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Abstract — Qutage capacity and throughput are the
two key metrics through which the fundamental limits of
delay-sensitive wireless MIMO links can be studied. In
this paper, we show that these metrics are intimately re-
lated, and consequently, as in the case of outage capac-
ity, the growth rate of throughput with SNR p is tlogp
for a general class of fading channels (with channel state
information at the receiver (CSIR) and with or without
CSI at the transmitter (CSIT)) whose channel matrix is of
rank ¢ with probability one. However, while asymptoti-
cally tight affine lower bounds of the form ¢logp + O(1)
were recently derived for outage capacity for such chan-
nels, in the sense that the limit as p — oo of the difference
between the outage capacity and the lower bound is zero,
such affine lower bounds are not possible in general for the
throughput. Using the ¢ log p + O(1) bounds on outage ca-
pacity however, lower bounds on throughput are specified
where the high SNR limit of the ratio of the throughput
and its lower bound is unity. These bounds reveal that the
throughput optimal outage probability approaches zero as
p — oo. An important exception is the scenario where both
the transmitter and receiver have CSI under the long-term
power constraint (LTPC), for which we obtain a lower
bound of the form ¢log p + O(1) which is asymptotically
tight (in the stronger sense) and interestingly, this lower
bound is identical to the asymptotic delay-limited capac-
ity. The throughputs of MISO and SIMO fading channels
are extensively analyzed and it is shown that asymptoti-
cally, isotropic Gaussian input is throughput optimal, cor-
relation is detrimental whereas increase in the Rice factor
is beneficial and that throughput is schur-concave in the
correlation eigenvalues.

I. INTRODUCTION

Consider delay-constrained MIMO systems, where each
transmitted codeword experiences only one fading realization.
The channel state information (CSI) is known perfectly to the
receiver (perfect CSI-R) but may or may not be known to
the transmitter. For such systems, outage capacity is a rel-
evant figure of merit [1, 2] and is defined as the maximum
rate that can be transmitted reliably over all channel realiza-
tions, except a subset whose probability is less than a (accept-
able) pre-specified fraction. The outage capacity formulation
leaves open the question of what constitutes an optimal operat-
ing point or value for the probability of error. This question is
addressed by considering throughput which is another key per-
formance metric in delay-limited packetized communications.
It represents the average rate which can be reliably transmitted
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to the receiver allowing for the possibility that some data may
be incorrectly decoded. In particular, we consider a notion
of throughput that applies to delay-sensitive systems as well
as to reliability sensitive systems under certain constraints on
complexity of the receiver. In each case, we consider the two
scenarios in which the transmitter may or may not have CSI
(i.e. with or without CSIT). We show in this paper that the
outage capacity and the throughput at any SNR are in general
(for problems that involve no CSIT and those that do includ-
ing the short-term as well as the long-term power constrained
versions) related in that the throughput is the supremum (over
outage probability) of the product of the fraction of correctly
decoded packets and the outage capacity. This allows us to
apply the many results available in the analysis of outage ca-
pacity in the literature, see for instance [3] and the references
therein, to characterize the behavior of throughput.

A large class of fading channels was considered by the au-
thors in [3] that encompasses any fading distribution satisfy-
ing the twin conditions of the channel matrix H being finite
and of rank ¢, 1 < ¢ < min(N, K), with probability one.
For this class of channels, asymptotically tight (in the limit of
high SNR) affine lower bounds on the outage capacities (of
the form ¢log(p) + O(1)) were obtained. By asymptotically
tight bound we mean that the high SNR limit of the differ-
ence between the actual capacity and its lower bound is identi-
cally equal to zero. The constant term (O(1)) provides a much
finer characterization of the outage capacity. For instance, it
captures the effect of the channel distribution and is sensitive
to the presence of CSI at the transmitter. When applied to
our result on throughput, the ¢ log(p) + O(1) type asymptot-
ically tight affine lower bounds yield a lower bound (denoted
as ’fp) on throughput that is tight in the sense that the limit as
p — oo the ratio of the throughput to its lower bound ’f; is
equal to unity. These bound reveals that the throughput scales
as tlog(p) and that the (throughput) optimal outage probabil-
ity goes to zero as SNR increases. Moreover, for MISO and
SIMO systems the bound is also tight in the stronger sense.

In general however, the throughput does not behave as
tlog(p) + O(1) at high SNR as does outage capacity. There
is an important exception, however. This is the case of CSIT
with a long-term power constraint over the so-called “regular”
fading channels (channels for which the expected value of the
reciprocal of the geometric mean of the channel eigenvalues
is finite). In this case, we obtain a key result in this paper
which is that the delay-limited capacity [3,4] is an asymptot-
ically tight lower bound on throughput for regular channels
with CSIT-LTPC. Moreover, the behavior of the delay-limited

capacity for high SNR is like [3,4] ¢ log(p) + t log (ﬁ)
-

where A9 is the geometric mean of the eigenvalues of the
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channel matrix. Finally, to illustrate the throughput compu-
tations, we analyze the throughput of the correlated Rayleigh
and Rician fading channels with particular emphasis on the
MISO and SIMO cases. The correlated Rayleigh fading chan-
nel is modeled as H = AY/2H,BY2 where A > 0 satisfies
tr(A) = N and B > 0 satisfies tr(B) = K. The elements of
the N x K matrix, H,, are i.i.d. CA(0,1). The Rician chan-
nel with rank-1 mean matrix, henceforth referred to as just the
Rician channel, is modeled as H = /1 —rH,, + \/FI:I, for
some r € [0,1) and where the rank-1 deterministic matrix F
satisfies ||H||% = NK.

II. SYSTEM MODEL

We consider a MIMO block-fading channel with N receive
and K transmit antennas, governed by a discrete-time base-
band model

yj:HXj+Vj7j:1727"'7‘]' M

x; is the K x 1 channel input at time j which satisfies
E[||x,11?] < pandy; is the corresponding N x 1 channel out-
put. The noise vector v; is spatially and temporally white and
is taken to have i.i.d. (CA/(0, 1)) elements. The N x K random
channel matrix H stays constant for J symbol intervals after
which it jumps to an independent value. It is assumed that H
is perfectly known to the receiver. We consider the scenario
when the transmitter has perfect CSI as well as the case where
the transmitter has no CSI but nevertheless knows the distribu-
tion of H. In the latter case, unless otherwise stated, we make
a uniform power assumption i.e. we set E[xx{] = £1.

The throughput results obtained here are valid for any fad-
ing distribution where H is of rank ¢, 1 < ¢ < min(N, K),
with probability one and where the throughput ! is finite for
all finite SNRs.2 These twin conditions evidently include a
very general class of fading channels. For instance, they in-
clude the usual correlated Rayleigh and Rician fading channel
models. Moreover, the virtual channel representation of realis-
tic scattering environments [5] often results in a fading matrix
(denoted by Hy in [5]) that satisfies our conditions for some
t < min(V, K') with probability one.

III. OUTAGE CAPACITY: A REVIEW

In this section, we summarize briefly two key results on out-
age capacity obtained in [3] along with two new ones, that
allow us to make a self-contained presentation as well as to
establish notation and render it convenient to discuss the rela-
tionships between outage capacity and throughput. The case of
CSIT with STPC as well as CSIR without the uniform power
assumption are omitted for brevity. The analysis for the er-
godic capacity in the CSIR-only case has been presented in

[6].
A. CSI at Receiver

With no CSIT and under the uniform power restriction the
outage probability Pr (O) at rate R and a given power p, is

1t will be precisely defined in the sequel.

21t is possible to construct valid distributions where the throughput is infi-
nite. However, then the corresponding ergodic capacities would also be infi-
nite and such cases are physically meaningless.

given by Pr(O) = Pr (log (‘I + %HHT‘) < R). For any
e € (0,1), the resulting outage capacity, denoted 1'% (e), is

Ci,‘“‘(e) = sup {R : Pr (log (‘I + %HH‘LD < R) < e} .

Next, let 7, = {ai,---,ar} be any subset of {1,---, N} of
size k and let the i*" row of H be denoted as g; and define
G, as a matrix obtained from H by striking out rows with
indices not in 7y, i.e. let

g1 8a;
H-= Sy Ga = ], 1<EZN. )
gN Say
We have the following theorem.
Theorem 1: A lower bound to C 2’“ () is given by
¢y (e) 2 €)M (e) 2 thog(p) +10g(CX (). ()

where

ééVéL(e) = sup {y : Pr (Z |%GMGJL”| < y) < 6} . @)

(;])‘4 L(e) is asymptotically tight in that limp_,oo(Céw Le) —
C,])”L(e)) =0.
The uniform power assumption is asymptotically optimal
whent = K.

B. CSI at Transmitter and Receiver with LTPC

We now consider the outage capacity with perfect CSIT
and a long term power constraint (LTPC) [4,7]. Let Ay >
Ay > ---, A > 0 be the ¢ ordered positive eigenvalues of

HH having a continuous joint density function. Further, let

Agm 2 (HZ,:1 M)/t denote their geometric mean. Then

C[])”L_LTPC(E) is is equal to [4,7]

t
supi R: min Pr | log H (14 Xevk) <R <ep.
B[t vl<p et

Setting CML=LTPC (e) = tlog(p) + log(CML=LTPC (€)) we
get

Theorem 2: An asymptotically tight lower bound to
CHE-LTPC (¢) is given by

SML—LTPC( \ & 5ML—LTPC

Cp (6) - thg(p) + IOg(Coo (6))7
where

éOIVCIL—LTPC(E) — lim éJvIL—LTPC(E)
n}in

p—00
= sup {y : s, {Pr (’y)\gm < yl/t>} < e} . )

The constant CML~LTFC (¢) is determined by the system of
equations

Pr ()\gm < t (CA(])‘OJL_LQ:PC(E))l/t> =€,
z
SML—-LTPC 1/t SML—-LTPC 1/t
5 {t (G O <Agm A ©) )] .
Agm - z
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where X(-) denotes the indicator function.
For correlated Rayleigh as well as the Rician channel, simple
but accurate expressions for the constants in the affine lower
bounds can be obtained via the Gaussian approximations.® For
convenience we assume ¢t = K and offer the following propo-
sition.

Proposition 1: Assuming In ’%HTH‘ to be N (u, 02), we
have that

log(CX " (€) = (1 + 09~ (€)) log(e)

2
log(CHEETPC () ~ (1= 2 ) logle) -

K log (1—¢<%+¢_1(€)>), (6)

where ¢(.) denotes the cdf of a standard normal random vari-
able.

The mean and variance needed for the above proposition have
been derived in many works, see for instance [8], which con-
siders correlated Rician channels.

C. Delay Limited Capacities

For fading channels which also satisfy, E[3=] < oo,
termed “regular” fading channels in [4], an asymptotically
tight lower bound to the delay limited capacity,

¢,/ P2 lim ¢ e), )

was obtained in [4]. That bound, denoted here by
CNML_DL, also follows from Theorem 2. Note that the
correlated Rayleigh and Rician channels are regular when
max(rank(A),rank(B)) > 2 and max(N, K) > 2, respec-
tively.

Theorem 3: An asymptotically tight lower bound to
CS/IL’DL is given by

- 1
CMLE=DL _ t1og(p) + tlog <7) . (8)
: tE 53]

Note that the Gaussian approximation for log(CME~LTFC (¢))

is consistent in that in the limit € — 0 it goes to log(CME~PL) =

K log (W) The following theorem characterizes the
g
asymptotic effect of correlation.
Theorem 4: Cé”L*DL is maximized by A = Iy and B =
Ix.
Proof: Suppose N > K. From (8) we see that without
loss of optimality we can assume rank(A) > K & B > 0,
so that

CYE=PE = Klog(p) — K log(K) — K log(E[|HTH|~1/X]) =
K log(p) — K log(K) + log(|B|) — K log(E[|H{,AH,,|~*/X]).  (9)

Then in (9 ), using the AM-GM inequality we get, I =
argmaxgs.o, 4r(B)<k {|B|}. Also since H,, is invariant to
unitary transformations, without loss of generality we can re-
strict A to be a diagonal positive semi-definite matrix with at

3These approximations are provably tight in large array regime but are very
effective even for practical array sizes.

least K positive elements. Let AT = ITATI' for any permuta-
tion matrix II. Then noting that |.|~*/% is convex over set of
positive definite matrices and that IT is unitary, we get

E[H! AH,|"V¥] > E[HI AH,| /K] (10)

where A = (3, A1)/N! = oI, for some a > 0. Since

tr(A) = tr(A), we get that

Iy =arg min {E[H| AH,| %]} (11)
A>0, tr(A)<N
A similar argument works when N < K. ]

IV. THROUGHPUT

In this section, we consider throughput as the performance
metric. It represents the average rate which can be reli-
ably transmitted to the receiver allowing for the possibility
that some data may be incorrectly decoded. In particular,
we consider a notion of throughput that applies to delay-
sensitive systems as well as to reliability sensitive systems un-
der certain constraints on complexity of the receiver. In each
case, we consider the two scenarios in which the transmitter
may or may not have CSI (i.e. with or without CSIT). For
delay-sensitive systems without CSIT, the incorrectly decoded
packet (determined via a CRC check) is dropped. For delay-
sensitive systems with CSIT, no transmission takes place dur-
ing the outage state (and hence the packet is not reliably de-
coded) and the scheduled packet is dropped by the transmit-
ter. On the other hand, in reliability sensitive systems with-
out CSIT, the incorrectly decoded packet is retransmitted by
the transmitter which in turn is notified by the receiver via
an ACK/NACK bit. The re-transmissions take place till the
packet is successfully decoded and the underlying idea is that
the wireless channel cannot stay in the outage state forever. In
reliability sensitive systems with CSIT no transmission takes
place during the outage state and this time the transmitter waits
for the next non-outage state which can support the desired
rate. Note the contrast to the delay-limited capacity formula-
tion where no outage states are allowed.

For convenience, we assume that the channel changes in-
dependently after each packet transmission and that in case of
re-transmissions (of the same codeword) the receiver only uses
the most recent received packet for decoding. The latter as-
sumption models a complexity constrained receiver and yields
a conservative estimate of the achievable throughput. With
these assumptions the delay-sensitive throughput is identical
to the reliability-sensitive throughput (the latter is referred to
as the maximum zero-outage throughput in [9]).

We now proceed to conduct a high-SNR analysis of the
throughput. Mathematically, throughput is defined as 7, =
sup{ R(1 — Pr(0))}, where Pr(0O) denotes the outage prob-
ability at rate R and SNR p. Before proceeding, we make the
natural assumption that 7, < oo for all finite p. Then letting
C,(€) denote the corresponding outage capacity (generically,
for CSIR only, CSIT-STPC or CSIT-LTPC problems), we have
the following result.

Theorem 5: The throughput and the corresponding outage
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capacity satisfy the relation

7, = sup {(1-Cy()}
€€(0,1)
= sup {(1—e)(tlog(p) +1log(Cole))}. (12)
e€(0,1)
Thus a lower bound to the the throughput is given by
T2T,= s {(1-(thog(p) +losCo()}. (13
ec(0,
Proof: First note that
7, = sup sup{R(1—Pr(0)):Pr(0) <e}
e€(0,1)
>  sup {(1—¢)sup{R:Pr(O) <e}}
€€(0,1)
= sup {(1-9C,(0)}. (14)
e€(0,1)

Now since 7, is finite, V o > 0, 3 R such that R(1 —
Pr(0)) > 7, — o. For that R, set ¢ = Pr(O) so that
(1 —€)R > 7, — a. Hence, we have that

e} = (1-9R=T, —a

sup {(1—¢) (15)

€€(0,1)

Using (14), and noting that (15) holds for arbitrarily small «,
the theorem is proved. |

The expressions for (foo(e) can be obtained from Theorem 1
for the CSIR-only problem and from Theorem 2 for the CSIT
problem under LTPC to obtain lower bounds on the throughput
in the two cases, respectively. In each of these cases, using the
lower bound in (13), it can be deduced that

lim =t & lim 5 =1 (16)
p—oc log(p) p=oe T,

Further insights can be gained on the throughput scaling us-
ing the alternate expression in (12) and is summarized in the
following theorem.

Theorem 6: For the CSIR-only as well as the CSIT-STPC
scenarios the throughput scales as 7, = tlog(p) + log(7,),

log(7,,
where log(7,) = o(log(p)) i.e. ffé(p’)) = 0 but

lim,, log(’f;,) = —o00. The throughput optimal outage
€, — 0as p — oo. For MISO and SIMO cases the lower
bound in (13) is tight in the stronger sense.

Proof: The argument given below applies to both the sce-
narios. Let Rp and €, denote the throughput-optimal rate and
outage probability, respectively, so that 7, = (1 — ép)f%p. In
(12), since at any fixed € € (0, 1), C,(¢) decreases as p — oo,
we can conclude that €, — 0 as p — oo. Also, using the
alternate expression in (12), we have that Rp = tlog(p) +

hmp_,oO

log(C,(é,)). Invoking (16), we see that R, = tlog(p) +
o(log(p)). Similarly, we have 7, = tlog(p) + (log( ),
where now o(log(p)) = —é,log(p) + (1 — €,)10g(Cp(é)))-

Also, since for any fixed ¢, C,(¢) decreases with p to Coo(€)
and lim, o Coo(€) = 0, for both cases lim, .. o(log(p)) =
—00, so that neither the throughput nor the throughput-optimal
rate permit an asymptotically tight affine lower bound of the

form tlog(p) + O(1). Finally, for the MISO and SIMO
case, usmg the arguments given above with the fact that now
Cple) =1 +C (€) we can also conclude that the lower bound
in (13)is tlght in the stronger sense. |

However, a sharper statement can be made for regular chan-
nels with perfect CSIT and long-term power control which is
captured in the following result.

Theorem 7: Delay-limited capacity is an asymptotically
tight lower bound on the throughput for regular channels with
CSIT and long term power control. Thus, for such systems we
have that

lim (7, — C)E=PL) = lim (7, - C)'E~PF)=0 (17

p—o0 p—o0
where C}=~PL is defined in (7) and the asymptotically tight

lower bound C ME=DL for it is given in Theorem 3.

Proof: For regular channels with CSIT using (12) the
throughput can be written as

Tp = P {(1 = )(tlog(p) + log(C)F~FTFC (e)))}
ce(0

(18)

Since éyL’LTPC(O)
GML-LTPC (¢)

= C;{WL*DL > 0 and forall € € [0, 1),

is non-increasing in p, we get that
T, > C)'E= P = tlog(p) + log(CALE—PE) (19)
and that the solution in (18) €, — 0 as p — oco. As a con-
sequence, for any €, > 0 arbitrarily small, 3 p, large enough
such thatV p > p,

7, < tlog(p) +log(Cy"H~ETT (eo)). 20)

Set x = 1/p and note for regular channels the difference

log(Cf;IwL LTPC (¢)) — log(CML~DPL) s continuous in the
compact set (z,¢) € [0,1] x [0,0] (any & < 1) and hence

it is uniformly continuous. Using this fact, we have that given
any a > 0, for z, 6 small enough

Iog(él\/IL—LTPC(G))

iy —log(CML-DPLy <o, Vee0,d].

(21)

Combined with (20) this means that Vp > p,

T, < tlog(p) + log(CME=PL) 4 o 22)
The bounds in (22) and (19) prove the theorem. |

In other words, for such systems the high-SNR throughput-
optimal rate and outage probability pair is (C é”L DL ).
Moreover since the throughput with CSIT and STPC and
that with only CSIR are lower that the throughput with CSIT
and LTPC, using Theorem 7 we can conclude that the delay-
limited capacity is an asymptotic upper bound for the through-

put of regular channels without LTPC.

V. MISO AND SIMO FADING CHANNELS

Note that in the case of the CSIT problem with a long-
term power constraint, the analysis of high SNR throughput
reduces to the analysis of the delay-limited capacity. In [3],
we showed that for the rank-one Rician fading channel, the
delay-limited capacity increases with Rice-factor for SIMO or
MISO channels whereas it decreases with Rice-factor when
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min{N,K} > 2. Theorem 7 of course implies that the
asymptotic throughput for the CSIT problem with LTPC in-
herits this exact behavior. Similarly, the asymptotic effect of
correlation on the delay limited capacity characterized by The-
orem 4 also applies to the asymptotic throughput. It is not only
the case of CSIT with LTPC that benefits from the throughput
analysis in this paper. In this section, we demonstrate this by
considering the CSIR-only problem in the context of the MISO
and SIMO fading channels. Letting p denote the correlation
eigenvalues, we prove the following theorem
Theorem 8: For MISO and SIMO correlated Rayleigh fad-
ing channels (a) there exists an ¢ such that CMZ(¢) is schur-
concave in pu when € € (0,¢€], (b) Ve € (0, €], the uncorre-
lated channel yields the maximum C~ (¢) and (c) the uni-
form power allocation is optimal for the i.i.d Rayleigh fading
channel.
Proof: We first consider the MISO case and characterize
the effect of the transmit correlation eigenvalues on éé\g Le).
We define fz = /K so that S>p_, jix = 1. Let € be such that

K
~ A . -
€= min Pr E il hwk)® < 1 (23)
AERT P
el =
Yy Ak=1

Then, it is clear that for any given set of correlation eigenval-
ues {x} CML(&) < 1, s0 that for all € € (0,¢], CML(e) < 1.
Consequently, we have that V ¢ € (0, ¢], CM % (e) equals

K
sup {y 1y €(0,1] & Pr (Z it P 1> < y> < e},

k=1

(24)

Now, a result in [10, 11] says that Pr(S K | jiglhw il < v) is
schur-convex in £ for all y < 1. Using this result we see that
CML(€) in (24) is schur-concave in u when € € (0,¢]. It can
be shown that Vy € (0, 1] (see [10] and problem 5.16 in [12])

K
Pr (Z fire | b | < y) =Pr (

K
[P k| < Ky)

min
ﬁelR?( k=1 k=1
Sheq A=t
K—1 k
(Ky)*
=1—exp(—Ky) kZ‘B = (25)

so that € can be determined from (25) setting y = 1. Further,
it can be readily proved that the same ¢ works for the SIMO
case as well as CME=5TPC (¢), The remaining facts stated in
the theorem follow as a consequence of (25) and (24). |

For the Rician MISO and SIMO channels we offer the fol-
lowing result without proof.

Theorem 9: For MISO and SIMO Rician channels, the Rice
factor is beneficial in the sense that there exists € such that
LEML () > 0 forall € € (0,8
As a byproduct of Theorem 6 and Theorems 8, 9 we can ob-
tain the following result on the behavior of throughput for the
MISO and SIMO fading channels.

Theorem 10: The high SNR throughputs for the MISO and
SIMO correlated Rayleigh fading channels with only CSIR
and uniform power allocation are schur-concave in the cor-
relation eigenvalues and asymptotically, the presence of cor-
relation is detrimental to the throughput. Further, the same

results also hold for the case of CSIT with a short-term power
constraint. Furthermore, for the MISO i.i.d Rayleigh fading
channel uniform power allocation is asymptotically through-
put optimal. Moreover, asymptotically an increase in the Rice
factor is beneficial for the throughputs (CSIR-only as well as
CSIT-STPC) of MIMO and SIMO channels.

VI. CONCLUSIONS

The relation between outage capacity and the throughput
was captured. Based on this it was shown that the throughout
optimal outage probability goes to zero as SNR increases and
that the throughput can be expanded as ¢ log(p)+o(log(p)) but
in general does not allow an asymptotically tight affine bound.
However, in the case of regular channels with CSIT and LTPC
an asymptotically tight affine lower bound, which is also tight
for the delay-limited capacity, is possible. The throughputs
of the MISO (and SIMO) channels were also extensively ana-
lyzed and it was shown that asymptotically, isotropic Gaussian
input is throughput optimal, correlation is detrimental whereas
increase in the rice factor is beneficial and that the throughput
is schur-concave in the correlation eigenvalues.
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