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Abstract

The connection between the average codeword or frame ewbapility (FEP) of space-time codes and the
outage probability over general block fading multi-inputiltiroutput (MIMO) channels is established. Three
archetypal problems are considered under general fadgtghditions in a single framework wherein the receiver
has channel state information whereas the transmitter &rfajvthe fading distribution but not the channel real-
ization (b) the channel realization but must follow a shertit (per codeword) average power constraint and (c)
the channel realization but is constrained only by a lomgitaverage power constraint. Three telescoping sets of
space-time codes are defined for a given rate and it is shaatratierage FEPs arbitrarily close to the respective
outage probabilities for each of the three cases (a)-(cheaachieved by codes in each set for sufficiently large
framelengths. For the smallest set among the three whictait@ncodes with a spectral norm constraint that is
stricter than the average or maximum energy constraintsrammty assumed, firm sphere-packing lower bounds on
the FEP are obtained, and consequently, strong conversethe are proved which assert that the respective out-
age probabilities also represent thesst achievablEEP in the large framelength limit. Moreover, the set of $fadc
norm constrained codes are also shown to be large enoughtaironiversal codethat can communicate reliably

over any channel realization for which the mutual inforroatexceeds the information rate of the code.

Index Terms: Frame error probability, MIMO, MIMO-OFDM, multiple antearchannels, outage probability,

fading channels, space-time codes, universal codes.
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|. INTRODUCTION

Dealing with fading is one of the primary challenges in waesd communication systems.
In many practical cases where the channel characterigt@sge slowly, the transmission of
each codeword spans only a limited number of fading reaizatand is commonly modeled
by an L-block fading channel. The results of this paper amgiegble for all such channels
in which it is not possible to guarantee a given nonzero trassion rate with an arbitrarily
small probability of error. These include all channels whdsglay-limited capacity[1, 2] is
zero, or more generally, channels over which the rate oktrassion employed is higher than
the delay-limited capacity. In such channels, it is the gatprobability that is the primary
measure of interest. The outage probability is defined amtimeum of the probability that the
instantaneous mutual information of the channel falls Wwelte transmission rate. Systems for
which the delay-limited capacity is positive and the rateded is less than the delay-limited
capacity, the outage probability would be zero and provivegdtrong converse theorem would
be trivial since the error probability of any code is non-aitage and hence lower bounded by the
outage probability. Thus, without loss of generality, wstrnet our attention to systems whose
outage probability for the given rate and power is stricthgitive?.

It is well understood that the outage probability, denotgdry,;(R), is achievable in the
sense that for any > 0, there exists a code of sufficiently large block or frame tarigr which
the average frame error probability is upper bounded’hy(R) + €. In many works, see for
instance [3, 4], outage probability is also stated to bebkwt achievablgrobability of error in
the limit of large codeword length, which implicitly assusthat a strong converse holds true.
While such a strong converse was proved by the authors inof5$ihgle-input multi-output
(SIMO) channels under the maximum energy constraint udagsical results from [6, 7], to
the best of our knowledge, no such strong converse for MIM&nakls has been proved under
either the average or the maximum energy constraint. Theis though outage probability for
MIMO systems has been widely accepted as an indicator ofgtimal frame error probability

'The delay-limited capacity (also known as the non-ergodjzacity or the min-capacity) is defined to be the maximum rate
such that the resulting outage probability (defined apjpatgly for the given channel state information availapibind given

power constraints, short- or long-term) is zero.
2The delay-limited capacity is well defined in that it has aingdheorem and a converse, and is zero for all the commonly

used fading channel models in the literature in the abseihdgamnel state information at the transmitter and a lomgfgower
constraint [1, 2].
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in the limit of large codeword length, only the achievayilitas been rigorously proved, from
which one can only conclude that the outage probability isggyer bound on the best-achievable
frame error rate. The more desirable result would be thegtconverse that involves deriving
a lower bound which together with the achievability resuttud mean that not only can the
frame error rate reach the outage probability but also tharinot be lower and hence that the
outage probability is &undamental limit

Recall that the usefulness of the restricted class of codgsfysng the maximum energy
constraint (as opposed to the average energy constrair@giassian single-input, single-output
(SISO) channels arises from the twin facts that the stromgexse theorem can be proved for
this classand that this class is large enough to prove the achievabiliggfrate less than the
channel capacity. In the same way, we define a somewhat ngirieted class of codes (with a
spectral norm constraint and expanded via precoding) tham those that satisfy the maximum
energy constraint for slow-fading MIMO channels but for ahhiwe are able to establish both
the achievability and strong converse theorems. For th@amase of SIMO channels, our class
of codes is identical to that satisfying the maximum enewystraint, but is strictly smaller for
the MIMO channel.

Our class of codes with the spectral norm constraint is largrigh however, to encompass
any type of precoding that includes beamforming and/or paweatrol. Moreover, we deal with
MIMO channels with general fading distributions and witlolplems associated with channel
state information only at the receiver (CSIR) [8] as well athwhannel state information at the
transmitter (CSIT) under either the short-term or longrtenergy constraints [2].

Since our interest here is on delay-limited systems wherk eadeword sees one or finitely
many channel realizations, the capacity of such systemessisdxplained in the capacity versus
outage formulation where the block fading channel is matlakea compound channel charac-
terized by the set of all possible fading realizations. Togam of universality is meaningful in
the compound channel scenario, where we say a code is ualioees a set of channel realiza-
tions if it results in an acceptably small (conditional)agrprobabilityuniformly over that set.
The seminal work of [9] shows the existence of codes of fatghich are universal over any
bounded set of channel realizations for which the delaytéidhcapacity is no less thar. This

achievability result is of course stronger than the oneinbthusing random coding arguments
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which yields the existence of a code wh@serageerror probability (averaged over the set) is
acceptably small.

Strengthening the achievability result of [9] which wasv@o for the set of maximum en-
ergy constrained codes, we show that even the smaller diageciral norm constrained codes
containuniversal codesThe practical significance of this result and the one olethin [9] as
explained in Section IV is a kind of “separation principlé&at states it is possible tiecouple
the design of optimal codes (in the sense of achieving aedr&dPs arbitrarily close to the re-
spective outage probabilities) into the design of spectoain or maximum energy constrained
universal codes and the design of precoders optimized épdnticular fading distribution and
the availability or the lack thereof, of the channel staferimation at the transmitter.

The following notation is used throughout this paper. Vectand matrices are represented
by boldface lower and upper case letters, respectively. stiper-script§-)” and(-)" denote
the transpose and the conjugate transpose operationsctesty. For anyn,p > 1, ¢,
denotes the set of x p matrices with complex-valued components, and 0, are used to
denote lengthp vectors of ones and zeros, respectively. Wettét) and| - | denote the trace
and determinant of their matrix arguments wher&és$ denotes the expectation operator. For
A e @7 ae O, we define|A|2 £ tr(ATA) and|a]? £ afa. Also, | - |- and
Amax(+) denote the maximum singular value and the maximum eigeevaluheir respective

matrix arguments. Finallypg(-) denotes the logarithm of its argument to base

II. SYSTEM MODEL

We consider the discrete-time model of a block-fading MIM@renunication system. In
particular, the system hds inputs, N outputs and the channel output received ovehannel
uses can be described as

Y=HX+V, (1)

whereY is the N x J received matrix and the fading is described by the<x K matrix H.
We assume that the random variables (fading coefficienteimatrixH are drawn from some
continuous distribution and remain fixed f@rsymbol intervals after which they jump to inde-
pendent values. Due to delay and/or bandwidth constraatis ansmitted codeword sees only

finitely many fading realizations. Note that in (1) we can®av = Lr and K = Lt, where
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r,t denote the number of receive and transmit antennas, résggcand L denotes the finite
number of fading realizations. For example may denote the number of carriers in MIMO
orthogonal frequency-division multiplexed (OFDM) systenThe matrixH in this case has a
block diagonal structure and can be considered to be thenehamatrix of a/-input and/NV-
output MIMO system with a coherence interval 6fsymbol intervals. TheV x J matrix V
represents the additive noise at the receiver which is iedgent ofH and has i.i.d. complex
normalCN (0,1) elements. The instantaneous channel state informatiol) (€8ssumed to
be available perfectly at the receiver (CSIR) but may or matylbe known to the transmitter.
The transmitter however always knows the distribution f&r fading law) ofH. The K x J
codeword matriXX is drawn equi-probably from a space-time catdeand the decoder used is
the optimum decoder employing the maximum-likelihood daieg rule.

Our objective here is to examine the connection betweenutage probability and the FEP in
the limit of large block-lengthg — oo. However, since/ is proportional to the coherence time
of the underlying physical channel, it does not make sensernduct the performance analysis
for agiven channeby letting/ — oo. The correct approach—which is adopted here henceforth
and which was used earlier in [2]—is to consider a sequentdogk-fading channels indexed
by their blocklengthJ = 1,2, .- all of which have the same fading distribution. Then for a
given rate of transmissioR and specified energy constraints, we defiva upper and lower
bounds on the FEP achievable over the channel of finite agth./. The limiting behavior
of the firm bounds ag — oo is then examined. As noted in [2], it is meaningful to study
the performance limits ag — oo since the block-lengths even in delay-constrained praictic
systems can be fairly large. For notational conveniencejoveot explicitly index the channel
matrix by its coherence interval but simply assume that a code of lengths only used over
the channel with coherence intervaP. In particular, when we refer to the FEP of “a code of
lengthJ” we mean the FEP obtained by using that code over the chantiet@herence interval
J. Finally, note that for a given channel (with finite blockdgh) letting the code length go to
infinity takes us into the ergodic regime where the Shannpadity is positive and which is not

of interest here.

3Recall that all channels in the sequence have the samebdistri.
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[I1l. PROBLEM FORMULATIONS
A. Outage Probability Definitions

For the model in (1) with only CSIR and an average energy caims$t?|[||X||z] < W J, for
some constarit’ > 0, the outage probability, denoted B:"( R), is given by [8]

u

Pcsir(R) é

out

3 t
qroltif , Pr(log (|T+HQH'|) < R), @)

where> denotes the positive semidefinite ordering. Unfortunateky optimal covariance ma-
trix is not known even in the commonly used single-blockli.iRayleigh fading model. How-
ever, for this case Telatar [8] makes a widely accepted ctunje that the optimal strategy is
to assign equal power to a subset of the antennas and turmeofést, i.e., the optim&) is of

the form Xdiag{17,0%_,}, 1 < r < K. This conjecture, to the best of our knowledge, has
only been proved for systems with one receive antema=( 1) in [10]. In some works, for
instance [11], the covariance matrix is restricted to beadestidentity matrix and the resulting
probability .

I+ ?HHT

out

Pein(R) £ Pr <log

< R) | 3)

is taken to be the outage probability. Cleadyis" (R) < P<ir(R).

On the other hand, for systems with perfect CSIR and perf&T @he combination hence-
forth referred to as just CSIT), the codebook used can beai@umof H. For such systems, a
short-term power constraint (STP@|||X||Z|H] < W.J, V H can be imposed and [2] defines

the outage probability to be

csit—st é 1
PSYSY(R) = Pr <Q§0:r?rz(wQ()§W {log [T+ HQH'|} < R) : (4)

Moreover, a long-term power constraint (LTPC) can also h@oised by letting the transmitter
transmit scaled codewordg~(H)X with E£[||X||2|H] < WJ, ¥ H and wherey : ¢V*% —
IR, is any scaling function such tha#t[y(H)|] < 1. Clearly the LTPC is a more relaxed con-
straint than the STPC. The outage probability for this cagkefined in [2] to be

Pcsit—lt<R) é

out

: i
J(H)>0: By (H))<1 Pr <Q>0:Htlr?<§><w {log [T+(H)HQH[} < R) - 0

and an optimal scaling function is provided in [2].
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B. A New Class of Codes

In this paper, our interest is in proving both achievabitibd strong converse theorems for a
certain class of codes which we next define. Lettiig= [27/], J > 1, denote the number of
codewords, we define the following telescoping sets of cofleste R (in bits per channel use),

denoted ag,, Cr, andCp, respectively, as follows:

My
A i\ M i kxg 1 112
S QX = (X >1: X — X312 <
Ca { s ={X710, v > 1 X e, MJ;H IF < WJ} , (6)
Co 2 {X) = {XP, VI > 1: X @ X2 < W, VI<j<M}, (7)
and
Cp 2 {;q, = {AXI} VT > 10 A €@K tr(AAT) < W, X7 e,

- (X“fj)*) <1 1<j< MJ}. @)

Note that in (6)—(8) we have usel; to denote a space-time codebook/fx J codeword
matrices. The sei, is the set of space-time codes of rétesatisfying the average energy con-
straint whereas the sét is the set of space-time codes of ratsatisfying the maximum energy

(Frobenius norm) constraint. The newly introduced classooesCr can also be expressed as
Cp = {ACg : tr (AAT) <W} |

where

XJ(XJ‘)T

j:17

cEé{ij{Xj}MJ V> 1: X e, Amax< )Sl, 1SJSMJ}-

The(y is the set of codes whose (normalized) spectral norm is beibg unity and’y can
be interpreted as its expansion yigecodingincluding beamforming and power control. Also,
note the telescoping set inclusions

Cp CCp CCa.

For the special case of a single inpit,= 1, the set€p andCr are identically equal and many

arguments in this paper simplify greatly.
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C. Achievability of Outage Probability and Best AchievabieP

Next, we make precise the notions of what it means for thegeypaobability to be achievable
and when there is a strong converse associated with a sedes cohe commonly used definition
of achievability for the CSIR-only case is as follows.

Definition 1: A set of code<’ of rate R is said to achievé’'(R) in (2), if for anye > 0,
there is an integer,(¢) > 1, such that for eacli > J,(¢), there exists a cod&; € C yielding
a FEP, averaged over the set of channel realizations andetebpPr (£ |X’; ), no greater than
Poi(R) + e

Note that if a set of coded of rate R achieves”%i"( R) , we have that there exists a sequence of

out
codes{X;}5, in C such thatim sup;_,  Pr(€]|X;) < PSIr(R).

In a similar vein, the definition of achievability for the SWith LTPC reads as follows:

Definition 2: A set of code€ of rate R is said to achievéi"'(R) in (4) if for any ¢ > 0,
there is an integev,(¢) > 1 such that for eacly > J,(¢) there exists a scaling function
v(H) > 0 such thatE[y(H)] < 1 and a coding rule which pick&’;(H) € C, V H, yielding
a FEP, averaged over the set of channel realizations andeteast [Pr (£|H, X;(H),v(H))]
that is no greater thaRSI" *(R) + .
Note that in the case of CSIT with STPC, the definition reméessame as above except that
nowy(H) =1, V H.

Given the telescoping set inclusiofis C Cr C Ca, itis clear that the strongest achievability
theorem would be the one proved tgr followed by that forCr and therC,.

Let us turn our attention to definitions associated withgtreng converseesults which in-
volve showing that the outage probabilities are a lower doamthe FEPS.

Definition 3: For the CSIR-only case, the strong converse holds for a ofassde<C of rate
R in the limit of large frame lengths, if for any > 0, there is an integef,.(e) > 1, such that
any codeX; € C with frame (codeword) lengthi > J..(¢) has a FEP no less thadff3"(R) — e.

u

Note that if both the achievability aPi'( R) and the corresponding strong converse can be

out

shown for the same sétof rate R, then P¥(R) is thebest achievabl&EP forC.

Note that if the strong converse holds for a set of catitgen any sequence of codgs; } 52,

in C with increasing (unbounded) framelengths satisfies

out

lim inf Pr(€|X;) > PSIY(R). (9)

Aug 9, 2006



PRE-PRINT, IEEE TRANS. INFORM. TH. 9

Similarly, the definition of strong converse for the CSIT{TPC reads as follows:

Definition 4: For the CSIT case with LTPC, the strong converse holds fort& s& rate
R in the limit of large frame lengths, if for any > 0, there is an integey,.(¢) > 1, such
that any scaling function(H) > 0 such that£[y(H)] < 1 and any coding rule which picks
X;H) € C, VH, J > Jg(e), yields an average FEPE [Pr (£ |H, X;(H),~v(H))| that is no
less thanPSi 1 (R) — e,

Note again that if achievability aPi*~'*( R) and the corresponding strong converse can be

out

shown for the same sétof rate R, thenP%i™"'( R) is the best achievable FEP 6r

Again, in the case of CSIT with STPC, the definition remains same as above except
v(H) = 1, V H. As discussed in Section I, we will, without loss of geneayalassume that
the outage probabilities defined in (2), (4) and (5) are tyrpositive for the specified rat&

and powenV.

IV. SUMMARY OF RESULTS

It is not known for MIMO channels whether the strong conveesailt holds for the set,,
or evenCr. The best known result is based on Fano’s inequality. Iniqudar, using Fano’s

inequality, we can lower bound the FEP of a cadec C, for the CSIR-only case as

+
: 1 log|T+HQH'|
Pr(£|X;) > inf E||1-—=— 10
ez g1y W

where(z)*t = max{0, z}, and for the CSIT case we have

E[Pr(€[H, X;(H),v(H))]

+
11
> inf E [(1———— max log\I+7(H)HQHT‘> ] . (11

v(H)20:E[y(H)]<1 RJ R w0

Unfortunately, these lower bounds are strictly less thair ttespective outage probabilities as
J — oo. In this regard, we note that [12] uses Fano’s inequality,dmly to conclude that in
the CSIR case, thdiversity orderof any code inC, is no greater than the diversity order of
Pai(R).

Recently, the authors in [4] considered MIMO systems witlhy ddSIR and developed a
sphere packing lower bound on the FEP of any codégin Unfortunately, the bound devel-

oped in [4] is based on some invalid assumptions and appeea‘?glj"g(R) in (3) asJ — .
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Note that since the achievability @t<'( R) with the setCr can be readily proved, and since

out

PSI(R) < PSir(R), with strict inequality in many cases, the result in [4] canbe true. It
is shown in Appendix-B that the sphere packing lower bounfftjris based on an incorrect
assumption, and hence is not valid.

The central contribution of this work is that it establishies outage probability to be theest
achievableg=EP in the large framelength limit for the g&t. It is summarized for the CSIR-only
case using Definitions 1 and 3 in the theorem below.

Theorem 1:In the case of CSIR only, the set of codgsof rate R defined in (8) achieves the
outage probability?=i"(R) in (2) (and hence, so d& andC,). Moreover, the corresponding

out

strong converse holds for the same set of catiesaken together, these imply thBS"(R) is
the best achievable FEP for the set of co@esvhen only the receiver has CSI.

For the CSIT case with LTPC (STPC), using Definitions 2 antid theorem reads as follows.
Theorem 2:In the case of CSIT with LTPC (STPC), the set of codesof rate R defined
in (8) achieves the outage probabiliB**~"(R) in (5) (resp.,P="**(R) in (4), and hence, so

doCr andC,. Moreover, the corresponding strong converse holds fosdinee set of code%;
taken together, these imply thgfsi " (R) (resp.,PSit =t (R)) is the best achievable FEP for the
set of codeg’r when both the receiver and the transmitter have CSI unddiltRE€ constraint.

Note that the theorem for the CSIT with STPC case is inclu@edmihetically and is obtained
after settingy(H) = 1, V H.

In Section V, we use standard random coding arguments t@phavachievability for the set
Cp. In Section VI, we consider systems with and without CSIT dedelop a sphere packing
lower bound for the se&fp and using that bound we prove that the strong converse haldséd
setCp in Section VII.

Finally, the notion of universal communications is consédkin Section VIII by taking the
compound channel view. There, in particular, for positind &nite-valued parameters anda

fixed arbitrarily, we define the set
ZZ{H cC@VE : |H||w < a, log\I+HHT\ 2R+A} , (12)

and prove the following achievability result for the clagscodesCr whose codewords are
bounded in the spectral norm. The role of the parameisrto make the setl4 compact. It

must be finite but can be taken to be arbitrarily large.
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Theorem 3:For anye > 0, 3 X; € Cg such that H € A%, Pr(£ | H, X,) <e.

The above result strengthens the fundamental result of Rwbtvaraiya in [9]. The proof
extends the elaborate techniques of [9] which prove theespaonding result for the larger class
of code<r.

Next, we discuss the importance of the above result. Recerkisihave considered the design
of universal codes for the CSIR-only case [13]. Also, desiges along with particular con-
structions of approximately universal codes have beerepted in [14] (see also [15]). These
codes are universal in the coarser (high-SNR) diversitjtiplexing tradeoff framework. One
aspect that has not been considered in [13] @anthotbe captured by the framework used in
[15], is that of combining a universal code with good preasd§l3] seeks to design codes
that are uniformly good over the sdfY and in-fact their stated goal is achieve a FEP close to
PS(R) in (3). However, a key observation is thiie problem of designing good codes for
arbitrary (but known) fading statistics can be decouplet ithe problem of designing universal
codes (overdX’) and that of designing good precodefut in another way, suppose we choose
aprecoder : tr(AA') < W, so that the cod&’; = AX; € Cp. Notice that for anyH such
thatlog [T+ HAAH'| > R + A, we have thaPr(£|X;, H) < e. Consequently, the FEP of
such a code in the CSIR-only case (where the c&dés invariant to the channel realization)

can be upper-bounded as
Pr(€|X)) < e+ (1—¢)Pr(log|IT+HAATH!| < R+ A) . (13)

Thus by designing a good precoder matched to the given fatigtgbution (using (2)), we can
obtain a performance close £ (R) in (2) instead of (3). However, this precoder optimization
clearly requires the knowledge of the fading law at the tmaitter.

The same idea applies to the scenario with CSIT except tegtrécoder can depend on the

channel realization.

V. PROOFS OFACHIEVABILITY

In this section we prove the achievability part of Theoremandl 2. Let us first consider
the CSIR-only case. The key issue here is that since thentasteaous CSI is absent at the
transmitter, it cannot adapt or change its code based orhtmnel realization. Thus, we have

to prove that there exists a single code which achieves an probability close to the outage
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probability. Then, for givern > 0, we first obtaift A such that

out

Pr(0;) 2 Pr (1og )1 v HAATHT‘ < R) < PSI(R) + . (14)

andtr(AAT) < W — ¢, for somes > 0.
Let Zo, (H) denote the indicator function for the eve{ﬂ—l - log (‘I + HAATHTD < R}
and IetIOK(H) 21— Zo, (H). Using these indicator functions, the average FEP achibyed

any codet’; € Cp can be upper bounded as

Pr(€|X)) = E[Pr(S\H,XJ)I@A(H)]—i—E[Pr(E\H,XJ)I@%(H)},

< Pr(OA)+E[Pr(€|H,XJ)IOZ(H)} . (15)

To bound the ternt [Pr(E\H, XJ)IOK (H)] , we use the standard random coding upper bound
with the density

f(X):¢(X)H L exp (—x}z—lxj>, (16)

(17)

XX W A A
1 28 <L mAAJr
0 otherwise

andy = Pr <sz* < %AAg, whereZ is a K x J matrix with i.i.d. CA(0,3) columns.

Note that the codebook drawn using (16) belong§ptoLet C{ be the subset afp containing
lengthJ codes so thatp = U ,CJ. Then the key step due to Tonelli's theorem [16], is that

EyEn [Pr (S\H,XJ)IOK(H)} = EuEe [Pr (E/H, X)) To: (H)| | (18)

whereEclg[.] denotes the expectation over the 6gtusing the density in (16). Then, condi-
tioned onH and lettingPr (£|H) £ Ee, [Pr(€[H, X;)], a random coding upper bound can be

computed using steps similar to those in [17, 18] as

_ 1 1+p(H) ) ;
Pr(€|H) < (—) o=/ p(H) [log| I+ -y HEH ‘_R], p(H) € [0,1]. (19)
L

“The existence of such a matrix follows from the continui§r (R) in W.
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Letting p(H) = argmax,cp {p [log ’I + ﬁpHEHT‘ - R]} and using (19) with (18) and
(15), we obtain a random coding upper bound

Pr(€) <Pr(04) +E .

1) A —Jp(H)[log|T+ -2 HEHT |- R|
(_) o~/ PH)|log| 5y IO%(H) . (20)
Now, it is known from [17], that for alH such that[o%(H) =1, we have

pED) o

1
I+ — HXH|-R| >0
1+ p(H) ‘ }_

with equality ifflog [I + HEXH'| = R. However, sincéog |1+ HXHT| is a continuous random
variable, the se{H : log \I + HEHT\ = R} is either a set of measure zero or measure one but

since the outage probability in (2) is strictly positive, wan conclude that it must be a set

ZZt
J

3. SinceX¥ < %Z, we have thatim; ... = 1. Using these facts and the dominated

convergence theorem [16], we have the desired result that

of measure zero. Further, using the strong law of large nusnld®], it follows that —

limsup Pr(€) = Pr(04) < PSI(R) + . (21)

m su out
This concludes the proof of the achievability part of Theork

Next, consider the CSIT case with LTPC. Liét) be an optimal scaling function in the outage
minimization in (5) (determined using the results in [2]) evhthe average transmit power is
W — 6 and seQ(H) 2 arg maxqso, w(q<w—s {108 I+ 4(H)HQH'|}. Letd be chosen such
that

Pr <log ‘I + &(H)HQ(H)HT‘ < R) < PSII(R) 4 e, (22)

Now, taking® = Q(H) in (16) and¥(.) to be the scaling function, the random coding upper

bound is obtained as

Pr(€) < PEY(R) + ¢

out

L4p(H) o )
(—) o7 [log| L+ iy Y (FOHQUENHT |- R] 4 {1og ‘I + ﬁ(H)HQ(H)HT‘ > R}
1

+FE

At this point, the proof of achievability in Theorem 2 follsvafter noting thatim ; ... =1
(for eachH) and using the dominated convergence theorem. The proahiéwability for the
CSIT case with STPC follows after takindH) = 1, ¥V H in the above argument.
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VI. SPHEREPACKING LOWER BOUNDS

In this section we derive our sphere packing lower bound$ierathievable error probabili-
ties. Note that these are firm bounds which are applicabli@fice code lengths. The asymptotic
analysis of these bounds (ds— oo) is undertaken in the next section and it yields the desired
strong converses of Theorems 1 and 2.

Lemma 1:For the CSIR-only case, the error probability of any code € Cp, is lower
bounded byPe" (W, R, J), where

sp

NJ-1, 5 9

. A . 2Dy (r5(HA))™

P CSIr W, R, J = f E (- 9 HA ) Ji
Csp ( ) AG(DKXKI:E(AAT)SW {(52%{1 { P (IJ( )) pay j!

—Pe“b(HA)})+], (23)

where N
1
(r3(HA))* £ NJ(1 +6)27 #/N |1+ THAAH (24)
and N
= + s [[vie]?
Pe"’(HA) 2 Pr ( Vi - S 1HA |, (25)
— NJ(1+06+sp) Nl NJ(1 + )
VAN
with v, 1 < k£ < N denoting thek? row of the noise matrixy and {sk};'”flmm(N’K) them

largest singular values ¢ A.
Next, for the CSIT-STPC case, the error probability achidwe any coding rule which picks
X;(H) € Cp, V H, is lower bounded by

NI-1 /. ¢ (H A))2j
P csit—st W, R,, J é E inf < { —(r? HA 2 '(rJ
eq ) Ae(DKXKlzg(AAT)SW 656111& eXp( (r9( ) ) j:ZO il

— Pe""(HA) }) T .(26)

Finally, with CSIT-LTPC the error probability achieved bgyascaling functiony(H) > 0 :
E[y(H)] < 1 and any coding rule which pick&;(H) € Cp, V H is is lower bounded by
Pel* (W, R, J), which equals

wf o Bt (s L (<05(/AmHA)?)

Y(H)>0: E[y(H)]<1 AcCFEXE tr(AAT)<W \ §€ Ry
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) Nf <r§(\/ﬁHA))2j . (\/@HA) })T | on

Proof: We consider any cod&’; = {AXJ} . € Cp so that the received matrix can be

written as
Y =HAX +V. (28)

For the givenrHA and some& > 0, we define an bounding region
o é NxJ T Tt -1
SS(HA) 2 {z ety (z (NJ(1+ 6)1+ NJHAATH') z) < 1}. (29)

Now letting £¢ denote the complement of the frame (codeword) error e¥emte can lower

bound the conditional error probability as
Pr(£|HA,X;) > 1-Pr (€°Y € S5(HA) [HA, X;) —Pr (Y ¢ S{(HA) [HA, X;) . (30)

We note that the bounded regién(HA) is a hyper-ellipsoid of volume

NJ J
5 _ T NJ 1 frrt
Vol (S5(HA)) = Rl (NI + )M T+ —— —SHAATHT (31)
Next, we have
Pr(£°,Y € S{(HA) [HA, X;) Zpr £, Y € S5(HA) [HA, X/)

Z/ f(YHA,XY) dY, (32)
M, V;(HA)NSS (HA)

where, conditioned oflA, V;(HA) denotes the Voronoi (decision) region ¥f. Using the
fact thatf (Y |[HA, X7) is a (white) Gaussian density with meBHM X/, [4] shows that

/ f(Y|HA,X7) dY
V;(HA)NSS (HA)

oy N2 (8 (HA, X9)Y
<1-—exp (— (Ti(HA,XJ))z) Z (3 i )

J=0

(33)

wherer’, (HA, XY) is the radius of av.J-hypersphere having the same volume/adiA) N
SS(HA). Moreover, sincé_ " Vol (V;(HA) N S§(HA)) = Vol(S5(HA)), itis proved in [4]
that
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M,y NI—1 ( (40 X)) 7
MLJ > |~ exp (_ (TE(HA,Xj))2> Z:% <( J(HI?!X ) )

<1-—exp (— (ri(HA))2) Z_ @

J=0

: (34)

wherer$(HA) is given by (24). Note that}(HA) is the radius of av.J—hypersphere whose
volume equals V4ISS(HA))/M,. From (34), we have that the best Voronoi regions which are
contained in the bounding set (29) of volume (31), are hygpéreres of equal volume. Hence,

using (34) and (33) in (32), the conditional error probapik lower bounded by a difference of
two terms as follows

NJ-1 2j
Pr(£°Y € S5(HA) |HA, X;) <1 —exp (—(rj(HA))?) le%'A)). (35)
Jj=0 '

Using (35) in (30), we have that

NJ-1 (ri(HA)) 2j

Pr (€ [HA, X)) > exp (— (rﬁ(HA))2> 3 —Pr (Y ¢ S5(HA) [HA, X;) .

=0 '
(36)
Now to bound the terniPr (Y ¢ S5(HA) [HA, X, ), we first expand it as
1 M,
Pr(Y ¢ S9(HA) |HA, X;) = 7 > Pr(Y ¢ S)(HA) HA,X7) . (37)
Y

Then we consider the terir (Y ¢ S5(HA) [HA,X7) and since the following analysis is

applicable to allX’, 1 < j < My, we drop the superscrigt We next write the singular value
decompositions cHA andX as

HA = RSW', X =FAGH, (38)

and define thél x K unitary matrixQ = WTF and letq,, 1 < k < K denote thé"" row of
Q. Then, we have

Pr (Y ¢ Si(HA)}HA, X) — Pr <tr (YT (NJ(1+6)1+ NJHAAH!) ™ Y) > 1‘HA, X)
— Pr <tr <(NJ(1 +0)T+ NJHAATHN) ' (HAX + V) (HAX + V)T) > 1‘HA, X)
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@ p, (tr (VI + )1+ NJSST) T (SQAGT + V) (SQAGT +V)') > 1|HA, X)
©) p, (6 (V01 + 0T+ N788T) " (8QA + V) (SQA +V)T) > 1[HA, X)

O v+ skaAl? e~ vl
=P > 1{HA, X 39
r( — NJ(1+5+Si)+k:m+1NJ( ’ (39)

where (a) and (b) follow since the additive noise is indegendfX andHA, and is unitarily
invariant. Note that Sinc,,..(XX") < J and||qi||> = 1, we have||syqiA|]? < s2J, 1 <k <

m. Using this with astochastic orderingesult given in Appendix -A, we obtain

Ve + skaeAl2 o= Va2
——— S 1IXHA | <
(ZNJ1+6+sk)+ 2. N =

k=m+1
Ve + sk, Y vall?
P ——— > 1HA . 40
r<k:1 NI +o+s3) 2= NJ1+9) (40)

Then using the upper bound (40) and the result in (39) in (8&)pbtain the upper-bound
Pr(Y ¢ S9(HA) |HA, X;) < Pe'”(HA), (41)

wherePe""(HA) given in (25).
The sphere packing lower bounds can be obtained by first dsengpper bound (41) in (36)
to get

NJ—-1 2j +
Pr(§|HA, X)) > (sup {exp (—(r5(HA))?) Y M — Pe™ (HA)}) . (42)

!
se Ry =0 J:

Now, the sphere-packing lower bound for the CSIR-only casengin (23) can be obtained
by minimizing the expected value of the lower bound in (42¢roX. For the perfect CSIT
case with STPC, the lower bound given in (26) is obtained bgguthe fact that due to the
availability of CSIT, the precodeA can be channel dependent. Finally, for the perfect CSIT
case with LTPC, the bound given in (27) follows after minimgz(42) overA for eachH and
then further minimizing over all possible scaling functon [ |

To evaluate the ternRe"(HA) given in (25), note that conditioned ddA, the quadratic

form N
vl

NJ(1+59)

[vi + i1
c NJ(1+0+s7)

k=m+1
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is a non-central definite quadratic form in complex normali@n variables. Several expres-
sions on the cdf of such a quadratic form along with efficiamnerical techniques to evaluate
them are given in [20]. Here, we content ourselves with thellyshev and Chernoff upper
bounds. For ang € IR we have that [21]

E [|vi + B1,%] = J + 5,
Var ([|vy + 81,]°) = J +2J3*, and

1 2
Elexp(s||vy + 814]%)] = mexp (ij—_ﬁs) , 0<s<1.

Using (43), for any > 0, we first obtain a Chebyshev upper bound

e + s 1 || kll2
P > 1
r(;NJ(1+5+sk - ;
Var(||vk+sk17|\ ) (HVk” )
Zk 1 (NJ(1+0+s2) Zk m+1 (NJ(1+0))*
m  Ellvitsils|?] E(|lvi]?]
(1_ k= 1# Zk m+1 NJ +5)>

1 Z’” 1+ 2s2 N-m
m 1-‘1—52 (N—m) 2 ( 1 _|_ 6+ 82 2 1 _|_ 6 2)
J (N g 1+5+§§ ) ) k=1 ( ) ( )

Lettingey, = N(1+6 + s7), 1 < k < m, we get the following Chernoff upper bound

m N

[vi + sels])? [[v]]?

P VS 1 /HA
r( NI +0+s2) | e NI(1+0) |

+1

< min {;HE fexp (s(NT(1+ 6+ 52)) v + sy1 )]

seln.al) | exp(s) -+
N 2
5 2 h=m1 |1Vl
XE[QXP< NJI(1+0) )

J

xs?
) CeXp (M) (44)

where(b) follows by settingr = s/.J, and wherer = min{e;} if m = N anda = N(1+ 6) for

O 1 m
- ngég) exp(x) (1 >(N m) 1}(

N(1+6) ek

m < N.
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VIl. PROOF OFSTRONG CONVERSE

Note that the strong converse will be proved in each of theetlwases if we can show the

following inequalities

s csir > . t
lim inf Pe" (W, R, J) > Qto;if%g T (log (|T+ HQH'|) < R), (45)
lim inf Pel*(W, R, J) > Pr (erg%w{log\HHQHT\} < R) (46)

and

lim inf PeCSlt "(W,R,J)

J—o0

> inf( - Pr( max {log}Iij )HQHT‘} < R) , (47

~(H)>0: E[v(H Q>0:tr(Q

respectively. We will consider the CSIR and CSIT cases ias@dp subsections.

A. CSIR-only

We start with the CSIR-only case. We fix= 22/2N — 1 for someA > 0 and recall that for

any real-valued scaldr)™ = max{0, z}. Then note that for any positive

<Sup {exp< (4 (HLA)) )i%_p@b(m)}y

5 Ry =
> (exp < (TJ HA ) N- ( E(I;I‘A))% _ Pe“b(HA)>+
> (exp (— ( J(HA)) ) N}i <<I;17'A))2j — Peub(HA)) %

1{log [T+ HAATH| < R - A}
so that we can lower boureeS" (W, R, J) in (23) by

NJ-1 ( (HA))

jl 1{log [T+ HAATH'| <R—A}}

inf E [exp (— (Tﬁ(HA))2>

A:tr(AAT)<W

— sup E |Pe™(HA) {log ‘I + HAATHT‘ <R - A}} (48)
Astr(AAT)<W
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We next consider the first term in (48). Note that with i.i.dy ~ CN(0,1), 1 <k < NJ, we
have
NJ NJ-1 [ § 2j
2 2 T (HA)
Pr <Z|Zk|2 > (r%(HA)) ) — exp (— (% (HA)) ) 3 % (49)
k=1 Jj=0
Furthermore, for an§ such thafog [I + HAATH'| < R — A, we have that

1/N

1
‘I o HAAE <14 HAATH|/Y < o028/ (50)

and sincel + § = 24/2N from (24) we have that

(r5(HA))® < NJ272/2N < N, (51)
so that
NJ-1 ( § 2j
: § 2 (TJ(HA)) -
A:tr(,gxff)gwE exp (_ (TJ(HA» ) jgo fl{ log|I+ HAA'™H'| < R — A}

NJ
Pr( S |2 = Nj2-a/2N inf  Pr (1og T+ HAAH! < R A). (52)
— Astr(AAT)<W

Next, using weak law of large numbers, we have

lim inf inf )<WE {exp (_ (Ti(HA)f) N‘]Z_l @LA))]

J—oo A:tr(AAT)< = J!
x 1{ log [T+ HAATH'| < R - A}}

>  inf  Pr <log I+ HAAH!| < R— A). (53)
Astr(AAT)<W

Now, for the second term in (48), we upper bound the Chebyksbawnd in (43) as
1 (i 1+ 252 N—m>(a)b
1+s2 1+d0+s 14 6)2 J
<N Zk 1 1+5+’l - 1+6 ) 1 k) ( )

whereb > 0 is some finite constant with respect.f@and (a) follows sinceé\, § are both strictly
positive and{s?} are bounded whelg I + HAATH'| < R — A. From (54), we obtain

sup  E [Pe"™(HA)1 {log I+ HAA™H'| <R - A}] <
A:tr(AAT) W

(55)

KJ@
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so that
lim  sup E[Pe™(HA)L{log|I+ HAA'H!| <R - A}] =0. (56)
J =00 Atr(AAT)<W
Finally, using (53) and (56) with the lower bound in (48) aedalling that the outage probability
is continuous ink, we can conclude that (45) holds, and we are done.
As an aside, note that (56) can be inferred from the Cherrmeu bounds which in fact
shows that this terndecays exponentially idi. To see this, first note that for a non-negative

continuous random variabl€ and anys € IR, we have

P n(Elexp(sX)) = E[exp(SX)]E[X(E)[(;)X(;é;li)gE[Xexp(sX)])

ds?
(g) 0, (57)

where (c) follows after setting” = exp(sX/2) and Z = X exp(sX/2) and invoking the
Cauchy-Schwartz inequality that [V Z])* < E[Y?|E[Z?]. Then, sincdn(E[exp(sX)]) is
convex ins, for any A € ¢**¥ : tr(AA') < W the minimization in (44) is equivalent to the

convex optimization problem

_ 1 1 T 1 s}
f&éﬂ) In exp(x) <1 . )(N—m) H (1 B i) eXp (6%(1 _k %)> ) (58)
ek

~ NI k=1
Hence the KKT conditions [22] are both necessary and sufiicieetIn(g(z)) denote the ob-
jective function in (58). Then using the KKT conditions itrsadily seen that whef > 0
and {s3} are boundedy = 0 is nota KKT point and hence at any optimal poifitve have
In(g(2)) < In(g(0)) = 0 which implies thaty(z) < 1 and hencég(z))’ — 0 as.J — oo. Thus,

the second term in (48) decays exponentially to zerd as cc.

B. CSIT

For brevity, we prove (47) in the following and omit the praaff (46) which follows af-
ter minor changes. We again fiX and taked as in the previous section and lower bound
P (W, R, J) in (27) by

w5 (VoTaHa) )
g L) )

=0 J:

inf inf  exp <— (@(WHA)Y)

E
+(H)>0: Bly(H)]<1 { KA:tr<AAT><W
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x1 {1og ‘I + v(H)HQ(H)HT) <R- A} }

_E K sup  Pet <\/@HA) ) 1 {1og ‘I + y(H)HQ(H)HT‘ <R- A} } } (59)

Atr(AAD)<W

where

~

Q(H) = arg L {log [T+ ~(H)HQH]} .

Now note that for any such thalog )I + v(H)HQ(H)H‘ < R — A, we have that
log [I+vHHAAH| < R—A, VA: tr (AAT) <W.

Employing the same arguments used to prove (52) and (54@jtalfier replacingH with
/7(H)H, we obtain the inequalities

B\ (ot o (~050/ATHA)) b <r§m<H>HA>>2j)

Atr(AAH<W !

Jj=0

x1 {1og ‘I + W(H)HQ(H)HT‘ <R- A}}

NJ
> Pr (Z \Z4]2 > NJ2‘A/2N> Pr <log )I + V(H)HQ(H)HT‘ <R- A) (60)
k=1

and
E ( sup  Pe"™ (Vv(H)HA)) 1 {log I+~(HHQMH)H'| < R — A}
Atr(AAT)<W
< % Pr <10g I+ ~(HHQE)H| < R — A) . (61)
so that
NJ b
Pel (W, R, J) > (Pr (Z |Z4]” > NJz—A/2N> - j>
k=1
; a T _
ST {Pr (1og 1+ ~(HHQH)H| < R A)} .(62)

Taking the limitJ — oo in (62) and again using the continuity of the correspondintage

probability in R, we conclude that (47) holds.
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VIlIl. PRECODING THEUNIVERSAL CODE

In this section we prove that the g&f in (8) contains universal codes that can communicate
reliably over any channel realization for which the mutuibrmation exceeds the information
rate of the code.

To prove Theorem 3, we follow the approach of Root and Varay®] where it is shown
that there exists a cod&; € Cr, whereCr is defined as in (6) but withY = K, such that
VH e A%, Pr(€|H, X,) < e. Here, we wish to show that such a code also exists in the emall
setCg. Instead of reproducing the elaborate set of techniqued insgd], we will just derive
the key differences. First, using the fact th&k is compact along with standard continuity

arguments, we obtaiD = diag{1 — /2, (1 — 0)1x_1}, where0 < ¢ < 1, such that
log|I+HDH'| > R+ A/2, VH € AX. (63)

We next generate codewords (or channel inputs) using thetglen

J
1
]-1:[1 K [D| exp (—X}D_IXJ-) , (64)

and letX = [x;,---,x;]. The key step required is to show that the probability of tie i
put codeword so generated not lying in (input constraint Getdecaysexponentiallywith the
blocklength. To do so, we note th§?T represents a sample covariance matrix whose expected
value isD. Now we need to show th&tr <)\max <XT’U> > 1) decays exponentially it. Since

1 — /2 represents the distinct and largest eigenvalu® afising the results in [23] we can con-
clude that the\ ... (’%‘T) converges in distribution to & <1 —9/2, %) random variable

as.J — oo. Thus, using the Chernoff upper bound, we can conclude #ahptotically (as

XXT 1 —6%J
Pr (Amax (T) > 1) S § exp (m) . (65)

The remaining steps remain unchanged from those given.in [9] [ |

J — 00)

Note that the restriction on the matrix nofit||., < a in the setA4 is an artifact since
the proof requires the set to be compact. However, any chafngith |H||,, > a can be
written asH = #H, where||H||., = a and the scalaf > 1. Recall thatX; is universal

over the setd4 so thatPr <5 ‘f{, XJ) < e becausdl € A%. It is reasonable to assume that
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Pr(€|H,Xx;) <Pr (8 ‘f{, XJ), sincef > 1 only ensures a higher received signal power. Thus
we can conclude that; is universal ovetdy, i.e. for anyH with log |I + HHf| > R + A,
Pr(€|H,X;) <e.

IX. CONCLUSIONS

The connection between the average frame error probabilitlythe outage probability over
MIMO fading channels was explored. Three telescoping detpace-time codes were defined
for a given rate and it was shown that FEPs arbitrarily clasthé outage probability can be
achieved by codes in each set. Further, for a set of codedysadj constraints stricter than
the commonly assumed average or maximum energy constraigtproved that the outage
probability indeed represents thest achievabl€EP in the large framelength limit. Moreover,
the smallest set was also shown to contain universal co@sdm communicate reliably over
any channel realization for which the mutual informatiorceads the information rate of the

code.
APPENDICES

A. Stochastic Ordering

The following results are proved in Section 6B of [24]. Foldwo real-valued random
variablesX, Y we sayX >**Yif Vy € R, Pr(X > y) > Pr(Y > y).

Then we have
o If X7 >V andX, > Y5, the pair( X1, X») is independent and the pair;, Y>) is indepen-
dent, then

X1+ X 2" Y1+ (66)

« LetCN (s, o*T) denote a complex (proper) normal random vector of mgamd covariance

o?1. Let puy, po be any two vectors s.tu || > || p2||?. Then
ICN (a1, T2 = [ICN (2, ) || . (67)

B. Counter-example

We choose a system with = 1 and K = 2 and as in [4] we assunid has i.i.d. CAN(0,1)

elements. We consider a sequence of codes (indexed byehgihl) of rateR, {X;}5,, X €
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Cr, WhereX; = {X/}M=2"T with X7 € 02%7. Define¢’/ 2 Aoy (3X7(X7)T) andyd 2
Amin (5X7(X7)T) and suppose that

gﬂ>% ¢J<K&§J+W<WV1<]<MJ (68)
Note that by the assumption in [4], fanyfixed § > 0, we must have
limsup Pr(Y ¢ S;(H)|X;) =0, (69)
J—o00

where nowsS;(H) = {Z eC™’: ||Z'Z|3 < J(0?+6) + ZZ|H|2}. Then lettingX? =

F/A’(GY)T denote the SVD oK/, we have that
xj)
= Pr (||(HFJ’)AJ’(GJ’)T + Vg > J(0®+6) + gHHFj 2 Xj)
xj)

wWJ
= 5 |Pr (I/IHaG + [HialPyt + VIR > J(o 4 8) + “37 B

_ _ wWJ
Pr(Y ¢ S;(H)|X’) = Pr <||HXJ + V& > J(o® +6) + 7||H||%

—

a . wJ
@) b <||HAJ + V& > J(o® +6) + 7||H||%

H, XJ)] (70)

where (a) follows sincél andV are independent &X? and unitarily invariant. Using (68) and

H X”)

) (1)
My,

the stochastic ordering result (67) in (70), we see that

2

> J(o? +6) + —HHHF
F

<H\/|H1 112G+ [Higlv; 1, +V

> Pr<|| |H141)23W/41; + V|7 > J(o? —|—5)+—||H||F

1< <
so that

liminf Pr (Y ¢ S;(H) | &)
Pr (H. [|H, ., [23W

Let As;(H {H WIH 1> > W|H, 5> +20}. Then for anyH € A;(H), we note that the

> liminf £

J—o00

2
> J(0? +6) + M||H||F \H)] (72)
F

following mequallty holds true.
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W.J ?
*+0)+ SN — £ (IVIR) - | imapw/a
%4 |14
iy (5 b IHP Y - |H1,1\ZZ)
< —JSé. (73)

As aresult for anyH € A;(H), using the weak law of large numbers we get

lim Pr H,/|H1,1\23W/4 1,+V

2
W
>J(02+5)+TJHHH% H|=1 (74)
F

Using (74) in (72) along with the dominated convergence itaiedinally yields

W W
lim inf Pr(Y ¢ S5(H)| ;) > Pr (Z\HMF > o [Haf + 25) >0, (75)

which contradicts the assumption in (69).
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