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Abstract — This paper considers nom-ergodic multi-input
multi-output (MIMQ) fading channels, We compare the outage
capacities yielded by the optimal unconstrained system and some
recently proposed space-time architectures for i.i.d. Gaussian in-
puts. All the systems considered here are known to yield outage
capacities having the same (maximum) rate of growth with the
signal-to-uoise ratio (SNR). For each system, an asymptotically
tight lower bound on the outage capacity is derived. The analy-
sis reveals that the diagonal BLAST architecture with the zero-
forcing front end is asymptotically optimal with respect to the
outage capacity. Another space-time architecture is shown to be
optimal at all SNRs with respect to the outage capacity.

1. INTRODUCTION

For narrowband, point-to-point communication systems, the use
of multiple transmit and receive antennas is an attractive option o
significantly increase the spectral etficiency. Our focus here is on
delay-constrained systems where a transmitted codeword experiences
only one fading realization and the channel siate information (CSI) is
known perfectly to the receiver but unknown at the transmitter end
{perfect CS!-R and no CSI-T). For such systems, outige capacity is a
relevant figure of merit. Outage capacity can be defined as the maxi-
mum rate that can be transmitted reliably over all channel realizations
except a subset whose probability is less than a pre-specified fraction.
From a practical point of view, the outage capacities give good indica-
tion of the rates that are achievable with acceptably small probability
of error over channels with sufficiently large coherence time. Qutage
capacity and outage probability of the unconstrained MIMO system
! over Rayleigh fading channel has received much recent attention.
However, since at any rate £ and SNR p, the optimal input covariance
matrix is unknown [1], a uniform power assumption is made in that
the input covariance matrix is taken to be the scaled identity matrix.
In other words, independent, identically distributed (i.i.d.) Gaussian
inputs are assumed. Under this assumption, asymptotic distributions
of the mutual information (in the limit as the number of receive and/or
transmit antennas go to infinity) were obtained in [2,3]. [4,5} and [6]
showed that for a finite IV receive, K transmit antenna MIMO sys-
tem, the outage capacity, denoted here by €3 X (¢), has a growth rate

ML
g (e _ min{N, K). [5] in fact shows

characterized by lim,_ 50 foataT

that the growth rate factor min(V, K) is achieved for a more general
set of fading channels. This factor corresponds to the maximum mul-
tiplexing gain point in the tradeoff curve obtained in [7]. However,
the capacity order {or the maximum multiplexing gain) is a coarse
measure of performmance of a space-time architecture and it is often
not sufficiently informative. For instance, it is not enough to distin-
guish between the outage capacities of the unconstrained architecture
and several sub-optimum architectures such as BLAST because they
all have the same growih rate of outage capacity with SNR.

In this paper we give a sharp characterization of the outage capac-
ity — for finite systems, with only mild assumptions on the fading
distributions and the uniform power assumption — in the form of
asymptotically tighs (in the limit of high SNR) lower bounds on the
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outage capacity of the optimum unconstrained system as well as sev-
eral sub-optimum architectures all of which have the highest capacity
order of min(V, K). By asymplotically tight bound we mean that the
high SNR limit of the difference between the actual outage capacity
and the bound is identically equal o zero.

Several space-time architectures have been proposed to garmer
some of the advantages of the unconstrained MIMO system but at
lower decoding complexities {8—10]. Here we consider several ver-
sions of the vertical and diagonal BLAST architectures [8, 10,11}, all
of which employ single-input single-output (SISO) codes and sub-
optimal decoding. Nevertheless, these architectures achieve the max-
imum possible capacity order {or multiplexing gain} as evidenced
by the (high SNR) diversity-muitiplexing trade-off curves for these
architectures obtained in [7] that show that indeed the highest di-
versity order achievable is non-zero for all multiplexing gains upto
min(V, K).

Our interest in this work is therefore to develop a sharper anal-
ysis of outage capacities and provide comparative statemenis about
the respective outage capacities of these architectures as well as the
unconstrained system for both finite SNR as well as in the limit of
high SNR. We develop such an analysis and thereby characterize the
asymptotic loss in the outage capacity of each architecture relative to
the optimum unconstrained system. [nterestingly, for example, our
analysis reveals the result that the D-BLAST architecture employing
the zero-forcing front-end [ 12] is asymptotically optimal with respect
to (w.r.t.) the outage capacity. Further, the threaded space-time archi-
tecture [9] which involves spatial formatting of independent code-
words is shown to be optimal at all SNRs w.r.t. the outage capacity
when the codewords are jointly decoded using the optimum decoder.

Il. SYSTEM MODEL

We consider a N receive and K transmit antenna MIMO channel
governed by a discrete-time baseband model

¥i -'—-'HXJ'-I-V;,', (¢8]

where x; is the K x 1 channel input at time j and y; is the corre-
sponding ¥V x 1 channel output. The noise vector v, is spatially and
temporally white and is taken to have i.i.d. circularly symmetric com-
plex normal elements with zero mean and unit variance (CA(0, 1)).
The randorm channel matrix H has dimensions IV x K and is perfectly
known to the receiver (perfect CSI-R) but is unknown to the trans-
mitter (no CSi-T). The wransmitter however is assumed to know the
distribution of H. Further we assume the channel to be non-ergodic,
i.e., as in | 1], we assume that a channel realization is drawn randomly
at the beginning of time and is held fixed for all uses of the channel.
To obtain the outage capacities, we view X; as a zero-mean random
vector and impose the uniform power restriction E[xjx;f] = £Is0
that p represents the average transmit power. At a given p, any prob-
ability of error greater than some specified € can be achieved for any
rate less than the corresponding e—outage capacity, if the coherence
time of the channel is large enough. How large the coherence time
must be can be inferred from the error exponents computed for the
channel and the space-time architecture employed.

The results obtained here are valid for any fading distribution sat-
isfying the twin conditions of H being finite as well as full rank with
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probability one. Then we have that

tim Pr (,\m,{HfH) < y) =1, @)
y—tco
{ lim, o+ Pr Qmin (H'H) <y) =0, N2>K
lim, o Pr(Amin(HH) < y) =0, N <K,

where Amaz(.) and Amin(.) represent the maximum and the mini-
mum eigenvalues of their matrix arguments, respectively. Also, out-
age capacities of the space-time architectures which employ sub-
optimum decoders are computed under the assumption N > K since
many sub-optimum decoders considered here require that condition.
Finaily, to illustrate, we also specialize our results to the Rayleigh
fading channel, where the elements of H are i.i.d. CA'(0,1).

[H. UNCONSTRAINED ARCHITECTURE

We now coensider the outage capacity of an unconstrained system
with coding across transmit antennas and which employs the op-
timum decoder. With no CSI-T and under the vniform power re-
striction the outage probability I'r (€} at rate R and a given power
p. is given by Pr (0} = Pr(log (1 + -"-HTHD < R). For any
€ € (0, 1). the resulting outage capacity, denoted as CML( ), is

Y (e) = sup {R :Pr (log (|I + %HTHD < R) < f} -3

For N > K, we next expand C,""{e) as C}'*(e) = Klog(p) +
log((f;;"”‘ (€}) so that

(?‘;:4‘"(5) = sup {y :Pr (

Note that for any > 0, using the first condition in (2), we
can conclude that €% () < co. Furthermore, for any y > 0,
Pr(|11 + +H'H| < y) is non-decreasing in p, so that 37 (e)
is non-increasing in p. Further, we define

s iH’fH‘ < y) < e}. (4)
p K

X% (&) = sup {y : Pr ( %

H*H| < y) < e}, &)

and using the second condition in (2) we note that CX12(e) > 0.
Thus we have )7 (e) > X (e) > 0, and that limpyoo (7% (¢)
exists. Next, for any given y > 0, let X,{H) and X (H) denote
the indicator functions of the events {H : |21+ +tH'H| < y}

and {H : |[FH'H| < y}. respectively. It is readily seen that
for any H, limy— o A, (H) = X{H). Then since E[X,(H)] =
I'r (|%I + %HfH‘ < y), using the Dominated Convergence Theo-
rem {DCT) [13], we can show that

lim Pr (
p—roa

1, 1
-1+ —H'H
o K

-H*H| < y) . )

1

< y) =Pr ( 74
Using (6) and (5), we have that for arbitrary § > 0,
lim Pr( l

p—roo p

1

Pr ( E

for some o > 0. From {7) we can guarantee the existence of po such
that Yp > pq,

Ir ( -1—

P
sothat im0 éﬁML (€) < C¥¥(e)+4. Since the above observation
holds for arbitrary 6 > 0 we have that, lim, .., €375 (e) < EXE(e)

1
I _T
+KHH

< CMLe) + 5) = )

H#Hj <CMIe) + 6) =€+a,

I+%H*H| <é£,i“(e)+§) Zet+a/? (8)

and hence limp oo G35 (e) = CM%(e). Similarly for N < K.
expanding 3’ " (e} as €)' (¢) = Nlog(p) + log(CHL(e)), we can

show that
—F.I'III < Y Sep.

We summarize the results in the following:
Theorem I: A lower bound to C;“(e) is given by

Hm CA;,WL(E) =CML{e) = sup {y :Pr (
P00

€' (&) 2 €' (e) £ min(N, K) log(p) +1og(CH " (). (9

CME(e) is asymptotically tight in that limy— 0o (C¥
X t(e)) =0,

e} -

A. The Rayleigh Fading MIMO Channel

For the special case of the Rayleigh fading channel, we w11| explic-
jtly evaluate £¥% (). To this end, for N > K we let H'H = L'L
denote the Cholesky decomposition with L being a K x K lower
triangular matrix with positive diagonal elements. We then need to

compute Pr ({(H'H} < y) = Px (H:(:1 L} < y). It is well known
2 1K
that that {L,—,1 }izi e
{Q’D{ 2 2AN-K + i)}‘ degrees of freedom, respectively [14].
i=1
Using the distributions of {L};}. after some work it can be verified
that Pr (Hf;l L, < y) is equal to

it Tr-2 z1
exp(—zg_1 — ——= ~er — —J)x
Tr-1 T2

zf’ TR (yfa) dey o daxo )

are independent chi-square random variables with

(19

where ¢ = prrereims and Fig (u) = 1-exp(-u)(Z,20 47
for u > 0. (10) can be numencally evaluated, thereby yielding
a simple algorithm to explicitly evaluate the fundamental constant
CH L (¢), and hence the asymptotic ower bound CML(e) for € 2 (e).
Similarly when N < K we can obtain the Cholesky decomposition

of HH! and proceed as before.

[V. V-BLAST ARCHITECTURE

We now consider the V-BLAST architecture proposed in [11].
Here the input data stream is de-multiplexed into K sub-streams
which are then independently coded using K single-input single-
output {SI50) encoders, The K independent codewords of equal
length are transmitted by the K transmitters, with the k*® codeword
being transmitted by the k* transmitter over J symbol intervals (the
duration of a frame). Note that there is no spatial formatting in this
scheme. This restriction of using independent SISO codes is imposed
for allowing low complexity decoding, typically through the decor-
relating decision feedback decoder (D-DED) or its minimum mean
square error counterpart the MMSE-DFD. There are three versions
of V-BLAST. The first one, referred to here as simply V-BLAST,
uses K SISO encoders of equal rates and employs the D-DFD or
the MMSE-DFD with a fixed order of decoding. The second version,
which we refer to as Ordered V-BLAST, also uses K SISO encoders
of equal rates but uses the D-DFD or the MMSE-DFD with the SISO
codes decoded in an order that is channel dependent. The third ver-
sion, proposed as rate-tailored BLAST (RT-BLAST) in [ 10}, employs
the D-DFD in a fixed order of decoding but for K S1S0 encoders of
possibly different rates {see also [15]).
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A. V-BLAST

We start by considering the first version [8]. A brief description of
V-BLAST * employing the D-DFD with a fixed order of decoding is
as follows. The receiver obtains the QR decomposition H = UL,
where the K x K lower triangular matrix L has positive diagonal
elemems and UTU = I It then transforms the reccived vectors
{yl} _, U8Z; = Uty; = Lx; + ¥;. The SISO decoder for tans-
mitter 1 makes a decision %1, based on the soft statistics {z: ;}. The
soft statistics for the k% SISO decoder obtained after feedback are
denoted by {z j }. where,

k=1
- E Ly . j

By =
max]
k—1
= Liati;+ 3_ Lem{@ms = Emi) + Frye
m=1

The &** decoder decodes the codeword transmitted by the & trans-
mit antenna assuming perfect feedback. For any sum rate R > 0, the
corresponding outage probability is given by [8, 16],

=Pr (U,-K=1 {iog (1 + %L:‘J,) < %})
. 2 R
Pr (log (l + min {Li,i}) <

K< E) ’
Thus the corresponding outage capacity, denoted by Cy 2 (¢), can be
defined as

C:’B(e) = sup {R :Pr (1og (1 +

Pr (O

£

K

. 2
%n«;'lsnx {Li,i}) <

To obtain an asymptotically tight lower bound to Cy B (c), we set
CYB(e) = Klog{p) + K'log(ﬁ:ﬁ(e)), so that

‘B(s)—ﬂup{y Pr(1 fm}:n {L,,}<y) <e}. (1)

At any p > 0, using the inequality |§I+-}?HfH‘

e, (2 + -}?L?ﬂ-),we have
<¢

MLie) < oo

(1

(CVB(E)) < sup{ K Pr(

ig

H(+L

i=1

Let us define

5VE 1
o (s)—sup{y Pr(Elmln {Li:} <y) <e} .
Then, noting thas {y © (&) is non-increasing in p, and using the fact
that mim i< {L3;} > Amin (FHTH) along with the second condi-
tion in (2), we can prove that
VP =0 >0 & lim G} B(e) = CLP(e).
p—oo

Theorem 2: An asymptotically tight lower bound to the out-
age capacity of V-BLAST is given by CY ®(e) = Klog(p) +
K iog(CLE ().

Next, we consider V-BLAST with the MMSE-DFD with fixed or-
der of decoding. Obtaining the outage capacity in this case even

2Caded V-BLAST is referred 1o as H-BLAST in |8].

B

under the uniform power restriction is an open problem, since the
optimal input distribution is not known. However, Li.d. Gaussian
inputs are commonly assumed and the resulting outage capacity is

CYBMe) 2 sup{ R : Pr{Q) < €}, where Pr{(?}) now equais

)

R
Pr (lug (l + E 12::1<n

WhCI'CH=[h1,"', "'[h"+1,-",hk] ﬂl’ld

K -1
G, = Hyy) (—I + H(,)H(i)) HL-):

respectively. Next we note that with H'H = LfL,
7.

It

hi(1 - Hg)(Hl, He) " HEh
[Phil|* ~ BfH ) (H{, Hey) ™ H by

(12)

but since for any p > 0, (HL)H(“)—I > (%I + HL.)H(,-))“, we
have that

LI <hl{I-Gu ). (13)

Further. for any ¥ > 0. using the DCT with (13} and (12) we have
+ — min

hm ke (log ( K 1<i<K {h = Gt }) < y) (14
= L i (22
=Pr (log(K  in (L2 < y) )

Then using (14) we have the following

Theorem 3: The outage capacity of V-BLAST with the MMSE-
DFD iy higher than that of V-BLAST with D-DFD for any SNR, and
moreover, the high SNR limit of the cutage capacity of the former
coincides with that of the latter. i.e.,

CyPM(e) > ¢ B (e)

and
lim (C:BM(E) -

p—00

CyBen=0

B. Ordered V-BLAST

We next introduce V-BLAST employing the D-DFD along with the
optimal channel dependent ordering [16]. We let P denote the set of
all K'! permutations of {1,---, K} and let H = U"L" denote the
QR decomposition corresponding to any permutation « € P, where
H™ is obtained by permuting the columns of H according to w. Then
at rate R the outage event corresponding to the permutation w is

. : 7 2 R
O -{H,log (1+ 7 12‘}1;1]{{(&.1) }) < K}'

The optimal channel dependent ordering selects the permutation
which maximizes minicicx {(L7;)?} among all permutations in

‘P (8, 16]. Then, the resulting outage probability is given by
meg 2, (G207 < ).
and the outage capacity, Cj ©~°™%(«), equals
(@) < ) <<

respectively. Regarding the outage capacity of Ordered V-BLAST
and its comparison with V-BLAST (unordered), we simply state the
following theorem without proof.

p

Pr(0)=Pr (log (1 + = ®

. . P
sup {R : Pr (log (l + ® med’}]?c14l<1}1<nK
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Theorem 4: The Ordered V-BLAST architecture has a higher out-
age capacity than V-BLAST, its unordered counterpart for any p > 0,
ie.,

c:’/B—ard 2 C:’B(E) .
Moreover, an asymptotically tight lower bound to the outage capac-
ity of Ordered V-BLAST €Y #7°"4(e) is given by C} 27°"(e) =
Klog(p) + Klog(CLP~*"(¢)). where

cxs=r = sup {u: pr (omay min (1107} <) <<}

TEP 1<K

Next, we turn to Ordered V-BLAST with the _MMSE—DF decoder.
Assuming 1.i.d Gaussian inputs, we have that €3 2= (e) is given
by,

sup {R:

Pe (log(1 + £ ey, min,

g

{wrra-ctmh < £) <

We state next our theorem that summarizes our results for Ordered
V-BLAST with the MMSE-DF decoder and its performance relative
to the previously considered V-BLAST architectures.

Theorem 5: At any p > 0. the outage capacity of Ordered V-
BLAST with MMSE-DF decoder is higher than that of its unordered
counterpart as well as that of the Ordered V-BLAST with D-DF de-
coder. i.e.,

C:’B‘W_”d(c) 2 C;/BM(E) & c;/'BAM—ard(E) Z c;/B—ord(E) .

Moreover, an asymptotically tight lower bound to CY 73 =o"4(¢} is
given by £¥ B~ (¢), i.e.. in Ordered V-BLAST, the MMSE-DF de-
coder yields an outage capacity that is asymptotically the same as that’
yielded by the D-DF decoder, i.e.,

(C;’Bf\zf—a'rd(e) _ CpVB*O?"d (E)) =0.

lim
p—roo

C. Rate-Tailpred BLAST

We next consider the rate-tailored BLAST (RT-BLAST) architec-
ture proposed in [10] which is identical to V-BLAST employing the
D-DFD (fixed order) except that the equal rate restriction is removed.
For the Rayleigh fading channel, sigrificant improvements in the per-
formance {(joint error probability) of uncoded V-BLAST were ob-
tained earlier through optimal rate and power allocations by the au-
thors in {15]. The works of |10, 16] independently suggest improving
the performance of coded V-BLAST by minimizing the outage proba-
bility over rate allocations. The outage capacity of RT-BLAST under
the uniform power restriction, denoted by Cfr(e), was obtained in
110) and an asymptotic (high SNR) analysis was conducted in [6].
The work in [6] obtained a lower bound on CE” (¢) by upper bound-
ing the outage probability via a Chernoff bound. This lower bound
sufficed to show that RT-BLAST has the maximum capacity order,

hat i ErallU]
Le.. that limp— o0 ot

tight. g

Here, we do not restrict ourselves to Rayleigh fading channels.
Moreover, through a much snmplcr argument than in {6}, we obtain
a lower bound — denoted by C5°7 (¢) — which also grows with p as
K log(p) but is asymprotically tight.

For RT-BLAST, Cf7T (¢} is equal to

sup{g&:ﬁ(u{;l {Iog( )<R.}) Ss}.

We set CfT(é) = Klog{p) + log((ffT(f)). 5o that (?,;"T(e) equals

"
sup {H.m :Pr (UfL {% + %L?.; < y,»}) < e}. (15)
iz}

= K. However, the bound in {6] is not

P2
L]
1%

At any p > 0, comparing (15) with (11), we have that @fT(e) >
(CY (DX, 50 that CHT (¢) > C¥ B (¢). Alsa it can be shown that

ﬁys Pr (li[l (:—, + ;;L?,s) < f[yi) < e}

i=1 i=1

< EMEe) < o0

(?fT{e) < Sllp{

Regarding the outage capacity of RT-BLAST, we have the following

Theorem 6: At any p > 0. we have that the outage capacity of
RT-BLAST is bounded below and above by the outage capacities of
V-BLAST and the optimum unconstrained system, i.e.,

ey®(e) <€ (e) < CMH (o).

Furthermore, an asymptotically tight lower bound to the outage ca-
pacity of RI-BLAST is given by

CfT(e) 2 €57 (e) = K log(p) + log(Cas' (€)),

(<) )

D. Outage Capacity of V-BLAST and RT-BLAST for the Rayleigh
Fading Channel
Over the Rayleigh fading channel we can further refine the results
obtained for V-BLAST and RT-BLAST both of which employ the
D-DFD with a fixed order of decoding, Note that the cdf of L is
given by Fi(z) = 1 —exp(—z)(T 0 = L) so that letting Froin (-
denote the cdf of miny ;< x {34} we have that

whete éiT(e) is defined as

K

]___[?h Pr

=1

CET(¢) = sup {

K Di—-1 xm
ot =1- [] (o2 (3 57))
Therefore, we have Coo” (¢) = F7 1 (¢)/ K, whence the asymptoti-

cally tight lower bound on the outage capacity of V-BLAST can be

5 -1
explicitly computed as C“,/B(e) = Klogp+ K log( FmK,-n(E) ).
Next, it can be shown that

is a concave maximization problem, so that the asymptotically tight
lower bound for RT-BLLAST can also be computed using standard
numerical optimization algorithms for the Rayleigh fading channel.

K
log(GE7 () = L max {ZIOg(yk)
AP k=1

R Ini—F 1 2In(1—¢)

V. DIAGONAL BLAST (D-BLAST) ARCHITECTURE

In this section we consider the D-BLAST architecture where the
transmitted matrix comprises of diagonally layered SISO codewords.
The decoder consists of a zero-forcing or MMSE fiiter front end fol-
lowed by SISO decoding and decision feed-back of “previous™ diag-
onals.

A. D-BLAST with Zero-Forcing Filtering

Over Rayleigh fading channels, the outage capacity of D-BLAST
with the zero-forcing front end was computed in [12] through sim-
ulations. The rate loss caused due to frame set up and termination
was neglected without a proper justification. Also. [12] observed that
for large p, the resulting outage capacity was very close to Cf,w Lie).
In the following, we show that for large framelength and a suitable
choice of diagonal width the rate loss can indeed be neglected. We
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then prove that D-BLAST with the zero-forcing front end is asymp-
totically optimal with respect to the outage capacity.
With zero-forcing filtering and error-free decision feedback. we
obtain a parallel channel model given by [7, 12],
2 = Liszi + 8,

1<i< K. {16)

Each SISO codeword of length nK, where n > 1 is referred to
as the diagonal width, is picked from a code of rate %. Assum-
ing the framelength to be J = InK for some { > 1, we have
that there are M = K(i — 1) + 1 independent codewards in each
trame. For [ >> 1, the loss due to set up and termination is neg-
ligible in the sense that the rate (in bits per channel use) achieved
is foEM = pIE-UN-U » R However the number of code-
words, M, also scales linearly with I. Under perfect feedback each
codeword cycles through the K parallel channels in (16) and the
outnge evcm under the uniform power restmnon can be defined as,

={IL XK log {1+ £L%) < £). Let P2(O) denote the
resultmg outage probability. Further let 51‘ denote the error event for
the i** codeword so that the trame error event is £ = UM & To
show that any rate R — q, for arbitrary @ > 0 can be achieved, we
need to take [ >> 1 and prove the existence of a SISO code of length
nK and rate — — 4, for arbitrary § > 0, which guarantees a frame
error probablhty Pr(&} arbitrarily close to Pr(€). This can be done
as follows, Letting £ denote the error event for the * codeword
under perfect feedback and O denote the complement of the outage
event, we upper bound Pr(£) as,

Pr(€) = Pr(Ui, &) = Pr(Ui, £7) < Pr(O) + Pr(u;“ils.g O°)

< Pr(O) + Z Pr(&f,0°)

i=1

Using results on compound channels, we can guarantee the exis-
tence of a code of rate -g — & and length nK whose error proba-
bilit J decays exponentially with n under the event ¢, Thus since

2wy PE(E], O°) increases linearly with [ and decays exponentially
with n, we can choose | and n so that the rate loss is negligible and
simultaneously Pr(£) is arbitrarily close to Pr(Q).

Consequently. with rigorous justification, we have shown that the
outage capacity of the D-BLAST architecture, denoted as C,? B (e), is
equal to

K
]
CfB(e) = sup {R (Pr (; log (l + R:L:") < R) < e} .

Next, we state the following theorem without proof which says
that the outage capacity of D-BLAST is sandwiched between that of
RT-BLAST and the optimum unconstrained architecture.

Theorem 7: Atany p > {), we have that

Ci e < CPPe) <€ F (o) < 00
Quite interestingly, the D-BLAST architecture achieves asymptot-
ically the same performance as the opnmum unconstrained architec-
ture. Using the fact that [H'H| = [JX | L?,, we have
Theorem 8: In the limit of high SNR, we have that

pli‘m (€Y ey —CcPPe)) =0

Thus with respect to outage capacity, D-BLAST with the zero-forcing
front end is asymptotically optimal.

The next theorem states that the outage capacity of D-BLAST is
always higher than Ordered V-BLAST,

Theorem 9: We have that at any finite p > 0,

CBLe) < ey B e) < CPBe) < cME(e).

Progf: Of the three inequalities. the only one that remains to be
proved is that C} %~ (e} < CPP(&}. To accomplish this we will
equivalently prove that

K
P r2 p ) o
;mg (1 + ELi,;) 4 Kl:lea")’(h)g (1 % Jin AN }) . AN

Using the fact that for any ¢ > 0, log{l + cexp(z)) is convex in
z > (1, along with Jensen’s inequality [17], we have that

Zlog( fo,) > Klog (1+ p (HLE,)”K). (18
=1
For any permutation , we have

HL W= i Hx)fHWI = H(L i

i=1

H'H) = (19)

Using (19) in (18) with the fact that (T[,(LE))YF »

miny <<k { Ti) } we have that forany m € ’P

2 - 4
Zlog (1+£1t) 2 Klog ( + % in {(L5)° }) . @0
The result in (17} now follows from (20). m

D-BLAST with the MMSE front end was shown to be optimal in
[7.8] using a fact proved earlier in [18] and by ignoring the rate loss.
The latter step can be justified by arguments similar to the ones given
here for the zero-forcing tront-end.

VI. OPTIMAL SPATIAL EGRMATTING

We focus on the TST architecture proposed in [9]. In this architec-
ture a K layer TST frame consists of K, spatna]ly formatted (inde-
pendcnt) wdcwords of equal lengths, the ** codeword corresponds
to the §** layer for 1 < j < K. The codewords are generated
by K independent SISO encoders of equal rate. The framelength
is assumed to be a multiple of K. Letting X = [x,---,x7] de-
note the transmitted frame and [a)s = & mod b, we have that
{X|t+m—1] g +1,: =1 are the J consecutive symbols of the m™®
codeword (or m*® layer). Then collecting K consecutive received
vectors in § = [y] -+, ¥ k] the equivalent linear model can be
written as,

y=Hi+v 2n

where 2 = [2] '-',zg“—]T with z,, = [z},m,---,z;{_m]T where

Zim = Xlj+m—1]e+1.4, } €7 < K and H is equal to
[e1 ®ha,e2®hg, -+, ex ®hy,e1 @ hg,- -

91®}l1,"',

e ®ho,---,
ex & hKL
where e is the k™ unit vector of length K. Using the model in (21)
along with the fact that the codewords across layers are independent,

the outage event for the optimum decoder, OTST=9Pt can be written
as

OTST—upt ={H: U {K Z

LC{1,--". K i=1
L#

)

and the resulting outage capacity is C157 77" (e) = sup{R :
Pr(OT57T-ot} < ¢}. Refore proving our optimality result for the
TST, we need the following lemma stated without proof.

log |T+ £ Z Bisim- 1JK+1hU+m g+l

metC
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Lemma [: For any N % K matrix H and any non-empty subset
£ C{L,---,K} we have,

K
E log
t=1

14 t
1+ I Z Byt 4181 41
mEL
> |/ log [T + ﬁHH*'.
- K

Thus by lemma (1) we have that )T ST-opt

fied as,

in fact can be simpli-

OTST-opt _ {H log |1 + %HH*‘ < R} (22)
Consequently we have the following theorem

Theorem 10: The TST architecture employing optimum decoding
is optimal w.r.t the outage capacity, i.e. C1°19P{e) = CML{e) at
any SNR p.

VII. SIMULATION RESULTS

We now demonstrate the effectiveness of the analytical ower
bounds over Rayleigh fading channels. In the following examples
we plot the outage capacities in bits per channel use (PCU) against
SNR (per receive antenna per symbol interval).

In Fig. | we consider two systems with (6,6) and {4,4) trans-
mit and receive antenna pairs, respectively. For each system, for
e = .1, .01, we have plotted C%(e), CPP(¢), which were ob-
tained through simulations and the analytical lower bound €27 (e)
computed using (10). Note that at each ¢ and sufficiently high
SNR, CML(e) and CPP(¢) are practically indistinguishable from
their asymptoticaily tight lower bound, (f;}’ L(¢). Also, the conver-
gence to the lower bound is faster for larger e.

In Fig. 2 we consider a (4,4) system and for ¢ = .05, plot
clr(.08), ¢YBor4(.05), C; 7(.05) along with their respective
asymptotically tight lower bounds. Again the computed lower bounds
are seen to be tight for sufficiently high SNR. Also RT-BLAST per-
forms slightly better than Ordered V-BLAST and provides an asymp-
totic gain of about 6.4 dB over V-BLAST which uses the D-DFD
with a fixed order.

VII. CONCLUSIONS

We compared the outage capacities yielded by the uncon-
strained system and some recently proposed space-time architec-
tures. Through asymptotically tight lower bounds, the asympiotic
(high SNR) loss in the outage capacity of each architecture relative to
the optimum unconstrained system was determined. Further, the D-
BLAST architecture using the zero-forcing front-end was shown to
be asymptotically optimal w.r.t the outage capacity whereas the TST
architecture with optimum decoding was shown to be optimal st all
SNRs.
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