that the crucial difference between the two models
is that the wavefront fading we may associate a direction of ar-
rival, %, to each user and exploit this structure to form a one-
dimensional matched subspace detector which performs spa-
tial beamforming and temporal matched filtering separately.
For the case of element-to-element fading we match to an L-
dimensional subspace, #(k). More importantly, we are forced
to project onto the (N-(K-1)L)-dimensional subspace subspace
< 8 >* on the element-to-element channel while we employed
the larger (N-(K-1))-dimensional subspace < S§ >* for the
wavefront fading channel. Of course, the element-to-element
fading channel allows for several diversity branches in the re-
ceiver, allowing for robustness to the Rayleigh fading.



Fading GML MD
)
wavefront arg rnaxy*PPéhmy arg max {(H*Pg—H)+ H*Pfg-y}
m m
argmaxy Ppiy y R
m s L *pliny T *pl
element-to-element L 4 argmax ), , |{ (H*PgH) ' H*Pgy,
= argmax )y, Ppin, ¥ m m
m =1
Table 1: Summary of detectors.
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