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Abstract

The connection between the average codeword or frame error probability (FEP) of space-time codes and the

outage probability over general block fading multi-input multi-output (MIMO) channels is established. Three

archetypal problems are considered under general fading distributions in a single framework wherein the receiver

has channel state information whereas the transmitter knows (a) the fading distribution but not the channel real-

ization (b) the channel realization but must follow a short term (per codeword) average power constraint and (c)

the channel realization but is constrained only by a long-term average power constraint. Three telescoping sets of

space-time codes are defined for a given rate and it is shown that average FEPs arbitrarily close to the respective

outage probabilities for each of the three cases (a)-(c) canbe achieved by codes in each set for sufficiently large

framelengths. For the smallest set among the three which contains codes with a spectral norm constraint that is

stricter than the average or maximum energy constraints commonly assumed, firm sphere-packing lower bounds on

the FEP are obtained, and consequently, strong converse theorems are proved which assert that the respective out-

age probabilities also represent thebest achievableFEP in the large framelength limit. Moreover, the set of spectral

norm constrained codes are also shown to be large enough to containuniversal codesthat can communicate reliably

over any channel realization for which the mutual information exceeds the information rate of the code.

Index Terms:Frame error probability, MIMO, MIMO-OFDM, multiple antenna channels, outage probability,

fading channels, space-time codes, universal codes.
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I. INTRODUCTION

Dealing with fading is one of the primary challenges in wireless communication systems.

In many practical cases where the channel characteristics change slowly, the transmission of

each codeword spans only a limited number of fading realizations and is commonly modeled

by an L-block fading channel. The results of this paper are applicable for all such channels

in which it is not possible to guarantee a given nonzero transmission rate with an arbitrarily

small probability of error. These include all channels whose delay-limited capacity1 [1, 2] is

zero, or more generally, channels over which the rate of transmission employed is higher than

the delay-limited capacity. In such channels, it is the outage probability that is the primary

measure of interest. The outage probability is defined as theinfimum of the probability that the

instantaneous mutual information of the channel falls below the transmission rate. Systems for

which the delay-limited capacity is positive and the rate selected is less than the delay-limited

capacity, the outage probability would be zero and proving the strong converse theorem would

be trivial since the error probability of any code is non-negative and hence lower bounded by the

outage probability. Thus, without loss of generality, we restrict our attention to systems whose

outage probability for the given rate and power is strictly positive2.

It is well understood that the outage probability, denoted by Pout(R), is achievable in the

sense that for anyǫ > 0, there exists a code of sufficiently large block or frame length for which

the average frame error probability is upper bounded byPout(R) + ǫ. In many works, see for

instance [3, 4], outage probability is also stated to be thebest achievableprobability of error in

the limit of large codeword length, which implicitly assumes that a strong converse holds true.

While such a strong converse was proved by the authors in [5] for single-input multi-output

(SIMO) channels under the maximum energy constraint using classical results from [6, 7], to

the best of our knowledge, no such strong converse for MIMO channels has been proved under

either the average or the maximum energy constraint. Thus even though outage probability for

MIMO systems has been widely accepted as an indicator of the optimal frame error probability
1The delay-limited capacity (also known as the non-ergodic capacity or the min-capacity) is defined to be the maximum rate

such that the resulting outage probability (defined appropriately for the given channel state information availability and given

power constraints, short- or long-term) is zero.
2The delay-limited capacity is well defined in that it has a coding theorem and a converse, and is zero for all the commonly

used fading channel models in the literature in the absence of channel state information at the transmitter and a long-term power

constraint [1, 2].
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in the limit of large codeword length, only the achievability has been rigorously proved, from

which one can only conclude that the outage probability is anupper bound on the best-achievable

frame error rate. The more desirable result would be the strong converse that involves deriving

a lower bound which together with the achievability result would mean that not only can the

frame error rate reach the outage probability but also that it cannot be lower and hence that the

outage probability is afundamental limit.

Recall that the usefulness of the restricted class of codes satisfying the maximum energy

constraint (as opposed to the average energy constraint) for Gaussian single-input, single-output

(SISO) channels arises from the twin facts that the strong converse theorem can be proved for

this classand that this class is large enough to prove the achievability ofany rate less than the

channel capacity. In the same way, we define a somewhat more restricted class of codes (with a

spectral norm constraint and expanded via precoding) than even those that satisfy the maximum

energy constraint for slow-fading MIMO channels but for which we are able to establish both

the achievability and strong converse theorems. For the special case of SIMO channels, our class

of codes is identical to that satisfying the maximum energy constraint, but is strictly smaller for

the MIMO channel.

Our class of codes with the spectral norm constraint is largeenough however, to encompass

any type of precoding that includes beamforming and/or power control. Moreover, we deal with

MIMO channels with general fading distributions and with problems associated with channel

state information only at the receiver (CSIR) [8] as well as with channel state information at the

transmitter (CSIT) under either the short-term or long-term energy constraints [2].

Since our interest here is on delay-limited systems where each codeword sees one or finitely

many channel realizations, the capacity of such systems is best explained in the capacity versus

outage formulation where the block fading channel is modeled as a compound channel charac-

terized by the set of all possible fading realizations. The notion of universality is meaningful in

the compound channel scenario, where we say a code is universal over a set of channel realiza-

tions if it results in an acceptably small (conditional) error probabilityuniformlyover that set.

The seminal work of [9] shows the existence of codes of rateR which are universal over any

bounded set of channel realizations for which the delay-limited capacity is no less thanR. This

achievability result is of course stronger than the one obtained using random coding arguments
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which yields the existence of a code whoseaverageerror probability (averaged over the set) is

acceptably small.

Strengthening the achievability result of [9] which was proved for the set of maximum en-

ergy constrained codes, we show that even the smaller class of spectral norm constrained codes

containuniversal codes. The practical significance of this result and the one obtained in [9] as

explained in Section IV is a kind of “separation principle” that states it is possible todecouple

the design of optimal codes (in the sense of achieving average FEPs arbitrarily close to the re-

spective outage probabilities) into the design of spectralnorm or maximum energy constrained

universal codes and the design of precoders optimized for the particular fading distribution and

the availability or the lack thereof, of the channel state information at the transmitter.

The following notation is used throughout this paper. Vectors and matrices are represented

by boldface lower and upper case letters, respectively. Thesuper-scripts(·)T and(·)† denote

the transpose and the conjugate transpose operations, respectively. For anyn, p ≥ 1, ICn×p,

denotes the set ofn × p matrices with complex-valued components.1p and0p are used to

denote lengthp vectors of ones and zeros, respectively. We lettr(·) and | · | denote the trace

and determinant of their matrix arguments whereasE[·] denotes the expectation operator. For

A ∈ ICn×p, a ∈ ICn×1, we define‖A‖2
F

△
= tr(A†A) and‖a‖2 △

= a†a. Also, ‖ · ‖∞ and

λmax(·) denote the maximum singular value and the maximum eigenvalue of their respective

matrix arguments. Finally,log(·) denotes the logarithm of its argument to base2.

II. SYSTEM MODEL

We consider the discrete-time model of a block-fading MIMO communication system. In

particular, the system hasK inputs,N outputs and the channel output received overJ channel

uses can be described as

Y = HX + V , (1)

whereY is theN × J received matrix and the fading is described by theN × K matrix H.

We assume that the random variables (fading coefficients) inthe matrixH are drawn from some

continuous distribution and remain fixed forJ symbol intervals after which they jump to inde-

pendent values. Due to delay and/or bandwidth constraints each transmitted codeword sees only

finitely many fading realizations. Note that in (1) we can haveN = Lr andK = Lt, where
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r, t denote the number of receive and transmit antennas, respectively, andL denotes the finite

number of fading realizations. For example,L may denote the number of carriers in MIMO

orthogonal frequency-division multiplexed (OFDM) systems. The matrixH in this case has a

block diagonal structure and can be considered to be the channel matrix of aK-input andN-

output MIMO system with a coherence interval ofJ symbol intervals. TheN × J matrix V

represents the additive noise at the receiver which is independent ofH and has i.i.d. complex

normalCN (0, 1) elements. The instantaneous channel state information (CSI) is assumed to

be available perfectly at the receiver (CSIR) but may or may not be known to the transmitter.

The transmitter however always knows the distribution (or the fading law) ofH. TheK × J

codeword matrixX is drawn equi-probably from a space-time codeXJ and the decoder used is

the optimum decoder employing the maximum-likelihood decoding rule.

Our objective here is to examine the connection between the outage probability and the FEP in

the limit of large block-lengthsJ → ∞. However, sinceJ is proportional to the coherence time

of the underlying physical channel, it does not make sense toconduct the performance analysis

for agiven channelby lettingJ → ∞. The correct approach—which is adopted here henceforth

and which was used earlier in [2]—is to consider a sequence ofblock-fading channels indexed

by their blocklengthJ = 1, 2, · · · all of which have the same fading distribution. Then for a

given rate of transmissionR and specified energy constraints, we derivefirm upper and lower

bounds on the FEP achievable over the channel of finite blocklengthJ . The limiting behavior

of the firm bounds asJ → ∞ is then examined. As noted in [2], it is meaningful to study

the performance limits asJ → ∞ since the block-lengths even in delay-constrained practical

systems can be fairly large. For notational convenience, wedo not explicitly index the channel

matrix by its coherence intervalJ but simply assume that a code of lengthJ is only used over

the channel with coherence intervalJ 3. In particular, when we refer to the FEP of “a code of

lengthJ” we mean the FEP obtained by using that code over the channel with coherence interval

J . Finally, note that for a given channel (with finite blocklength) letting the code length go to

infinity takes us into the ergodic regime where the Shannon capacity is positive and which is not

of interest here.
3Recall that all channels in the sequence have the same distribution.
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III. PROBLEM FORMULATIONS

A. Outage Probability Definitions

For the model in (1) with only CSIR and an average energy constraintE[‖X‖2
F] ≤ WJ , for

some constantW > 0, the outage probability, denoted byP csir
out (R), is given by [8]

P csir
out (R)

△
= inf

Q�0:tr(Q)≤W
Pr
(

log
(∣

∣I + HQH†
∣

∣

)

< R
)

, (2)

where� denotes the positive semidefinite ordering. Unfortunately, the optimal covariance ma-

trix is not known even in the commonly used single-block i.i.d. Rayleigh fading model. How-

ever, for this case Telatar [8] makes a widely accepted conjecture that the optimal strategy is

to assign equal power to a subset of the antennas and turn off the rest, i.e., the optimalQ is of

the form W
r

diag{1T
r , 0

T
K−r}, 1 ≤ r ≤ K. This conjecture, to the best of our knowledge, has

only been proved for systems with one receive antenna (N = 1) in [10]. In some works, for

instance [11], the covariance matrix is restricted to be a scaled identity matrix and the resulting

probability

P̂ csir
out (R)

△
= Pr

(

log

∣

∣

∣

∣

I +
W

K
HH†

∣

∣

∣

∣

< R

)

, (3)

is taken to be the outage probability. Clearly,P csir
out (R) ≤ P̂ csir

out (R).

On the other hand, for systems with perfect CSIR and perfect CSIT (the combination hence-

forth referred to as just CSIT), the codebook used can be a function of H. For such systems, a

short-term power constraint (STPC),E[‖X‖2
F|H] ≤ WJ, ∀ H can be imposed and [2] defines

the outage probability to be

P csit−st
out (R)

△
= Pr

(

max
Q�0: tr(Q)≤W

{

log
∣

∣I + HQH†
∣

∣

}

< R

)

. (4)

Moreover, a long-term power constraint (LTPC) can also be imposed by letting the transmitter

transmit scaled codewords
√

γ(H)X with E[‖X‖2
F|H] ≤ WJ, ∀ H and whereγ : ICN×K →

IR+ is any scaling function such thatE[γ(H)] ≤ 1. Clearly the LTPC is a more relaxed con-

straint than the STPC. The outage probability for this case is defined in [2] to be

P csit−lt
out (R)

△
= min

γ(H)≥0: E[γ(H)]≤1
Pr

(

max
Q�0: tr(Q)≤W

{

log
∣

∣I + γ(H)HQH†
∣

∣

}

< R

)

, (5)

and an optimal scaling function is provided in [2].
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B. A New Class of Codes

In this paper, our interest is in proving both achievabilityand strong converse theorems for a

certain class of codes which we next define. LettingMJ = ⌈2RJ⌉, J ≥ 1, denote the number of

codewords, we define the following telescoping sets of codesof rateR (in bits per channel use),

denoted asCA, CF, andCP, respectively, as follows:

CA
△
=

{

XJ = {Xj}MJ

j=1, ∀J ≥ 1 : Xj ∈ ICK×J ,
1

MJ

MJ
∑

j=1

‖Xj‖2
F ≤ WJ

}

, (6)

CF
△
=

{

XJ = {Xj}MJ

j=1, ∀J ≥ 1 : Xj ∈ ICK×J , ‖Xj‖2
F ≤WJ, ∀ 1 ≤ j ≤MJ

}

, (7)

and

CP
△
=

{

XJ = {AXj}MJ

j=1, ∀J ≥ 1 : A ∈ ICK×K, tr(AA†) ≤W, Xj ∈ ICK×J ,

λmax

(

Xj(Xj)†

J

)

≤ 1, 1 ≤ j ≤MJ

}

. (8)

Note that in (6)–(8) we have usedXJ to denote a space-time codebook ofK × J codeword

matrices. The setCA is the set of space-time codes of rateR satisfying the average energy con-

straint whereas the setCF is the set of space-time codes of rateR satisfying the maximum energy

(Frobenius norm) constraint. The newly introduced class ofcodesCP can also be expressed as

CP =
{

ACE : tr
(

AA†
)

≤W
}

,

where

CE
△
=

{

XJ = {Xj}MJ

j=1, ∀J ≥ 1 : Xj ∈ ICK×J , λmax

(

Xj(Xj)†

J

)

≤ 1 , 1 ≤ j ≤MJ

}

.

TheCE is the set of codes whose (normalized) spectral norm is bounded by unity andCP can

be interpreted as its expansion viaprecodingincluding beamforming and power control. Also,

note the telescoping set inclusions

CP ⊂ CF ⊂ CA .

For the special case of a single input,K = 1, the setsCP andCF are identically equal and many

arguments in this paper simplify greatly.
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C. Achievability of Outage Probability and Best AchievableFEP

Next, we make precise the notions of what it means for the outage probability to be achievable

and when there is a strong converse associated with a set of codes. The commonly used definition

of achievability for the CSIR-only case is as follows.

Definition 1: A set of codesC of rateR is said to achieveP csir
out (R) in (2), if for any ǫ > 0,

there is an integerJa(ǫ) ≥ 1, such that for eachJ > Ja(ǫ), there exists a codeXJ ∈ C yielding

a FEP, averaged over the set of channel realizations and denoted byPr (E |XJ ), no greater than

P csir
out (R) + ǫ.

Note that if a set of codesC of rateR achievesP csir
out (R) , we have that there exists a sequence of

codes{XJ}∞J=1 in C such thatlim supJ→∞ Pr(E|XJ) ≤ P csir
out (R).

In a similar vein, the definition of achievability for the CSIT with LTPC reads as follows:

Definition 2: A set of codesC of rateR is said to achieveP csit−lt
out (R) in (4) if for any ǫ > 0,

there is an integerJa(ǫ) ≥ 1 such that for eachJ > Ja(ǫ) there exists a scaling function

γ(H) ≥ 0 such thatE[γ(H)] ≤ 1 and a coding rule which picksXJ(H) ∈ C, ∀ H, yielding

a FEP, averaged over the set of channel realizations and denoted asE [Pr (E|H,XJ(H), γ(H))]

that is no greater thanP csit−lt
out (R) + ǫ.

Note that in the case of CSIT with STPC, the definition remainsthe same as above except that

nowγ(H) = 1, ∀ H.

Given the telescoping set inclusionsCP ⊂ CF ⊂ CA, it is clear that the strongest achievability

theorem would be the one proved forCP followed by that forCF and thenCA.

Let us turn our attention to definitions associated with thestrong converseresults which in-

volve showing that the outage probabilities are a lower bound on the FEPs.

Definition 3: For the CSIR-only case, the strong converse holds for a classof codesC of rate

R in the limit of large frame lengths, if for anyǫ > 0, there is an integerJsc(ǫ) ≥ 1, such that

any codeXJ ∈ C with frame (codeword) lengthJ > Jsc(ǫ) has a FEP no less thanP csir
out (R)− ǫ.

Note that if both the achievability ofP csir
out (R) and the corresponding strong converse can be

shown for the same setC of rateR, thenP csir
out (R) is thebest achievableFEP forC.

Note that if the strong converse holds for a set of codesC then any sequence of codes{XJ}∞J=1

in C with increasing (unbounded) framelengths satisfies

lim inf
J→∞

Pr(E|XJ) ≥ P csir
out (R). (9)
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Similarly, the definition of strong converse for the CSIT with LTPC reads as follows:

Definition 4: For the CSIT case with LTPC, the strong converse holds for a set C of rate

R in the limit of large frame lengths, if for anyǫ > 0, there is an integerJsc(ǫ) ≥ 1, such

that any scaling functionγ(H) ≥ 0 such thatE[γ(H)] ≤ 1 and any coding rule which picks

XJ(H) ∈ C, ∀ H, J ≥ Jsc(ǫ), yields an average FEPE [Pr (E |H,XJ(H), γ(H))] that is no

less thanP csit−lt
out (R) − ǫ.

Note again that if achievability ofP csit−lt
out (R) and the corresponding strong converse can be

shown for the same setC of rateR, thenP csit−lt
out (R) is the best achievable FEP forC.

Again, in the case of CSIT with STPC, the definition remains the same as above except

γ(H) = 1, ∀ H. As discussed in Section I, we will, without loss of generality, assume that

the outage probabilities defined in (2), (4) and (5) are strictly positive for the specified rateR

and powerW .

IV. SUMMARY OF RESULTS

It is not known for MIMO channels whether the strong converseresult holds for the setCA,

or evenCF. The best known result is based on Fano’s inequality. In particular, using Fano’s

inequality, we can lower bound the FEP of a codeXJ ∈ CA for the CSIR-only case as

Pr(E|XJ) ≥ inf
Q�0

tr(Q)≤W

E

[(

1 −
1

RJ
−

log
∣

∣I + HQH†
∣

∣

R

)+]

, (10)

where(x)+ = max{0, x}, and for the CSIT case we have

E [Pr (E |H,XJ(H), γ(H))]

≥ inf
γ(H)≥0:E[γ(H)]≤1

E

[(

1 −
1

RJ
−

1

R
max
Q�0

tr(Q)≤W

log
∣

∣I + γ(H)HQH†
∣

∣

)+]

. (11)

Unfortunately, these lower bounds are strictly less than their respective outage probabilities as

J → ∞. In this regard, we note that [12] uses Fano’s inequality, but only to conclude that in

the CSIR case, thediversity orderof any code inCA is no greater than the diversity order of

P csir
out (R).

Recently, the authors in [4] considered MIMO systems with only CSIR and developed a

sphere packing lower bound on the FEP of any code inCF. Unfortunately, the bound devel-

oped in [4] is based on some invalid assumptions and approaches P̂ csir
out (R) in (3) asJ → ∞.
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Note that since the achievability ofP csir
out (R) with the setCF can be readily proved, and since

P csir
out (R) ≤ P̂ csir

out (R), with strict inequality in many cases, the result in [4] cannot be true. It

is shown in Appendix-B that the sphere packing lower bound in[4] is based on an incorrect

assumption, and hence is not valid.

The central contribution of this work is that it establishesthe outage probability to be thebest

achievableFEP in the large framelength limit for the setCP. It is summarized for the CSIR-only

case using Definitions 1 and 3 in the theorem below.

Theorem 1:In the case of CSIR only, the set of codesCP of rateR defined in (8) achieves the

outage probabilityP csir
out (R) in (2) (and hence, so doCF andCA). Moreover, the corresponding

strong converse holds for the same set of codesCP; taken together, these imply thatP csir
out (R) is

the best achievable FEP for the set of codesCP when only the receiver has CSI.

For the CSIT case with LTPC (STPC), using Definitions 2 and 4, the theorem reads as follows.

Theorem 2:In the case of CSIT with LTPC (STPC), the set of codesCP of rateR defined

in (8) achieves the outage probabilityP csit−lt
out (R) in (5) (resp.,P csit−st

out (R) in (4), and hence, so

doCF andCA. Moreover, the corresponding strong converse holds for thesame set of codesCP;

taken together, these imply thatP csit−lt
out (R) (resp.,P csit−st

out (R)) is the best achievable FEP for the

set of codesCP when both the receiver and the transmitter have CSI under theLTPC constraint.

Note that the theorem for the CSIT with STPC case is included parenthetically and is obtained

after settingγ(H) = 1, ∀ H.

In Section V, we use standard random coding arguments to prove the achievability for the set

CP. In Section VI, we consider systems with and without CSIT anddevelop a sphere packing

lower bound for the setCP and using that bound we prove that the strong converse holds for the

setCP in Section VII.

Finally, the notion of universal communications is considered in Section VIII by taking the

compound channel view. There, in particular, for positive and finite-valued parameters∆ anda

fixed arbitrarily, we define the set

Aa
∆ =

{

H ∈ ICN×K : ‖H‖∞ ≤ a, log
∣

∣I + HH†
∣

∣ ≥ R + ∆
}

, (12)

and prove the following achievability result for the class of codesCE whose codewords are

bounded in the spectral norm. The role of the parametera is to make the setAa
∆ compact. It

must be finite but can be taken to be arbitrarily large.
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Theorem 3:For anyǫ > 0, ∃ XJ ∈ CE such that∀ H ∈ Aa
∆, Pr (E |H,XJ ) ≤ ǫ.

The above result strengthens the fundamental result of Rootand Varaiya in [9]. The proof

extends the elaborate techniques of [9] which prove the corresponding result for the larger class

of codesCF.

Next, we discuss the importance of the above result. Recent works have considered the design

of universal codes for the CSIR-only case [13]. Also, designrules along with particular con-

structions of approximately universal codes have been presented in [14] (see also [15]). These

codes are universal in the coarser (high-SNR) diversity-multiplexing tradeoff framework. One

aspect that has not been considered in [13] andcannotbe captured by the framework used in

[15], is that of combining a universal code with good precoders. [13] seeks to design codes

that are uniformly good over the setA∞
∆ and in-fact their stated goal is achieve a FEP close to

P̂ csir
out (R) in (3). However, a key observation is thatthe problem of designing good codes for

arbitrary (but known) fading statistics can be decoupled into the problem of designing universal

codes (overA∞
∆ ) and that of designing good precoders. Put in another way, suppose we choose

a precoderA : tr(AA†) ≤ W , so that the codêXJ = AXJ ∈ CP. Notice that for anyH such

that log
∣

∣I + HAA†H†
∣

∣ ≥ R + ∆, we have thatPr(E|X̂J ,H) ≤ ǫ. Consequently, the FEP of

such a code in the CSIR-only case (where the codeX̂J is invariant to the channel realization)

can be upper-bounded as

Pr(E|X̂J) ≤ ǫ+ (1 − ǫ) Pr
(

log
∣

∣I + HAA†H†
∣

∣ < R+ ∆
)

. (13)

Thus by designing a good precoder matched to the given fadingdistribution (using (2)), we can

obtain a performance close toP csir
out (R) in (2) instead of (3). However, this precoder optimization

clearly requires the knowledge of the fading law at the transmitter.

The same idea applies to the scenario with CSIT except that the precoder can depend on the

channel realization.

V. PROOFS OFACHIEVABILITY

In this section we prove the achievability part of Theorems 1and 2. Let us first consider

the CSIR-only case. The key issue here is that since the instantaneous CSI is absent at the

transmitter, it cannot adapt or change its code based on the channel realization. Thus, we have

to prove that there exists a single code which achieves an error probability close to the outage
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probability. Then, for givenǫ > 0, we first obtain4 Â such that

Pr (OÂ)
△
= Pr

(

log
∣

∣

∣
I + HÂÂ†H†

∣

∣

∣
< R

)

≤ P csir
out (R) + ǫ. (14)

andtr(ÂÂ†) ≤W − δ, for someδ > 0.

Let IO
Â
(H) denote the indicator function for the event

{

H : log
(∣

∣

∣
I + HÂÂ†H†

∣

∣

∣

)

< R
}

and letIOc

Â
(H)

△
= 1 − IO

Â
(H). Using these indicator functions, the average FEP achievedby

any codeXJ ∈ CP can be upper bounded as

Pr(E|XJ) = E
[

Pr (E|H,XJ) IO
Â
(H)

]

+ E
[

Pr (E|H,XJ) IOc

Â
(H)

]

,

≤ Pr (OÂ) + E
[

Pr (E|H,XJ) IOc

Â
(H)

]

. (15)

To bound the termE
[

Pr(E|H,XJ)IOc

Â
(H)

]

, we use the standard random coding upper bound

with the density

f(X) =
φ(X)

µ

J
∏

j=1

1

πK |Σ|
exp

(

−x
†
jΣ

−1xj

)

, (16)

whereX = [x1, · · · ,xJ ] & Σ = ÂÂ†, and

φ(X) =







1 XX†

J
� W

W−δ
ÂÂ†

0 otherwise
, (17)

andµ = Pr
(

ZZ†

J
� W

W−δ
ÂÂ†

)

, whereZ is aK × J matrix with i.i.d. CN (0,Σ) columns.

Note that the codebook drawn using (16) belongs toCP. Let CJ
P be the subset ofCP containing

lengthJ codes so thatCP = ∪∞
J=1C

J
P. Then the key step due to Tonelli’s theorem [16], is that

ECJ
P
EH

[

Pr (E|H,XJ) IOc

Â
(H)

]

= EHECJ
P

[

Pr (E|H,XJ) IOc

Â
(H)

]

, (18)

whereECJ
P
[.] denotes the expectation over the setCJ

P using the density in (16). Then, condi-

tioned onH and lettingP̄r (E|H)
△
= ECJ

P
[Pr (E|H,XJ)], a random coding upper bound can be

computed using steps similar to those in [17,18] as

P̄r(E|H) ≤

(

1

µ

)1+ρ(H)

2
−Jρ(H)[log|I+ 1

1+ρ(H)
HΣH†|−R], ρ(H) ∈ [0, 1]. (19)

4The existence of such a matrix follows from the continuityP
csir
out (R) in W .
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Letting ρ̂(H) = arg maxρ∈[0,1]

{

ρ
[

log
∣

∣

∣
I + 1

1+ρ
HΣH†

∣

∣

∣
− R

]}

and using (19) with (18) and

(15), we obtain a random coding upper bound

P̄r(E) ≤ Pr(OÂ) + E

[

(

1

µ

)1+ρ̂(H)

2
−Jρ̂(H)[log|I+ 1

1+ρ̂(H)
HΣH†|−R]IOc

Â
(H)

]

. (20)

Now, it is known from [17], that for allH such thatIOc

Â
(H) = 1, we have

ρ̂(H)

[

log

∣

∣

∣

∣

I +
1

1 + ρ̂(H)
HΣH†

∣

∣

∣

∣

− R

]

≥ 0

with equality iff log
∣

∣I + HΣH†
∣

∣ = R. However, sincelog
∣

∣I + HΣH†
∣

∣ is a continuous random

variable, the set
{

H : log
∣

∣I + HΣH†
∣

∣ = R
}

is either a set of measure zero or measure one but

since the outage probability in (2) is strictly positive, wecan conclude that it must be a set

of measure zero. Further, using the strong law of large numbers [19], it follows thatZZ†

J
→

Σ. SinceΣ ≺ W
W−δ

Σ, we have thatlimJ→∞ µ = 1. Using these facts and the dominated

convergence theorem [16], we have the desired result that

lim sup
J→∞

P̄r(E) = Pr(OÂ) ≤ P csir
out (R) + ǫ. (21)

This concludes the proof of the achievability part of Theorem 1.

Next, consider the CSIT case with LTPC. Letγ̂(·) be an optimal scaling function in the outage

minimization in (5) (determined using the results in [2]) when the average transmit power is

W − δ and setQ̂(H)
△
= arg maxQ�0, tr(Q)≤W−δ

{

log
∣

∣I + γ̂(H)HQH†
∣

∣

}

. Let δ be chosen such

that

Pr
(

log
∣

∣

∣
I + γ̂(H)HQ̂(H)H†

∣

∣

∣
< R

)

≤ P csit−lt
out (R) + ǫ. (22)

Now, takingΣ = Q̂(H) in (16) andγ̂(.) to be the scaling function, the random coding upper

bound is obtained as

P̄r(E) ≤ P csit−lt
out (R) + ǫ

+ E

[

(

1

µ

)1+ρ̂(H)

2−Jρ̂(H)[log|I+ 1
1+ρ̂(H)

γ̂(H)HQ̂(H)H†|−R]1
{

log
∣

∣

∣
I + γ̂(H)HQ̂(H)H†

∣

∣

∣
≥ R

}

]

.

At this point, the proof of achievability in Theorem 2 follows after noting thatlimJ→∞ µ = 1

(for eachH) and using the dominated convergence theorem. The proof of achievability for the

CSIT case with STPC follows after takinĝγ(H) = 1, ∀ H in the above argument.
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VI. SPHEREPACKING LOWER BOUNDS

In this section we derive our sphere packing lower bounds on the achievable error probabili-

ties. Note that these are firm bounds which are applicable forfinite code lengths. The asymptotic

analysis of these bounds (asJ → ∞) is undertaken in the next section and it yields the desired

strong converses of Theorems 1 and 2.

Lemma 1:For the CSIR-only case, the error probability of any codeXJ ∈ CP, is lower

bounded byPecsir
sp (W,R, J), where

Pecsir
sp (W,R, J)

△
= inf

A∈ ICK×K:tr(AA†)≤W
E

[(

sup
δ∈ IR+

{

exp
(

−
(

rδ
J(HA)

)2
)

NJ−1
∑

j=0

(rδ
J(HA))2j

j!

−Peub(HA)

})+]

, (23)

where
(

rδ
J(HA)

)2 △
= NJ(1 + δ)2−R/N

∣

∣

∣

∣

I +
1

1 + δ
HAA†H†

∣

∣

∣

∣

1/N

(24)

and

Peub(HA)
△
= Pr

(

m
∑

k=1

‖vk + sk1J‖
2

NJ(1 + δ + s2
k)

+

N
∑

k=m+1

‖vk‖
2

NJ(1 + δ)
> 1|HA

)

, (25)

with vk, 1 ≤ k ≤ N denoting thekth row of the noise matrixV and{sk}
m

△
=min(N,K)

k=1 them

largest singular values ofHA.

Next, for the CSIT-STPC case, the error probability achieved by any coding rule which picks

XJ(H) ∈ CP, ∀ H, is lower bounded by

Pecsit−st
sp (W,R, J)

△
= E

[

inf
A∈ ICK×K:tr(AA†)≤W

(

sup
δ ∈IR+

{

exp
(

−(rδ
J(HA))2

)

NJ−1
∑

j=0

(

rδ
J(HA)

)2j

j!

− Peub(HA)

})+]

.(26)

Finally, with CSIT-LTPC the error probability achieved by any scaling functionγ(H) ≥ 0 :

E[γ(H)] ≤ 1 and any coding rule which picksXJ(H) ∈ CP, ∀ H is is lower bounded by

Pecsit−lt
sp (W,R, J), which equals

inf
γ(H)≥0: E[γ(H)]≤1

E

[

inf
A∈ ICK×K :tr(AA†)≤W

(

sup
δ∈ IR+

{

exp
(

−(rδ
J(
√

γ(H)HA))2
)
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×
NJ−1
∑

j=0

(

rδ
J(
√

γ(H)HA)
)2j

j!
− Peub

(

√

γ(H)HA
)

})+]

. (27)

Proof: We consider any codeXJ = {AXj}MJ

j=1 ∈ CP so that the received matrix can be

written as

Y = HAX + V . (28)

For the givenHA and someδ ≥ 0, we define an bounding region

Sδ
J(HA)

△
=
{

Z ∈ ICN×J : tr
(

Z†
(

NJ(1 + δ)I +NJHAA†H†
)−1

Z
)

≤ 1
}

. (29)

Now lettingE c denote the complement of the frame (codeword) error eventE , we can lower

bound the conditional error probability as

Pr (E |HA,XJ ) ≥ 1−Pr
(

E c,Y ∈ Sδ
J(HA) |HA,XJ

)

−Pr
(

Y /∈ Sδ
J(HA) |HA,XJ

)

. (30)

We note that the bounded regionSδ
J(HA) is a hyper-ellipsoid of volume

Vol
(

Sδ
J(HA)

)

=
πNJ

(NJ)!
(NJ(1 + δ))NJ

∣

∣

∣

∣

I +
1

1 + δ
HAA†H†

∣

∣

∣

∣

J

. (31)

Next, we have

Pr
(

E c,Y ∈ Sδ
J(HA) |HA,XJ

)

=
1

MJ

MJ
∑

j=1

Pr
(

E c,Y ∈ Sδ
J(HA)

∣

∣HA,Xj
)

=
1

MJ

MJ
∑

j=1

∫

Vj(HA)∩Sδ
J (HA)

f
(

Y|HA,Xj
)

dY , (32)

where, conditioned onHA, Vj(HA) denotes the Voronoi (decision) region ofXj. Using the

fact thatf (Y |HA,Xj ) is a (white) Gaussian density with meanHAXj, [4] shows that
∫

Vj(HA)∩Sδ
J (HA)

f
(

Y
∣

∣HA,Xj
)

dY

≤ 1 − exp
(

−
(

rδ
J(HA,Xj)

)2
)

NJ−1
∑

j=0

(

rδ
J(HA,Xj

)2j

j!
(33)

whererδ
J (HA,Xj) is the radius of aNJ-hypersphere having the same volume asVj(HA) ∩

Sδ
J(HA). Moreover, since

∑MJ

j=1 Vol(Vj(HA) ∩ Sδ
J(HA)) = Vol(Sδ

J(HA)), it is proved in [4]

that
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1

MJ

MJ
∑

j=1






1 − exp

(

−
(

rδ
J(HA,Xj)

)2
)

NJ−1
∑

j=0

(

(

rδ
J(HA,Xj)

)2
)j

j!







≤ 1 − exp
(

−
(

rδ
J(HA)

)2
)

NJ−1
∑

j=0

(

rδ
J(HA)

)2j

j!
, (34)

whererδ
J(HA) is given by (24). Note thatrδ

J(HA) is the radius of aNJ−hypersphere whose

volume equals Vol(Sδ
J(HA))/MJ . From (34), we have that the best Voronoi regions which are

contained in the bounding set (29) of volume (31), are hyper-spheres of equal volume. Hence,

using (34) and (33) in (32), the conditional error probability is lower bounded by a difference of

two terms as follows

Pr
(

E c,Y ∈ Sδ
J(HA) |HA,XJ

)

≤ 1 − exp
(

−(rδ
J(HA))2

)

NJ−1
∑

j=0

(rδ
J(HA))2j

j!
. (35)

Using (35) in (30), we have that

Pr (E |HA,XJ ) ≥ exp
(

−
(

rδ
J(HA)

)2
)

NJ−1
∑

j=0

(

rδ
J(HA)

)2j

j!
− Pr

(

Y /∈ Sδ
J(HA) |HA,XJ

)

.

(36)

Now to bound the termPr
(

Y /∈ Sδ
J(HA) |HA,XJ

)

, we first expand it as

Pr
(

Y /∈ Sδ
J(HA) |HA,XJ

)

=
1

MJ

MJ
∑

j=1

Pr
(

Y /∈ Sδ
J(HA)

∣

∣HA,Xj
)

. (37)

Then we consider the termPr
(

Y /∈ Sδ
J(HA) |HA,Xj

)

and since the following analysis is

applicable to allXj, 1 ≤ j ≤ MJ , we drop the superscriptj. We next write the singular value

decompositions ofHA andX as

HA = RSW†, X = FΛG† , (38)

and define theK ×K unitary matrixQ = W†F and letqk, 1 ≤ k ≤ K denote thekth row of

Q. Then, we have

Pr
(

Y /∈ Sδ
J(HA)

∣

∣

∣
HA,X

)

= Pr
(

tr
(

Y†
(

NJ(1 + δ)I +NJHAA†H†
)−1

Y
)

> 1
∣

∣

∣
HA,X

)

= Pr
(

tr
(

(

NJ(1 + δ)I +NJHAA†H†
)−1

(HAX + V) (HAX + V)†
)

> 1
∣

∣

∣
HA,X

)
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(a)
= Pr

(

tr
(

(

NJ(1 + δ)I +NJSS†
)−1 (

SQΛG† + V
) (

SQΛG† + V
)†
)

> 1
∣

∣

∣
HA,X

)

(b)
= Pr

(

tr
(

(

NJ(1 + δ)I +NJSS†
)−1

(SQΛ + V) (SQΛ + V)†
)

> 1
∣

∣

∣
HA,X

)

= Pr

(

m
∑

k=1

‖vk + skqkΛ‖2

NJ(1 + δ + s2
k)

+
N
∑

k=m+1

‖vk‖2

NJ(1 + δ)
> 1

∣

∣

∣

∣

HA,X

)

, (39)

where (a) and (b) follow since the additive noise is independent ofX andHA, and is unitarily

invariant. Note that sinceλmax(XX†) ≤ J and‖qk‖2 = 1, we have‖skq
†
kΛ‖2 ≤ s2

kJ, 1 ≤ k ≤

m. Using this with astochastic orderingresult given in Appendix -A, we obtain

Pr

(

m
∑

k=1

‖vk + skqkΛ‖2

NJ(1 + δ + s2
k)

+

N
∑

k=m+1

‖vk‖2

NJ(1 + δ)
> 1

∣

∣

∣

∣

X,HA

)

≤

Pr

(

m
∑

k=1

‖vk + sk1J‖
2

NJ(1 + δ + s2
k)

+
N
∑

k=m+1

‖vk‖
2

NJ(1 + δ)
> 1

∣

∣

∣

∣

HA

)

. (40)

Then using the upper bound (40) and the result in (39) in (37),we obtain the upper-bound

Pr
(

Y /∈ Sδ
J(HA) |HA,XJ

)

≤ Peub(HA), (41)

wherePeub(HA) given in (25).

The sphere packing lower bounds can be obtained by first usingthe upper bound (41) in (36)

to get

Pr(E|HA,XJ) ≥

(

sup
δ∈ IR+

{

exp
(

−(rδ
J(HA))2

)

NJ−1
∑

j=0

(

rδ
J(HA)

)2j

j!
− Peub (HA)

})+

. (42)

Now, the sphere-packing lower bound for the CSIR-only case given in (23) can be obtained

by minimizing the expected value of the lower bound in (42) over A. For the perfect CSIT

case with STPC, the lower bound given in (26) is obtained by using the fact that due to the

availability of CSIT, the precoderA can be channel dependent. Finally, for the perfect CSIT

case with LTPC, the bound given in (27) follows after minimizing (42) overA for eachH and

then further minimizing over all possible scaling functions.

To evaluate the termPeub(HA) given in (25), note that conditioned onHA, the quadratic

form
m
∑

k=1

‖vk + sk1J‖
2

NJ(1 + δ + s2
k)

+
N
∑

k=m+1

‖vk‖
2

NJ(1 + δ)
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is a non-central definite quadratic form in complex normal random variables. Several expres-

sions on the cdf of such a quadratic form along with efficient numerical techniques to evaluate

them are given in [20]. Here, we content ourselves with the Chebyshev and Chernoff upper

bounds. For anyβ ∈ IR we have that [21]

E
[

‖vk + β1J‖
2
]

= J + Jβ2,

Var
(

‖vk + β1J‖
2
)

= J + 2Jβ2, and

E[exp(s‖vk + β1J‖
2)] =

1

(1 − s)J
exp

(

sJβ2

1 − s

)

, 0 ≤ s < 1.

Using (43), for anyδ > 0, we first obtain a Chebyshev upper bound

Pr

(

m
∑

k=1

‖vk + sk1J‖2

NJ(1 + δ + s2
k)

+
N
∑

k=m+1

‖vk‖2

NJ(1 + δ)
> 1

∣

∣

∣

∣

HA

)

≤

∑m
k=1

Var(‖vk+sk1J‖
2)

(NJ(1+δ+s2
k
))2

+
∑N

k=m+1

Var(‖vk‖
2)

(NJ(1+δ))2

(

1 −
∑m

k=1
E[‖vk+sk1J‖2]

NJ(1+δ+s2
k
)
−
∑N

k=m+1
E[‖vk‖2]
NJ(1+δ)

)2

=
1

J
(

N −
∑m

k=1

1+s2
k

1+δ+s2
k

− (N−m)
(1+δ)

)2

(

m
∑

k=1

1 + 2s2
k

(1 + δ + s2
k)

2
+
N −m

(1 + δ)2

)

. (43)

Lettingek = N(1 + δ + s2
k), 1 ≤ k ≤ m, we get the following Chernoff upper bound

Pr

(

m
∑

k=1

‖vk + sk1J‖2

NJ(1 + δ + s2
k)

+

N
∑

k=m+1

‖vk‖2

NJ(1 + δ)
> 1 |HA

)

≤ min
s∈[0,aJ)

{

1

exp(s)

m
∏

k=1

E
[

exp
(

s(NJ(1 + δ + s2
k))

−1‖vk + sk1J‖
2
)]

×E

[

exp
(s
∑N

k=m+1 ‖vk‖2

NJ(1 + δ)

)

]

}

(b)
=






min

x∈[0,a)











1

exp(x)

1
(

1 − x
N(1+δ)

)(N−m)

m
∏

k=1

1
(

1 − x
ek

) exp

(

xs2
k

ek(1 − x
ek

)

)

















J

,(44)

where(b) follows by settingx = s/J , and wherea = min{ek} if m = N anda = N(1 + δ) for

m < N .
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VII. PROOF OFSTRONG CONVERSE

Note that the strong converse will be proved in each of the three cases if we can show the

following inequalities

lim inf
J→∞

Pecsir
sp (W,R, J) ≥ inf

Q�0:tr(Q)≤W
Pr
(

log
(∣

∣I + HQH†
∣

∣

)

< R
)

, (45)

lim inf
J→∞

Pecsit−st
sp (W,R, J) ≥ Pr

(

max
Q�0:tr(Q)≤W

{

log
∣

∣I + HQH†
∣

∣

}

< R

)

, (46)

and

lim inf
J→∞

Pecsit−lt
sp (W,R, J)

≥ inf
γ(H)≥0: E[γ(H)]≤1

Pr

(

max
Q�0:tr(Q)≤W

{

log
∣

∣I + γ(H)HQH†
∣

∣

}

< R

)

, (47)

respectively. We will consider the CSIR and CSIT cases in separate subsections.

A. CSIR-only

We start with the CSIR-only case. We fixδ = 2∆/2N − 1 for some∆ > 0 and recall that for

any real-valued scalar(x)+ = max{0, x}. Then note that for any positiveδ

(

sup
δ∈ IR+

{

exp
(

−
(

rδ
J(HA)

)2
)

NJ−1
∑

j=0

(rδ
J(HA))2j

j!
− Peub(HA)

})+

≥

(

exp
(

−
(

rδ
J(HA)

)2
)

NJ−1
∑

j=0

(rδ
J(HA))2j

j!
− Peub(HA)

)+

≥

(

exp
(

−
(

rδ
J(HA)

)2
)

NJ−1
∑

j=0

(rδ
J(HA))2j

j!
− Peub(HA)

)

×

1
{

log
∣

∣I + HAA†H†
∣

∣ < R− ∆
}

so that we can lower boundPecsir
sp (W,R, J) in (23) by

inf
A:tr(AA†)≤W

E

[

exp
(

−
(

rδ
J(HA)

)2
)

NJ−1
∑

j=0

(

rδ
J(HA)

)2j

j!
1
{

log
∣

∣I + HAA†H†
∣

∣ < R − ∆
}

]

− sup
A:tr(AA†)≤W

E

[

Peub(HA)1
{

log
∣

∣I + HAA†H†
∣

∣ < R − ∆
}

]

. (48)
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We next consider the first term in (48). Note that with i.i.d.Zk ∼ CN (0, 1), 1 ≤ k ≤ NJ , we

have

Pr

(

NJ
∑

k=1

|Zk|
2 ≥

(

rδ
J(HA)

)2

)

= exp
(

−
(

rδ
J(HA)

)2
)

NJ−1
∑

j=0

(

rδ
J(HA)

)2j

j!
. (49)

Furthermore, for anyH such thatlog
∣

∣I + HAA†H†
∣

∣ < R − ∆, we have that

∣

∣

∣

∣

I +
1

1 + δ
HAA†H†

∣

∣

∣

∣

1/N

≤
∣

∣I + HAA†H†
∣

∣

1/N
≤ 2(R−∆)/N (50)

and since1 + δ = 2∆/2N , from (24) we have that

(

rδ
J(HA)

)2
≤ NJ2−∆/2N < NJ, (51)

so that

inf
A:tr(AA†)≤W

E

[

exp
(

−
(

rδ
J(HA)

)2
)

NJ−1
∑

j=0

(

rδ
J(HA)

)2j

j!
1
{

log |I + HAA†H†| < R− ∆
}

]

≥ Pr

(

NJ
∑

k=1

|Zk|
2 ≥ NJ2−∆/2N

)

inf
A:tr(AA†)≤W

Pr
(

log
∣

∣I + HAA†H†
∣

∣ < R− ∆
)

. (52)

Next, using weak law of large numbers, we have

lim inf
J→∞

inf
A:tr(AA†)≤W

E

[

exp
(

−
(

rδ
J(HA)

)2
)

NJ−1
∑

j=0

(

rδ
J(HA)

)2j

j!

× 1
{

log
∣

∣I + HAA†H†
∣

∣ < R− ∆
}

]

≥ inf
A:tr(AA†)≤W

Pr
(

log
∣

∣I + HAA†H†
∣

∣ < R− ∆
)

. (53)

Now, for the second term in (48), we upper bound the Chebyshevbound in (43) as

1

J
(

N −
∑m

k=1
1+s2

k

1+δ+s2
k

− N−m
1+δ

)2

(

m
∑

k=1

1 + 2s2
k

(1 + δ + s2
k)

2
+
N −m

(1 + δ)2

)

(a)
≤

b

J
, (54)

whereb > 0 is some finite constant with respect toJ and (a) follows since∆, δ are both strictly

positive and{s2
k} are bounded whenlog

∣

∣I + HAA†H†
∣

∣ < R − ∆. From (54), we obtain

sup
A:tr(AA†)≤W

E
[

Peub(HA)1
{

log
∣

∣I + HAA†H†
∣

∣ < R − ∆
}]

≤
b

J
, (55)
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so that

lim
J→∞

sup
A:tr(AA†)≤W

E
[

Peub(HA)1
{

log
∣

∣I + HAA†H†
∣

∣ < R − ∆
}]

= 0. (56)

Finally, using (53) and (56) with the lower bound in (48) and recalling that the outage probability

is continuous inR, we can conclude that (45) holds, and we are done.

As an aside, note that (56) can be inferred from the Chernoff upper bounds which in fact

shows that this termdecays exponentially inJ . To see this, first note that for a non-negative

continuous random variableX and anys ∈ IR, we have

d2

ds2
(ln(E[exp(sX)])) =

E[exp(sX)]E[X2 exp(sX)] − (E[X exp(sX)])2

(E[exp(sX)])2

(c)
≥ 0 , (57)

where (c) follows after settingY = exp(sX/2) andZ = X exp(sX/2) and invoking the

Cauchy-Schwartz inequality that(E[Y Z])2 ≤ E[Y 2]E[Z2]. Then, sinceln(E[exp(sX)]) is

convex ins, for anyA ∈ ICK×K : tr(AA†) ≤ W the minimization in (44) is equivalent to the

convex optimization problem

min
x∈[0,a)











ln







1

exp(x)

1
(

1 − x
N(1+δ)

)(N−m)

m
∏

k=1

1
(

1 − x
ek

) exp

(

xs2
k

ek(1 − x
ek

)

)

















. (58)

Hence the KKT conditions [22] are both necessary and sufficient. Let ln(g(x)) denote the ob-

jective function in (58). Then using the KKT conditions it isreadily seen that whenδ > 0

and{s2
k} are bounded,x = 0 is not a KKT point and hence at any optimal pointx̂ we have

ln(g(x̂)) < ln(g(0)) = 0 which implies thatg(x̂) < 1 and hence(g(x̂))J → 0 asJ → ∞. Thus,

the second term in (48) decays exponentially to zero asJ → ∞.

B. CSIT

For brevity, we prove (47) in the following and omit the proofof (46) which follows af-

ter minor changes. We again fix∆ and takeδ as in the previous section and lower bound

Pecsit−lt
sp (W,R, J) in (27) by

inf
γ(H)≥0: E[γ(H)]≤1

{

E

[(

inf
A:tr(AA†)≤W

exp

(

−
(

rδ
J(
√

γ(H)HA)
)2
)NJ−1
∑

j=0

(rδ
J

(

√

γ(H)HA)
)2j

j!

)
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×1
{

log
∣

∣

∣
I + γ(H)HQ̂(H)H†

∣

∣

∣
< R− ∆

}

]

− E

[(

sup
A:tr(AA†)≤W

Peub
(

√

γ(H)HA
)

)

1
{

log
∣

∣

∣
I + γ(H)HQ̂(H)H†

∣

∣

∣
< R − ∆

}

]}

, (59)

where

Q̂(H) = arg max
Q�0, tr(Q)≤W

{log |I + γ(H)HQH|} .

Now note that for anyH such thatlog
∣

∣

∣
I + γ(H)HQ̂(H)H

∣

∣

∣
< R− ∆, we have that

log
∣

∣I + γ(H)HAA†H
∣

∣ < R− ∆, ∀ A : tr
(

AA†
)

≤W.

Employing the same arguments used to prove (52) and (54), albeit after replacingH with
√

γ(H)H, we obtain the inequalities

E

[(

inf
A:tr(AA†)≤W

exp
(

−(rδ
J(
√

γ(H)HA))2
)

NJ−1
∑

j=0

(rδ
J(
√

γ(H)HA))2j

j!

)

×1
{

log
∣

∣

∣
I + γ(H)HQ̂(H)H†

∣

∣

∣
< R− ∆

}

]

≥ Pr

(

NJ
∑

k=1

|Zk|
2 ≥ NJ2−∆/2N

)

Pr
(

log
∣

∣

∣
I + γ(H)HQ̂(H)H†

∣

∣

∣
< R − ∆

)

(60)

and

E

[(

sup
A:tr(AA†)≤W

Peub
(

√

γ(H)HA
)

)

1
{

log |I + γ(H)HQ̂(H)H†| < R− ∆
}

]

≤
b

J
Pr
(

log |I + γ(H)HQ̂(H)H†| < R − ∆
)

, (61)

so that

Pecsit−lt
sp (W,R, J) ≥

(

Pr

(

NJ
∑

k=1

|Zk|
2 ≥ NJ2−∆/2N

)

−
b

J

)

× inf
γ(H)≥0: E[γ(H)]≤1

{

Pr
(

log |I + γ(H)HQ̂(H)H†| < R− ∆
)}

. (62)

Taking the limitJ → ∞ in (62) and again using the continuity of the corresponding outage

probability inR, we conclude that (47) holds.
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VIII. PRECODING THEUNIVERSAL CODE

In this section we prove that the setCE in (8) contains universal codes that can communicate

reliably over any channel realization for which the mutual information exceeds the information

rate of the code.

To prove Theorem 3, we follow the approach of Root and Varaiyain [9] where it is shown

that there exists a codeXJ ∈ CF, whereCF is defined as in (6) but withW = K, such that

∀ H ∈ Aa
∆, Pr(E|H,XJ) ≤ ǫ. Here, we wish to show that such a code also exists in the smaller

setCE. Instead of reproducing the elaborate set of techniques used in [9], we will just derive

the key differences. First, using the fact thatAa
∆ is compact along with standard continuity

arguments, we obtainD = diag{1 − δ/2, (1 − δ)1K−1}, where0 < δ < 1, such that

log
∣

∣I + HDH†
∣

∣ ≥ R + ∆/2, ∀ H ∈ Aa
∆. (63)

We next generate codewords (or channel inputs) using the density

J
∏

j=1

1

πK |D|
exp

(

−x
†
jD

−1xj

)

, (64)

and letX = [x1, · · · ,xJ ]. The key step required is to show that the probability of the in-

put codeword so generated not lying in (input constraint set) CE decaysexponentiallywith the

blocklength. To do so, we note thatXX†

J
represents a sample covariance matrix whose expected

value isD. Now we need to show thatPr
(

λmax

(

XX†

J

)

> 1
)

decays exponentially inJ . Since

1− δ/2 represents the distinct and largest eigenvalue ofD, using the results in [23] we can con-

clude that theλmax

(

XX†

J

)

converges in distribution to aN
(

1 − δ/2, (1−δ/2)2

J

)

random variable

asJ → ∞. Thus, using the Chernoff upper bound, we can conclude that asymptotically (as

J → ∞)

Pr

(

λmax

(

XX†

J

)

> 1

)

≤
1

2
exp

(

−δ2J

2(2 − δ)2

)

. (65)

The remaining steps remain unchanged from those given in [9].

Note that the restriction on the matrix norm‖H‖∞ ≤ a in the setAa
∆ is an artifact since

the proof requires the set to be compact. However, any channel H with ‖H‖∞ > a can be

written asH = θH̃, where‖H̃‖∞ = a and the scalarθ > 1. Recall thatXJ is universal

over the setAa
∆ so thatPr

(

E
∣

∣

∣
H̃,XJ

)

≤ ǫ becausẽH ∈ Aa
∆. It is reasonable to assume that
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Pr (E |H,XJ ) ≤ Pr
(

E
∣

∣

∣
H̃,XJ

)

, sinceθ > 1 only ensures a higher received signal power. Thus

we can conclude thatXJ is universal overA∞
∆ , i.e. for anyH with log |I + HH†| ≥ R + ∆,

Pr (E |H,XJ ) ≤ ǫ.

IX. CONCLUSIONS

The connection between the average frame error probabilityand the outage probability over

MIMO fading channels was explored. Three telescoping sets of space-time codes were defined

for a given rate and it was shown that FEPs arbitrarily close to the outage probability can be

achieved by codes in each set. Further, for a set of codes satisfying constraints stricter than

the commonly assumed average or maximum energy constraints, we proved that the outage

probability indeed represents thebest achievableFEP in the large framelength limit. Moreover,

the smallest set was also shown to contain universal codes that can communicate reliably over

any channel realization for which the mutual information exceeds the information rate of the

code.

APPENDICES

A. Stochastic Ordering

The following results are proved in Section 6B of [24]. For any two real-valued random

variablesX, Y we sayX ≥st Y if ∀ y ∈ IR, Pr(X > y) ≥ Pr(Y > y).

Then we have

• If X1 ≥st Y1 andX2 ≥st Y2, the pair(X1, X2) is independent and the pair(Y1, Y2) is indepen-

dent, then

X1 +X2 ≥
st Y1 + Y2 . (66)

• Let CN (µ, σ2I) denote a complex (proper) normal random vector of meanµ and covariance

σ2I. Let µ1,µ2 be any two vectors s.t.‖µ1‖2 ≥ ‖µ2‖2. Then

‖CN (µ1, σ
2I)‖2 ≥st ‖CN (µ2, σ

2I)‖2 . (67)

B. Counter-example

We choose a system withN = 1 andK = 2 and as in [4] we assumeH has i.i.d. CN (0, 1)

elements. We consider a sequence of codes (indexed by their length) of rateR, {XJ}∞J=1, XJ ∈
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CF, whereXJ = {Xj}MJ=⌈2RJ ⌉
j=1 with Xj ∈ IC2×J . Defineζj △

= λmax

(

1
J
Xj(Xj)†

)

andψj △
=

λmin

(

1
J
Xj(Xj)†

)

and suppose that

ζj ≥
3W

4
, ψj ≤

W

4
& ζj + ψj ≤W, ∀ 1 ≤ j ≤ MJ . (68)

Note that by the assumption in [4], foranyfixed δ > 0, we must have

lim sup
J→∞

Pr(Y /∈ Sδ(H)|XJ) = 0, (69)

where nowSδ(H) =
{

Z ∈ IC1×J : ‖Z†Z‖2
F ≤ J(σ2 + δ) + WJ

2
‖H‖2

F

}

. Then lettingXj =

FjΛj(Gj)† denote the SVD ofXj, we have that

Pr(Y /∈ Sδ(H)|Xj) = Pr

(

‖HXj + V‖2
F > J(σ2 + δ) +

WJ

2
‖H‖2

F

∣

∣

∣

∣

Xj

)

= Pr

(

‖(HFj)Λj(Gj)† + V‖2
F > J(σ2 + δ) +

WJ

2
‖HFj‖2

∣

∣

∣

∣

Xj

)

(a)
= Pr

(

‖HΛj + V‖2
F > J(σ2 + δ) +

WJ

2
‖H‖2

F

∣

∣

∣

∣

Xj

)

= E

[

Pr

(

‖
√

|H1,1|2ζj + |H1,2|2ψj1J + V‖2
F > J(σ2 + δ) +

WJ

2
‖H‖2

F

∣

∣

∣

∣

H,Xj

)]

(70)

where (a) follows sinceH andV are independent ofXj and unitarily invariant. Using (68) and

the stochastic ordering result (67) in (70), we see that

Pr

(

∥

∥

∥

∥

√

|H1,1|2ζj + |H1,2|2ψj 1J + V

∥

∥

∥

∥

2

F

> J(σ2 + δ) +
WJ

2
‖H‖2

F

∣

∣

∣

∣

∣

H,Xj

)

≥ Pr

(

‖
√

|H1,1|23W/4 1J + V‖2
F > J(σ2 + δ) +

WJ

2
‖H‖2

F

∣

∣

∣

∣

H

)

, (71)

1 ≤ j ≤MJ ,

so that

lim inf
J→∞

Pr (Y /∈ Sδ(H) |XJ )

≥ lim inf
J→∞

E

[

Pr

(

∥

∥

∥

∥

√

|H1,1|23W/4 1J + V

∥

∥

∥

∥

2

F

> J(σ2 + δ) +
WJ

2
‖H‖2

F |H

)]

(72)

LetAδ(H)
△
=
{

H : W
4
|H1,1|

2 > W
2
|H1,2|

2 + 2δ
}

. Then for anyH ∈ Aδ(H), we note that the

following inequality holds true.
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J(σ2 + δ) +
WJ

2
‖H‖2

F − E
[

‖V‖2
F

]

−

∥

∥

∥

∥

√

|H1,1|23W/4 1J

∥

∥

∥

∥

2

= J

(

δ + |H1,2|
2W

2
− |H1,1|

2W

4

)

< −Jδ. (73)

As a result for anyH ∈ Aδ(H), using the weak law of large numbers we get

lim
J→∞

Pr

(

∥

∥

∥

∥

√

|H1,1|23W/4 1J + V

∥

∥

∥

∥

2

F

> J(σ2 + δ) +
WJ

2
‖H‖2

F

∣

∣

∣

∣

∣

H

)

= 1. (74)

Using (74) in (72) along with the dominated convergence theorem finally yields

lim inf
J→∞

Pr(Y /∈ Sδ(H)|XJ) ≥ Pr

(

W

4
|H1,1|

2 >
W

2
|H1,2|

2 + 2δ

)

> 0, (75)

which contradicts the assumption in (69).
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