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Noncoherent Multiuser Detection for Nonlinear
Modulation Over the Rayleigh-Fading Channel

Artur Russ and Mahesh K. VaranaSienior Member, IEEE

Abstract—The jointly optimum noncoherent multiuser detector ~ where z(¢) is the additive white Gaussian noise process with
is obtained for nonlinear nonorthogonal modulation over the a power spectral density (one-sided) o, Jax(m) € {1, 2}
frequency nonselective Rayleigh-fading multiple-access channel.denotes thenth information bit of usek;, Skjk(m)(t) is one of

Upper and lower bounds on average bit-error probability are . . .
derived. While these bounds are numerically computable, they two (depending on the value gf(m)) complex-valued, unit-

are too complicated to give insight into the relative influence of €nergy, possibly nonorthogonal signature signals of kséve
system parameters on the essential behavior of the bit-error rate. assume that these signals are such that, after matched filtering

Hence this paper develops an asymptotic analysis of the averageat the receiver, there is no intersymbol interference (ISl), i.e.,
bit-error probability. In particular, it is shown that the upper and

lower bounds are asymptotically convergent. An exact formula for *

the asymptotic efficiency of the optimum noncoherent detector /Ski(t —mT)sy(t —nT)dt =0

is derived. Interestingly, the asymptotic efficiency is found to be

positive and independent of the signal strengths of the interfering wheneverm # n. Signals which are time-limited to one symbol
u_serls_. In c_ontlrast, thehnoncoltzek:ent detector Wr:jCh wouI(; behop- interval (i.e.,sx;(t) = 0 outside the interva, T1) are simple
timal in a single-user channel (the “conventional detector”), when : :

used over the multiuser channel, has an asymptotic efficiency examples of such zerq-ISI Slgnals_. M_ore generally, the 5|gn_als
that is identically equal to zero no matter what the powers of Can be chosen to be linear combinations of pulses that satisfy
the interferers may be. While the performance analysis of the the so-called generalized Nyquist criterion (cf. [2]). As a prac-
optimum detector provides the fundamental limit on achievable tical matter, the particular pulses chosen (that satisfy this crite-
error rate, the implementational complexity of the optimum de- rjon) must be of duration no greater than that over which the

tector is exponential in the number of users. As a low-complexity T : : )
alternative, a decorrelative energy detector is also proposed and multiplicative fading remains constant. Thé(m)'s are the

analyzed in terms of error probability and asymptotic efficiency. ~ channel fading parameters, assumed constant over the appro-

Index Terms—Code division multiaccess, error analysis, mul- priatesignaldurations, and are modeled as being mutu_allyinde-
tiuser channels, multiuser detection, noncoherent detection, pendent (across users), zero-mean, complex Gaussian random

nonlinear modulation, Rayleigh fading. processes. LeE[|Ax|’] = F, so thatEy is userk’s average
energy per bit. Note that the assumption that the fading pro-
cesses are constant over a signal duration is usually referred to
as “slow” fading (cf. [3]).

ONSIDER a binary nonlinear signaling scheme where While we focus attention on binary modulation in this paper,
each of theK' users transmits one of two nonorthogonahe results herein can be extended to the cadé-@ry modula-
equi-energy signals to send one bit of information. After passifign. Note also that frequency-shift keying (FSK) and differen-
through a frequency-nonselective Rayleigh-fading channel (@&l phase-shift keyed (DPSK) modulation are special cases of
[1]), the superposition of thé&™ signals are assumed to arrivehe model in (1). DPSK can be modeled with
in symbol synchronism at the receiver. The complex baseband

. INTRODUCTION

representation of the received signal is sra(t) = pr(t) + pr(t — 1/2)
X and
r(t) =Y Arlm)si ot —mIT)+ () (1) sia(t) = pi(t) — pi(t = T/2)
m k=1

wherep, () is thekth users’ transmitter pulse, assumed to sat-
isfy the generalized Nyquist criterion with baud r&&". For
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In considering the optimum, decorrelative, and conventiondle define the signal correlation matrix
detectors of this paper, it is not assumed that the channel fading
parameters or their estimates are available at the receiver. Our R = / s*(t)sT (t) dt € O, ©)
results are, therefore, applicable to channels with any depen- T

dence in time of the fading processes, and particularly to ap-, this section, we let the waveformssf) be linearly depen-

plications in which the fading parameters are not explicitly estant so thai is positive semidefinite. We define thé-dimen-
mated over multiple signal durations, either because they cang@fna| vectom. with be € {1, —1}, whereby = 1 (b, = —1)

be reliably estimated as in rapidly fading channels, or the ex{ia,ang that théth user employs its first (second) signal. Spe-
complexity and cost of their estimation cannot be justified. Th&sic realizations ob (there areX of them) are denoted through
milder assumption is made that a simple statistical characterigas ingexi of H;, theith hypothesis. We also use the notation

tion of the fading parameters is available through a knowledgEeHi) to express the realization dfcorresponding td;. This

of the energieds,. _ _ dual representatiord @nd H;) is convenient to characterize the
Noncoherent multiuser detection for nonlinear nonortho%—romem at hand.

onal multipulse modulation was studied for the Gaussianyjih the above definitions, one can express the covariance
multiple-access channel in [4]-[8], and for the Rayleigh-fading5irix of the zero-mean Gaussian random vegtas
multiple-access channel in the abbreviated conference versions

of this paper [9], [10]: Noncqherent detection f_or orthogonal Ky, = RbHiR—i- 2R
modulation was considered in [11], [12]. Tutorial articles on
c_oherent and .dlfferentlally coherent multiuser detect.|0n frhere D™ is a2K x 2K diagonal matrix, with diagonal ele-
linear modulation are available (cf. [13], [14]). In pamcularrn :

: . : L ents given as
the multiuser Rician fading channel was studied in [15] and the
Rayleigh-fading channel with perfect channel state information, y. 1 Ex(1 + bu(H)))
was examined in [16] and [17]. A recent textbook on multiuser™ 2k—12k—1 — 5 =k kA

detection [18] gives a brief account of nonlinear modulation - 1
based on the results of [4], [5], [7], [9], [10], and [12]. Dyii =5 Ex(1 = bi(Hy)), k€l 2,..., K}.
The rest of this paper is organized as follows. In Section I, (4)

we specify the optimum noncoherent detector and state the re-

sults for upper and lower bounds on average error probability. INnWhen we havd{ users, each employing two signals, the op-

Section I, which contains the key results of this paper, we atimum decision rule, with optimality defined as the minimum

alyze the bit-error probability of the optimum detector for higiprobability of erronous joint decisions, will be2&” hypotheses

signal-to-noise ratios (SNRs). This leads to an exact formula fsting problem. Assuming equiprobable input signals for each

its asymptotic efficiency. In Section 1V, we specify the conveniser, the maximura posteriorirule is the maximume-likelihood

tional detector and obtain its error rate for finite and high SNRrule [19]. Consequently, for a given vectrthe optimum mul-

Since the complexity of the optimum detector may be too higtiuser maximume-likelihood detectgr™°?* selects the hypoth-

and the performance of the conventional detector very poorgsis H; according to

suboptimum decorrelative energy detector is proposed and ana-

lyzed in Section V. In Section VI, we present numerical exam-¢°?': { = arg min {yTK;ﬁqy + In (det (Ky|H7-))} (5)

ples that validate our analytical results. Section VII concludes lsis2® 7

this paper. where t denotes the complex-conjugate transpose operation.
The extension of (5) tal/-ary modulation is straightforward.

Il. OPTIMUM NONCOHERENTDETECTION Note that the generic problem of testing hypotheses where the
rﬂbservations are zero-mean Gaussian random vectors with dis-
nct covariance matrices arises in the context of detection of
ochastic signals in single-user channels as well (cf. [19, Ch.

In this section, we obtain the jointly optimum noncohere
detector and the upper and lower bounds on error probabili
Because of the assumption of zero ISI, we can restrict our

tention to the transmission of a single bit from each user (wi )- _ _ S
m = 0in (1)). For convenience, we drop the time index as well. Without loss of generality, the performance analysis in this

The received signal(#) is first passed through a bank i paper is done for the first user. An upper bound on the condi-

matched filters, matched to each of the signature signal$t). t|onalderro;prcl>bab|llt8/ glvglffi resultslgror.n |n\f/0k|ngﬂa gnlct)n
Assuming that these signals are nonzero over the time inter98|un » and a lower bound from considering for evety jus

T, the output of the filter bank is aK-dimensional complex thatf? which d|tffer”3 (inlyjlrllbl,oor gqun(/)algntly_/t:]heg-éjlrpen(;
vectory of sufficient statistics sional error vectoe® = ( +++0)", with e*” define

element-wise asi! = 1/2(bx(H;) — bi.(H;)). Error vectors
. which have only one nonzero entry at position one will be of
y= /T r(t)s" (1) dt @) special importance in the asymptotic analysis. We refer to them
as unity-weight error vectors.
with Let us consider the evaluation of the conditional pair-wise
error probability that; gets chosen ovell; when H; is true
s(t) = (s11(t), s12(t), s21(t), ..., sx2(t)*. (henceforth denoted a8y, ;). It follows from (5) that we
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must evaluate the probability of the event that the Hermitian Ill. A SYMPTOTIC BEHAVIOR OF ERRORPROBABILITY

form . . .
In this section and the rest of the paper, we will assume that

A irp—1 -1 the signals ins(¢) are linearly independent so that the correla-
fis =y vl TylH; Y tion matrix R is invertible. In attempting to gain insight into the
asymptotic behavior of the error probability, it turns out that the
terms become more revealing if we reformulate the optimum
multiuser decision rule (5) in the following way:

is less than or equal to the real-valued threslipjaiefined as

&, = I (det(Kyp,)/ det(Kyr,)) - (6)
Therefore, we obtain the characteristic function [Laplace transept: ; — arg  min {zTKz—l}{_z + In (det (Kle))} (13)
form of the probability density function (pdf)] of the Hermitian 1<i2® '
form

where the equivalence with (5) results from introducing
—1 —1
fis =¥ (K iy, — Koy v

z=R'y (14)
as being (cf. [1])

K, u =R'K,u R ' =5*(yD"" +Q)  (15)

with @ 2 R™*, and recognizing thah(det(R)) is independent
- < . )M ™ of H;. In (15), we factored out?, to explicitly introducey =
+s

El/cf?,lghe SNR of user one. The matr®” in (15) differs
from D" by the multiplicative factod /E; .
where)Y, is thekth eigenvalue from the set 8f nonzero eigen- ~ Let us define
values with multiplicityn; of the matrix
Crrr, = Ky Ky, — 1 8) ciy = (et (e )/ deil Koy, )
and Iet)\é“j denote the eigenvalues of the matrix (the superscript

After an inverse Laplace transform to obtain the pdf, and int%'is an index, not an exponent)

grating over appropriate ranges, we obtain

) Cu.m, 2 Ko Ky — 1. (16)
1 Cij ’
Pu,n; = Z TN <1 — exp <—)\—k>> In the following subsections, we first obtain the higlthar-
x;;;o ZUI <1 - ,\kj> " acterization of the thresholds; and the eigenvalues};. Fol-
1£k lowing that, we show that the error probability is asymptotically
1 dominated by the unity-weight error vectors, which finally al-
+ Z 2K 7 s\ 9 lows us to show that’y and Py, are asymptotically coincident.
S o ZHI <1 - A,f) This also allows us to compute the asymptotic efficiency.

. - . A. Asymptotics of;;
for ¢; > 0, and assuming distinct eigenvalues. Egr< 0 the ymp J

corresponding probability becomes We first establish an asymptotic expressiondgrwhich can
also be written as

Prn = ¥ ﬁp (u) (10) oy =tn (det (Ko ) /et (). @)

ij
o i Wheref{zLHi 2 02Ky, . For any hypothesi#;, the determi-
nantdet(K |y, ) is a polynomial of degre& in +. In the com-
With this result for each individual conditional error prObabi”typutation Ofcijy the ratio of two such determinants is involved.

the above-mentioned upper and lower bounds on the overall Bifence, the limit of;; asy — oo is obtained as

error probability become )
o (0 (o))

2% 2% e = i =1
1 R = Jim, ey =ln ~
PegY X Paenin Q) ' arc (det (K, ))
=t st bl(é;;bl(Hj> g ) . .
arlde z|H;
whereag (det(K ,y,)) denotes the coefficient associated with
2K K

1 A v% of the polynomiaklet (K, ).
P2or > Pu—m =P (12) A closed-form expression fat;,; defined in (18) can be ob-

i=1

1 =(£100.--0)T tained as follows: if we assund¢H; ) to have all entries equal to
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unity and define the energy ratios 2 E,./E,, the asymptotic ~ For any two hypotheseH; and H, the covariance matrices

approximation of the matri¥X,;;, has the form K. and K, g, can be rearranged in a way that the ele-
A i ments corresponding to users indexed by all sti¢br which
Qf1 ?212 glg 814 glo gmk bi(H;) # bx(H,) are in the upper left corner, so that
12 22 23 24 25 22K H.
K| K
Qs Q33 7127 Q34 Q35 -+ Qs2x Ko = <KJ;1 K12> (24)
f{z|H- ~ QLL : : Q44 . e Q42K . 12 22
Qs - : ©om3y o Qsek Kﬁj K,
z|H; = n . (25)
: P K, Ky
Y . . - e Qakok For an error vector with weight, the matrixKﬁf will be

_ o (19) 2¢ x 2¢. Using the fact that the second block row of the ma-
In general (for any hypothesis), one can identify the permuttix K, ; K, is equal to the second block row of the matrix
tion matrix that will rearrange the elements of the asymptotﬁrlesz—l}{j (which in tumn is the identity matrix), it follows

approximation o7, given in (19) into that the matrixCy, , with the same partitioning as in (24) and

K% K (25), takes on the form
K, K Cup = <( Hz-Hj)n ( Hz-Hj)12> (26)
where the diagonal elements Effl are linearly proportional 0 0

to v (note that each of the submatrices in (20) is of dimensigif1€"e thel'’s are all-zero matrices of appropriate dimensions.

K x K). Consequently Thus, for an error vector of we_ighat, 2(K — e) e@genvglues
. are equal t@ and the nonzero eigenvalues coincide with those
ay (det (szz.)) of (Cg,m;)11.- When investigating the asymptotic behavior of

_ _ _ N1 _ (Cw,m,)11, the crucial step is to determine the invng‘l}{i
—des (K (o (K25~ KL (KIE) K )) for igh AR,
2 The inverse of any x N invertible matrixAd can be com-
(21) puted as

K
_ H; .
= det (Klr ) 1:[277, (22) Mfl _ (det(M))_lAT (27)
so that with elementsd;; = (—1)¥t det(My;), whereM,, is a ma-
dot (K trix that results by striking out théth row andith column of
a2 =1 € ( o ) M. A, is called thecofactorof the matrix elemeniif;;. The
Gj=In| ———=~ (23) e ) , . .
H; matrix A" with entriesAy; as defined is called thaedjugateof
det ( K,

M [20]. Whenever it is not clear from which matrix a cofactor
is computed, we add it as an argument, adip(M).
B. Asymptotics of Eigenvalues We introduce the following notatio{:L, p} means that the
In this subsection, we are concerned with the asymptoticsRfflynomialp is of degreeL. By applying the formula for the
the eigenvalues &', 7, defined in (16). We will first establish INVErse O_f a matrlx n (_27) to the matrix given in (19), and using
properties for the eigenvalues which are true for any SNR. TH&e n_otatlon jugt described, we have (28) as shown at the bottom
will determine only part of the eigenvalues. To characterize 74 this page with
rest, we have to use an asymptotic argument for high SNR. A = (1) det((K 7y, )xt)

1 T
{K -1, An} {K -1, Ap} {K— 2, EAIL%} {K -1, A} - {K-1, Ak}
1
{K -1, An} {K, A} {K—L EAQL%} {K, Aoy} {K, Asox}
1 {K_27iA31} {K—LiAgQ} {K—L iAgg} {K—L iA?A} {K—LlAgﬂ(}
-1 o ro ro o o
z|H; {K, Dz} )
{K -1, Ay} {K, Ap} {K— 1, gz‘hg} {K, Ay} {K, Ak}
1
{K -1, Asr1 } {K, Aoga} {K -1 . A2K3} 1K, Aogay -+ {K, Asxor}

(28)
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and From (30) it is easily seen thatl is an eigenvalue with mul-
D; = det(K°%,, ) tiplicity e. The othere eigenvalues are positive, which follows

KU is defined as the covglfa;nce matrixa}f; for equal en- from viewing thee x ¢ matrix P, as the product of the diag-
= H; v q onal matrixD = diag(lrs---r.) and a principal submatrix

ergies among all users. So, for edthy ;, we have associated ang ¢ 1 positive-definite matriXKefH )= which is thus also

o eq . i . )
gg:ﬁ:eesnjgg \elirslilgﬁller%c. oﬂr]:iszgtt)rﬁtg)g ';lijseer:gle’ gf;aeu: It ositive-definite. The positivity of the eigenvaluesBffollow
plicitly 9 P YHRm Sylvester’s law of inertia [20]. As every element Bfis

totic form of the inverse of the matrik | ;;, on the energy ratios . X ;
g proportional toy all eigenvalues are hence also proportional

Wln general, the highest degreejrof an entry A (K . ) is ';(: ty'.'lxle(l)reover, these eigenvalues depend on the energy ratios
o K, if (Kiin)kk # and(KZquZ_)” £, In g.eneral then, we cqncludethat forqny arbitrary errorvectqr
« K —1,if (Kiilm)kk £ ~ xor (KZ?Hi)ll £ of weighte (by approprlately renumbering the users.and their
) signals, and following the above argument for the particular case
© K —2,if (K jy Jw = v and (K jy Ju =, of the error vector with all nonzero elements equaktd), the
where we used “xor” to denote a logic exclusive-or. eigenvalues o'y, g, always have the following structure for

In the next step we use this insight inf6;;, to investi- Nigh SNR: there are eigenvalues equal te 1, ¢ eigenvalues
gate the asymptotic behavior of the matif®y, i, )11, in whose POsitive and proportional tg, and2(K — ¢) eigenvalues equal
eigenvalues we are interested. It can be shown that for the gh0. Moreover, the positive eignevalues are a function of the
eral case of an error weightwith ¢ € {1,2, ..., K}, the €nergy ratios of the interfering users whose indices are the same
asymptotic approximation of the matri€'p, i, )11 is given by @S those of the nonzero elements of the error vector.

(29), shown at the bottom of this page, where an ebtrgplies ~ Consider the important example of a unity-weight error

that the term in its place has highest exponent afo greater Vectore” = (=1 0 --- 0)". For the asymptotic form of
than—1. We also assumed without loss of generality thatall (Cr. 1, )11 We obtain
nonzero elements efare equal to-1. The constants,,,,, with (O ) (-1 «a (32)
m, n € {1, 2, ...c} are constants that are all independent.of HHIT ™\ ey gy
We are interested in the characteristic polynomial with
e(0) 2 det(\ — (Cr,11,)11). iy = axc (Az2 (KZy,)) Janc (aet (K3, ) -

We use Laplace’s expansion and retain only terms which willote thate,; is positive, since both the numerator and the
give coefficients that involve® since only such terms matter indenominator are positive, which in turn is a consequence of
the asymptotic analysis. Thus, we obtain the characteristic poIf—i?Hj being positive-definite. The asymptotic eigenvalues of
nomial as shown in (30) and (31) at the bottom of this pageC x, i, )11 are, therefore, easily established to-beanda;; .
where the matrixP is implicitly defined in the last equation. Note the important property that the asymptotic eigenvalues

-1 C11 0 C12 0 e Cle
. ag(Az2) . af(As2) oy ax(Age)2)
ak(D;) ak(D;) ak(D;)
(Cu.m,),, = 0 €31 -1 €32 o - C3e (29)
. , ax (Azeze)) e , ar(Asze)) e o ax (Age)(2e))
(2e)1 e aK(Dj) (2¢)2 e aK(Dj) (2¢)3 e aK(Dj)
) ax(Az) N _ag(Ag) M _ax(Agee)
ar(D;) ar(D;) ar(D;)
ag(Ay ax(Ay) ax (A1)
—72T’Y )\_72—D' Yo _727D» Y
() (A + 1) det ax(D;) ax (Dj) ax (Dj) (30)
. ax (Az2c)) N ax (Aue)) N ax (A@e)(2e))
ar(D;) ar(D;) ar(D;)

2(A+ 1)°det(M — P) (31)
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for unit-weight error vectors in this case are independent of tBe Asymptotic Efficiency

signal strengths of the interfering users. In the multiuser channel, one is also interested in the perfor-

mance degradation due to the interfering users rather than the

background noise. A performance measure which captures this
We will show in this section that we only have to consideitea is theasymptotic efficiencgcf. [17], [22]), which for user

unity-weight error vectors (which lead to eigenvalues with mulk, is defined as

tiplicity one) when considering the high SNR case. Foe 1 . PM(Ey, o)

ande’ = (-1 0 ---0)T andforg; > 0, itis easily shown M = sup {0 <621, lim PS(6Ex, o) < 1} (37)

that ’

C. Dominance of Unity-Weight Error Vectors

wherePM(E},, o) is the error probability of uset in the mul-
1 exp <_@) (33) tiuser setting and* (6 Ey,, o) is the minimum achievable error
probability in a single-user channel where only ukés active
) ) _with energyé E}.. The appropriate single-user scheme uses two
where the subscript with P, ;) ande;; stands for unity nonorthogonal equi-energy signals and noncoherent detection.

weight. In the rest of this subsection, we will deal with only thg can be established that, for high SNR, the single-user error
caser;; > 0. The conclusions for the cagg < 0 are the same. probability becomes

P(Hi—>Hj)1 ~

iy ij

For higher than unity-weight sequences, we have to deal with 1
multiple eigenvalues. Equation (7) represents the characteristic PP 1= Ry (38)
function for the Hermitian formf;;, with possibly multiple . . (1= i)y . .
nonzero eigenvalues. In our situation, we have the eigenvamgere}z12 is the correlation between the two normalized signa-

—1 of multiplicity ¢ and e distinct eigenvalues which are!Ure signals.

positive and proportional tg. A Fofr thﬁ_oEtgn’\:JFrzn (_jectjector inthe mult|urs]_erhcgannzl, we prkoved
For an arbitrary weight error vector, withe > 1, it can that for hig , It does not matter which bound we take to

be shown that, asymptotically, the terms corresponding to tﬁgmpgte the asymptotic erlrlor prohpab|llty6 A_S the Iowerfbounld
eigenvalue—1 decrease as— and the terms corresponding's easier to compute, we will use this to obtain an exact formula

to thec eigenvaluesy’ v, k € {1, 2, ..., ¢} (note, the super- for asymptotic efficiency.

o . . .
script’ is an index, not an exponent) can be written as the SumCon5|der conditional error probabilities for unity-weight

error vectors. Using the asymptotic expressions for the eigen-
i: (af)et <1 exp <_ (Eij)ca)) (34) values derived in Section I11-B we obtain
| )

K Al
k=1 ] (a7kj - afij “ Fij 2 §(PH7'_’H_7' + P, —m,)
2k _
. . 1 Eij +1 e e
The proof of the above statements can be found in Appendix A. . , if ¢; 20
To prove that the unity-weight error vectors dominate the ~ 2\ gy iy (39)
error probability for high SNR we have to show that 1 < i n 1-— Eij) 2. <0
i P(Hi—>Hj)e -0 35 2 77104 iy ? ]
el P, ), o (35) wherec; ;v (ar;7v) is the positive eigenvalue corresponding to
for all ¢ > 1. With (33), (34), and the fact that the terms corE_he error eventl; — H, (H; — H;). We also used the property
¢ji = —¢;;. We omit the subscript with Py, g, andc;;,

responding to the-times repeated eigenvaluel decrease like

~—¢, we obtain for (35), after applying 'Hospital’s rule because in this section, we deal only with unity-weight error

vectors. Consider the following definition:

- S (afp)? 1
(ci")e Z I C— A . _(PHi_’Hj + PHj—*’i)
T T oty i = sup 0S8 I =g =ty
Pl = ’
lim —=HDe - (36) (40)
Y00 F(H,—H;) @+ i i
i Qg WU Using (39), (38) we obtain
So, (35) is true if the numerator in (36) is zero. This is a direct _ 2 7 if &;; >0

consequence of the lemma proved in Appendix B.

Equation (35) is a fundamental result, as it says, that for highy,;, =
SNR, the error probability for a specific user is dominated by the e
unity-weight error vectors. The same result is also true for co- (TJr
herent detection in a Rayleigh-fading channel with known [16], . . _ (41)
[17] or imperfectly (but optimally) estimated fading parameters 11€ asymptotic efflocpltency_ of the optimum detector for the
[21]. However, the proof of the dominance of the unity-weigHSt user (denoted ag,™") using the de’fﬂmon in (37) can be
error vector in the noncoherent case of this paper requires a mop@Wn to be the harmonic mean of &~ terms of the type
delicate analysis. givenin (41), i.e.,

We have thus established that the upper and lower bounds on
the error probability introduced in Section Il converge asymp- nPt = 2kt Z (nij) ) (42)
totically. is by (F)=1

X
oo

3

bt exn(—5,) ) (-1 Rial?)
2

Lot exp(e,) )= Rz

a4

if Ci; < 0.

-1
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Note that; stands for hypothesif; that is different fromd; E. Near—Far Resistance

only in the first user’s symbol. Let us define the near—far resistance (cf. [18]) as the worst

It remains to specify an explicit formula far;;. When the 40 asymptotic efficiency over the relative interfering signal
two hypotheses differ in only the first user's symbol, it can b?trengths ie.

shown that
@ij = T—— (43) mo=, b o (50)
Quy, — ] (Kl,,’) z;
From (43), we see that the asymptotic eigenvalyges are inde-
where pendent of the energies of the interfering users for unity-weight
1, if by (H;) = —1 error vectors. From (23), this independence is also seen to be
{ ) (44) trueforg,;;. Hence we have the remarkable result that the asymp-
2, if b (Hy) =1 totic efficiency in (46) is also equal to the near—far resistance.
. Furthermore, from (41) it is easily seen that each termin (42) is
and whereK;,” andz; are defined through the partition positive and, therefore, that the asymptotic efficiency (and hence
Que ¥ near—far resistance) is positive. Thus, the optimum detector is
K fff’ = < _;{_ ) (45) near—far resistant. This means that the asymptotic performance
z; K’ of the optimum multiuser detector rivals the optimum detector in
Combining (41), (42), (23), and (43) together yields the sougSingle-user channel where the latter ugs times the energy
result in the multiuser channel. The error-rate asymptote of the op-
timum detector decays inversely with SNR. Furthermaf&;
opt 2871 . i is independent of the powers of the interfering users so that the
LT 11— |Rp,2 Z < + T) error-rate asymptote is invariant to interfering signal strengths.

i b (Hi)=1 The independence of the asymptotic efficiency of the op-

. min {Q22 — g7 (fﬁr ) - z* timum detector to the interfering signal energies was also shown
for coherent detection in the Rayleigh-fading channel [16], [17].
. —1 Itshould, however, be noted that there is a significant difference
Qn—.’l‘]T (ffa) x*} between the coherent and the noncoherent problems: whereas
for the coherent case, the dominance of a unity-weight error
(46) vector means that the signals of the interfering users can es-
sentially be assumed to be completely known at the receiver,
where so that the independence of the asymptotic efficiency makes in-
1 tuitive sense (which is also why asymptotic efficiency is equal
Q22 — ] (fff) x to unity in this case); that this independence even holds for the
S (47)  noncoherent case—in spite of the fact that the revelation of the
Q11 — :l‘f (Kl,,’) x; information transmitted by all interfering users doeg imply
that the interfering signals are perfectly known because of the
For the single-user channel, the above formula is equal 48sociated random and unknown complex amplitudes—is an all
unity as it should be. For the two-user channel, the asymptotie: more interesting fact.
efficiency can be simplified as

.

EAA

Cij = In

nopt,Qu _ 2 IV. THE CONVENTIONAL DETECTOR
' 1—|Rp|? A detector which applies the single-user decision rule in a
. [(1 + @) min { Q11 — Q. |Qu4)?, multiuser channel is called the conventional detector. We will
2 derive its error probability and investigate it for high SNR. It will
Q22 — Q1) |Q24]*} be shown that the conventional detector suffers from a flooring
|es] . = ) of It§ error probability. _ _ _
+ <1 + 7) min {Qll — Q33 |Qus|", If it were falsely to assume that only the first user is active,

_. then the sufficient statistics are the two outputs of the matched
Qoz — Q531|Q23|2}} filters for that user, i.e., the first two elementspfvhich we
denote ay. The optimum single-user decision rule based on
(48) the same false assumption is, therefore,

where T . .
-1 _ g1 A C>
6 —ln <M) ol (K, — Kyl ) ve = A 2o (s
Q11Qu4 — |Q14? 1
and with K, |7, andK,_,, being the appropriate single-user co-

o = 1n Q22Q33 — |Q23]? (49) variance matrices in a fictitious single-user channel where only
T\ QuQss — Qs the first user is active.
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A. Error Probability fering user energies are sufficiently weak, the conventional de-
tector does not exhibit an error floor and that it can indeed even
outperform suboptimum multiuser detectors such as the decor-
relator for such operating points. The conventional approach is
thus even worse for nonlinear modulation over fading channels
than it is for the Gaussian channel.

The covariance matrix af. conditioned ord, which we de-

note asCy, s, IS given as
Hg Hg
O T{le 7'{"‘0'2 T{le 7'5+R120’2

yolb = ) * )
T H; 2 T nH: 2
(rl le 75 + Riso ) 5 le rs+o

(52) V. THE NONCOHERENTDECORRELATIVE ENERGY DETECTOR
where we introduced the vectof as theith row of R, i €

H{ 1 . 1 H -
{1, 2}, and moreoverle |s.d.ef|ned asin (15) with the depen requires the computation of as many quadratic forms as the
dence ofH; onb made explicit.

By symmetry, the bit-error rate of the conventional detectd) umber of hypotheses. Hence the complexity of the optimum

. o e ~detector appears to be exponential in the number of users. Onthe
is equal to the conditional error probability given that the firs . : .
. . . . other hand, the conventional detector requires the computation
user transmits the first signal. Therefore, averaging over the bi . . .
. . ofonly two quadratic forms per user but its performance is unac-
of the interfering users, we have

The implementation of the optimum noncoherent detector

1 ceptable. In this section, we seek a complexity-constrained de-
pPC = pngl ey Z Pr (AC < 0|b) tector that approaches the performance of the optimum detector
2 b at least for lightly correlated signals. In particular, we consider
1 et strategies that are not much more complex to implement than
—— Z P(%O_)Hl)_, (53) the conventional detector. To this end, we adopt the approach
2 i ' of decorrelative detection for nonlinear modulation as proposed
o Hy), of this probability can be expressed indy the authors in [4] and [7] in the context of the Gaussian mul-
terms of the two eigenvalues of the mat@¥, (K%, — Uuser channel. _ - _
e | ys|H1
-1 . - . In nonlinear modulation, the superposition of signals trans-
Y IHO),Whose properties we will investigate. It can be shown itted by th : lies | ianal sub that de-
thai mitted by the various users lies in a signal subspace that de
. . pends on the particular choice of information symbols trans-
Cyo Ky 1, — Ky im,) mitted. This subspace is one 2f K-dimensional subspaces
: : depending on which of the® realizations of theX informa-
y < wiDyirt+1 Dy s+ R12> pending

113

Each termPS

— tion bits are transmitted. It is suggested in [4] and [7] that the
1+~ signal space be viewed as an expangi&ddimensional space
that is spanned by th2K signals of all users. This expanded
. <1 0) . (54) Ssignal space is invariant to the information bits transmitted so
0 -1 that a decorrelative front-end is easily specified. The key prob-
The second matrix on the right-hand side of the above equatiems that emerge are those of postdecorrelative detector design
has eigenvaluesand—1. We continue to have one negative andnd analysis. Three near—far resistant solutions to such prob-
one positive eigenvalue if this matrix is premultiplied by the firsiems were obtained for the Gaussian channel in [4] and [7].
matrix on the right-hand side since the latter is positive-definite. The idea of noncoherent decorrelation described above can

fy'rlTDll;’“rg + Ry fy'rgDﬁ’“rg +1

Thus, one of the eigenvalues nyc“,(Ky_:lHl - y_sl|H0) is  be applied to the Rayleigh-fading channel. This is achieved by
positive and one is negative. For high SNR, we have formally writing the received signal as that of a pseudo-linear
Cy, K,y — K, ') scheme

yolb\ By, | H, vs|Ho

K
riDyr rIDyrs\ /1 0 r(t) = Ap(ansii(t) + Brsia(t) + (), €0, T]
~ T nH; T nH; - (55) k=1
riDy'rs 3Dy 'rs 0 -1 (57)
Note that both eigenvalues are lineariffior high SNR. But with

this means that each terﬁgfo_) 1) in (53) takes on the form
9.

(Oéka /jk) € by = {(L 0)’ (0’ 1)}
N ——— (56)

. o, + o Then, the vector of sufficient statistigsdefined in (2) can be
for high SNR, where we usel, ~ oo,y andXa, = —as,7, expressed as

oy, > 0. Hence, for high SNR, each terﬁ@o_)Hl)i in (53) ap-

proaches aonstant This shows that the conditional error prob- y=RAxk +n (58)
ability for the conventional detectdﬁ’ﬁo_),q1 becomesindepen-

dent of SNR for high SNR and exhibits a flooring of the errowith

C
P(HO — Hy )7-

rate. Hence, the asymptotic efficiency of the conventional de-x, = (a1, 81, a2, Ba. ..., ax, Br)* € {(1, 0), (0, 1)}
tector is identically equal to zero. This phenomenon occurs no ] KK
matter what the energies of the interfering users are, as long A =diag(Ar, A1, Ay, ..., Ag) €C

at least one of them is strictly positive. This is a more negatiamdn being zero-mean Gaussian with covariance matfiR.
result than for the conventional detector for linear modulatiddow, as in channels with linear modulation, the correlation ma-
in a Gaussian channel where it is known that when the intdrix R is independent of which signal is employed by each user.
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Therefore, the decorrelation operation becomes independentiefse eigenvalues as, and «_. A similar result is also true

the transmitted symbols and the actual realizations of the fadifog C 1, i1, . Let its positive and negative eigenvalue be denoted

parameters. as /4 andf_, respectively. It is possible to obtain analytical
The decision vectog;, consisting of the first two elementsexpressions for these eigenvalues but they are unwieldy. Using

of R~y (without loss of generality, the analysis is done fothe form of pairwise error rates given in (9) and (10), it can be

user one) is complex, zero-mean, and Gaussian with covariasbewn that (assumingy > 0)

matrix

1 « cp
K, =0 {7 <a1 ) N <Q11 Qmﬂ (59) 2 o —al ay
0 M QT Q2 a 3 c
. 1 5 + + exp <—>} . (63)
with @ = R~ andv = F; /0%, the SNR of user one. We de- o —ogp Po— By £

note byH, (H;) the hypothesis that user one transmits the firsfthe error probability in the case whep < 0 can be similarly
(second) signal. Focusing attention only &n the minimum

specified.
error probability detector is easily shown to be P
) L L f>{0 B. Asymptotic Error Probability
-~ — K 60 . . .
1 ( #1lH z1|H0) 1 fh b (60) While (63) gives an exact expression for the error rate of

the NDED, it remains unclear as to how that error rate behaves
relative to, say, the minimum error probability in a single-user

channel or the error rate of the optimum detector. In this sub-
section, we derive a simple asymptotic expression for the error

The detector described by (60) will be called the Noncoherepmbab”ity of the NDED and subsequently obtain its asymptotic
n1Ificiency. The analysis technique is similar to the one used for

Decorrelative Energy Detector (NDED). It can as such be mpl}%e analysis of the optimum detector.

mented for th ion of rticular user, with ir of fil . . : .
ented for the detection of a particular user, with a pair of filte In the high-SNR regime, the matric€y, rr, andC, i, in

that tune out the interfering users’ signals whatever informslv-hose cigenvalues we are interested. are aporoximatel
tion they transmit, followed by the computation of the quadratic 9 ' PP y

with

cp=1n (det (Kz1|H0) /det(KzllHl) :

form in (60). The complexity is, therefore, essentially that of a v Qs
single-user optimum detector for nonorthogonal binary modu- Chy i, ~ Qil G (64)
lation. 0 81? 1
A. Error Probabilit -1 %
. Error Probabili
.y . . . . C'H1 H, ~ o 2. (65)
The model forz; in (59) also arises in a single-user Rayleigh- _waz ﬁ

fading channel over which nonorthogonal binary modulation is

employed and where the effective energies of the two sign&ig®m these matrices it is easily derived that &y, #,, the
are unequal. Thus, the error-rate analysis of the NDED in tf§ymptotic expressions for the eigenvaluescare~ —1 and
section also serves to provide the fundamental limit on the erro¢ = v/Q11. The asymptotic eigenvalues 6%y, 1, aref_ ~

rate achievable in such a general single-user channel. —lands; ~v/Qs. It should be noted that the second eigen-
The bit-error probability of the NDED in (60) is given as  Value is positive for both hypotheses beca@sis positive-def-
1 inite. Finally, c, admits the asymptotic expression
pP = 5 (PI{?(WH1 + PI’%HHO) (61)

¢ep = lim ¢p = In(Qa2/Q11).
WhereP,{?i_)Hj denotes the conditional probability thak; is P s (@22/Qu1)

mistaken ford,.

Each conditional error rate is of the general form Distinguishing the two caseég, > 0 andep < 0 we get the

following expressions for the error probability of user one:

Pr(ztFz < ¢), (62)

whereF is any2 x 2 indefinite Hermitian matrix¢ is a real PP Qu <1 + %D) (66)
constant, and: is a bivariate, zero-mean, complex, Gaussian K
random vector with positive definite covariance mat’x We  ¢5r ., > 0, and
have encountered such probabilities in the analysis of the op- -
timum detector. b Q2 ¢p

The conditional error raté’[’j?o_)H1 can be completely spec- Poa T <1 - 7) (67)
ified in terms of the constantp and the eigenvalues of the
matrix Cr o, = leOK;ﬁ,] — I. Similarly, P} _ ,; de- for ¢, < 0. Thus, the bit error rate of the NDED depends in-

pends on the constamf, and the eigenvalues of the matrixversely on the SNR as does the bit-error rate of the optimum de-
Cuon, = K. z_l}fo — I. It can be shown that the two tector in a single-user channel. Moreover, our asymptotic anal-
eigenvalues oy, ;, are real-valued, one of which is posi-ysis is such that it gives the correct constant of proportionality
tive and the other negative (and hence distinct). Let us denatehe inverse SNR term.
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Fig. 1. The upper and lower bounds on error probability of the optimuffig. 2. Upper bounds on error probability of the optimum detector—
detector—an illustration of asymptotic tightness of bounds. invariance of high SNR performance to interferers’ signal strengths
(r = E;/E, the interferer-to-desired-user-energy ratio).

Using the definition of asymptotic efficiency in (37) and the 100 = N R
asymptotic error rates of the NDED in (66) and (67), one easily '
obtains the asymptotic efficiency of the NDED as T e T
Q
o LT
2 i S e il L —
., ifep>0 5 107
P = (€pQu1 +2Q11) (1 — |Ri2]?) b= S
B 2 . 3
— , if ep < 0. [ e Conv. Det., r=0.01
(2Q22 —€pQ22) (1 — [R12[?) (68) § 102 L|=-==-- Conv. Det, r=0.1 | N ]
- == == Conv. Det., r=1 .
Note that although the expressions for single-user and decorre- g —-=== Conv. Det,, r=10 \‘\
lator error probabilities in (38), (66), and (67) are only asymp- u — — = Single-User *
totically correct and we thus used thesymbol, the terms for ot e e T
asymptotic efficiency are exact results. 0 5 10 15 20 25 30
The asymptotic efficiency of the NDED is strictly positive SNR of User 1 in dB

and independent of the interfering signal strengths. Hence, its

f . . | h ic effici Fig. 3. Error probability of the conventional detector versus single-user
near—far resistance Is equal to the asymptotic effiCIency.  pannel performance—iliustration of error-rate floors.

VI. NUMERICAL RESULTS InFig. 3, we plot the error probability for the conventional de-

The central result of this paper was the convergence of ttextor. The single-user channel error rate (i.e., wheg 0 for
upper and lower bounds on the error probability of the optimumn = 2, ..., K) is included for comparison. The performance
detector for high SNR. Fig. 1 demonstrates this behavior foroh the conventional detector is depicted for various interfering
four-user case, with fairly highly correlated signals. To charaoser-to-desired-user-energy ratigswith the SNR among the
terize the correlatedness of the signal set, we introduce the jpaerfering users being equal. This figure is also consistent with
rameter3 defined as the mean of the magnitudes of the off-deur analytical results in that the error rate of the conventional
agonal elements of the signal correlation matrix. In this exampletector exhibits an irreducible floor with increasing SNR.

[ = 0.76. The signal correlation matrix itself is obtained by an Fig. 4 illustrates the error probabilities of the noncoherent
algorithm given in [23]. decorrelative energy decorrelator (NDED). The correlation be-

We have shown the interesting result that the high-SNR ertwreen the signals is assumed to be as in previous figures. For the
probability of the optimum detector for a particular user is effecake of comparison, the bounds on the error rates of the joint op-
tively independent of the energies of the interfering users. Thimum detector as well as the minimum achievable single-user
isillustratedin Fig. 2, where we plotted the upper bound on errerror rate are also shown. It is seen in the figure that the gap be-
probability for three different ratios of interferers’ energy to tween the optimum detector and the NDED may be acceptable
desired user’s energy for a four-user channel. The signal corirethis example.
lation matrix was chosen to be the same as that of Fig. 1. Noticdn Fig. 5, we plot the asymptotic efficiencies of the joint op-
that as the interfering signal strengths increase, the error-riibeum detector and the NDED for the first user as a function of
bound decreases. This may seem contrary to what one mitfte parametes for a two-user channel with correlation matifix
initially expect. However, such a result should not be surprisivgth Ry, = p!*~!l for all entries excepR;» which we fix at 0.5
because with high interfering signal strengths, there is less (ge that the reference single-user channel remains unchanged as
certainty about those signals which, in turn, implies that sughis varied). Curiously, there is only a mild degradation of the
signals can be more effectively “subtracted” from the receivédDED relative to the optimum detector over the range of values
signal. of valid p whereR is positive definite.
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Fig. 4. Error rate comparison of the optimum and suboptimum (NDED)
detectors relative to single-user performance.
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038 J Fig. 6. Asymptotic efficiency comparison of the optimum detector and the
NDED for a two-user channel witR;; = p for all k # [ except thatR;> =

07 ] 0.5.
2
L1 RS SR SR SO SV SR SR 8 | on deriving formulas for the asymptotic (high-SNR) av-
£ erage bit-error probability of the optimum detector. It is also
EO.S 1 shown that this asymptotic error rate for each user decays
'g as the inverse of that user's SNR and is independent of the
§0.4 . interfering signal strengths. A closed-form expression for
% the asymptotic efficiency of the optimum detector is also
<03 1 derived. The conventional detector (which would be optimal

in a single-user channel) on the other hand is shown to have
an asymptotic average error rate that approaches a constant
due to multiple-access interference. Its asymptotic efficiency
v v is identically equal to zero for any distribution of interfering
0 . . . } . ; i i . signal strengths. To provide a suboptimum low-complexity
-1 08 06 04 02 0 02 04 06 08 1 alternative to the exponentially complex optimum detector,

P the noncoherent decorrelative energy detector is proposed. A
Fig. 5. Asymptotic efficiency comparison of the optimum detector and th%omple'[e performan.ce anaIySIS_ of this deteCtO_r,l_s given interms
NDED for a two-user channel witl,, = p!*~! for all entries except that Of the exact- and high-SNR bit-error probabilities as well as
Rix = 0.5. the asymptaotic efficiency.

R
[

0.1

Fig. 6 contains the same information as Fig. 5, but for a dif- APPENDIX A

ferent two-user channel where the elementdadre given as | this appendix, we show the validity of (34) and also demon-
Ry = 0.5 as before, but the rest of they; = p fork # I strate that for the general case of an error vector of weighte
(Rix = 1V k). This figure illustrates the point that there can bgarms in the conditional error probability corresponding to the
a substantial difference in the error rates between the optimytimes repeated eigenvaluel are proportional td /7°.

detector and the NDED. Itis seen in this exampleder 0.8, The characteristic function of;; with potentially multiple

that the asymptotic efficiency of the optimum detector is twicgigenvalues can be written using a partial fraction expansion as
that of the NDED (a 3-dB gap). The asymptotic efficiencies akg|jgws:

positive over the range of valuesfor which R is positive-def- N -
inite. I1 ( /\%\)
G.(s) = A“—ﬂ
VII. CONCLUSION (A%v +3)
Optimum and suboptimum noncoherent multiuser detec- k=l

tion for the nonselective Rayleigh-fading channel is studied. N Ay
Upper and lower bounds on average error rate are obtained = Z N (69)
for the optimum detector. The main focus of this paper was k=1 v=1 (8 + Ag.vj)
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EachA;, can be determined as where the subscrift with P(”;{ﬁHj) andc;; stands for error
N weight 2. The last two terms with the—2 dependence result
II ( )"‘ from the repeated eigenvaluel.
1 dre—v _1
Apy = = . (70
M (g — )l dsmev ( ) (70) APPENDIX B
o Lemma: Given a set ofL positive and distinct numbers

s=— k. <
YA {z;}L,, itis true that

Now, assuming that;; > 0, the conditional error probability

. L_Q L
A
Py, g, can be written as Z - 2 Z B, =0 (75)
S I ] CE ) B
Pump; = D2 ) A ]1;[1
. —_ JF
A§.>0 =t . .
’ . Proof: Let us define the functiop(x)
1
A =3 A ot
i ;::0 v —1—m) g(x) = (76)
. I (z — )
)T exp | A,j (71) =t
and perform a partial fraction expansion to get the equivalent
expression
EPIR IS w2 .
r<o glz)=>» ———,  where A;=———— (77)
o1 LT ﬁ(x z;)
where we use the convention tiit= 1. The case;; < 0 can P
also be specified in a similar way but we omit the details here. _ . o _
In the special case under investigation, where the eigenvalue Note thatd; = B;. If we now reconsider (77) and write it again
has multiplicity ¢, the A,’s, with v € {1, 2, ..., ¢} can be With a common denominator, we obtain a third form §ox)
written as L L
r €
> A I (@ —x))
(—1)]] ( i ) P
14 =1 N (z) = = : (78)
Akz/ = 1 e g L
(e —w)! ds€ II ( 1 s) II(z — =)
L =1 O‘ij"/ s=1 =1
r The coefficient oft ! in the numerator in (78), which is equal
(—1)¢  dev 1 to Eir;l A; must be equal to zero because of (76).
= (73)
e—w)dse=v | &
( ) 11:[1(1 + al;vs) REFERENCES
. . o =t [1] M. Schwartz, W. Bennett, and S. Steil@pmmunication Systems and
From the last equation it can be seen that thg’s for all Techniques New York: IEEE Press, 1996.
v e {1 2, c} are proportional td/’ye Using this result [2] E.A.Lee and D. G. MesserschmiBjgital Communication Norwell,

MA: Kluwer, 1994.
and (71) it follows that the terms in the conditional error proba- [3] J. ProakisDigital Communication3rd ed. New York: McGraw-Hill,
bility corresponding to the-times repeated eigenvalues is pro- 1995.
portional tOl/’ye. [4] M. K Varanasi and A. Russ, “Noncoherent deporrelati\_/e detection for"
. . , nonlinear nonorthogonal modulation in Gaussian multiuser channels,
Equgtlon (34) .results from SlﬂbSt'tUt'ng theAy,’s corre- in Proc. IEEE Int. Conf. Communicationslontréal, QC, Canada, June
sponding to the e|genvalue$ﬂ withl € {1, 2, ..., e}. Those 1997, pp. 919-923.
terms sum up to (34)_ [5] E._ \ﬁsotsky and U. Madhovv; “‘Multiuser detection for CDMA systems
- with nonlinear modulation,” inProc. IEEE Int. Symp. Information
The case ot;; < 0 can be handled similarly. Theory Ulm, Germany, July 1997, p. 355.
As an example, consider an error vector of weight is left [6] M. L.McCloud and L. L. Scharf, “Generalized likelihood detection on
as an exercise to the reader to verify that multiple access channels,” _Rroc. 31st Annu. Asilomar Conf. Signals,
Systems, and ComputePacific Grove, CA, Nov. 1997, pp. 1033-1037.
[7] M. K. Varanasi and A. Russ, “Noncoherent decorrelative detection
pl ~ o 1 — ex _ (Cvij)Q for nonorthogonal multipulse modulation over the multiuser Gaussian
(Hi=Hj)2 ™ (1 52 b al~y channel,”IEEE Trans. Communvol. 46, pp. 1675-1684, Dec. 1998.
* [8] M. K. Varanasi and D. Das, “Noncoherent decision feedback multiuser
5 detection for nonlinear modulationZEE Trans. Communvol. 48, pp.
n ag; 1 (eij)2 259-269, Feb. 2000.
a2 — ol exXp a2y [9] A. Russ and M. K. Varanasi, “Minimum error probability and subop-
J J v timum noncoherent multiuser detection for nonlinear nonorthogonal
2 1 synchronous signaling over a Rayleigh fading channelPrioc. IEEE
+ (74) Personal, Indoor, Mobile Radio Communications Cprifelsinki,
alj afj’yQ a a“’y Finland, Sept. 1997, pp. 58-62.




