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Abstract — Code design for the noncoherent MIMO
Rayleigh fading channel is considered for constellations
with unequal prior probabilities. The motivation for such
constellationswith unequal priorsarisesfrom recent infor-
mation theoretic resultsat low Signal-to-noiseratio (SNR).
Different distance measureslikethe Bhattacharyadistance
and J-divergence arerelated to the average pairwise error
probability (APEP) and are employed to design single an-
tenna codes of general dimension both for equal and un-
equal priors. For equal priors, such codes are observed to
perform at least as well, and often better than codes de-
signed based on the Kullback-Liebler (KL) distancein the
low SNR regime. Substantial performance gains are ob-
served for codes designed with unequal prior probabilities
in thelow SNR regime as compared to codes designed with
equal priors.

I. INTRODUCTION

In this paper, we study code design for the noncoherent in-
dependent and identically distributed (i.i.d.) Rayleigh fading
MIMO channel with an average power constraint, where the
transmitter and the receiver have no knowledge of the chan-
nel. Recent papers, (c.f. [1,2]) study the mutual information
of i.i.d. Rayleigh fading channels at low SNR and provide
some insights into the differences in code design paradigms
from the high SNR case. For instance, results in [1,2] indicate
that it is better to avoid spreading power across more anten-
nas in the low SNR regime, and at sufficiently low SNR, the
mutual information is maximized by keeping only one antenna
on.

From a coding modulation viewpoint, while there have been
a number of papers on unitary designs and training codes,
which are primarily suited for the high SNR regime, the low
SNR scenario is relatively new. Recently, [3] presented meth-
ods to design codes based on the KL distance criteria for the
spatially i.i.d. Rayleigh fading MIMO channel, which per-
form better than some existing noncoherent codes at low SNR.
Through many examples, it is shown that the KL distance be-
tween constellation points is a more suitable distance mea-
sure than the Euclidean distance measure. For their single an-
tenna designs, the equiprobable constellation points were con-
strained to lie on concentric spheres and after making an ap-
proximation on the allowed arrangement of points, the KL dis-
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tance between the closest points was maximized. Even though
the designs are for any specified SNR, they are different from
the unitary designs only in the low SNR regime, where the
constellation points occupy multiple levels with a point typi-
cally at the origin. Single antenna codes designed in this paper
improve upon those in [3] in the following ways:

Unequal transmission probabilities: We derive upper and
lower bounds on the average word error probability in terms of
the APEPs for unequal priors and the MAP detector. At low
SNRs, allowing unequal priors often results in the assigning
of higher probability to the origin and lower probabilities to
points away from the origin, and this lowers the average code-
word error probability substantially. This is expected based
on the recent information theoretic results [2, 4] which indi-
cate that at sufficiently low SNR, On-Off signaling achieves
capacity, and the capacity achieving distribution gets peaky.
Also, for systems with a single transmit antenna, the capacity
achieving signal given in [5], is of the form ¢v where ¢ is
an isotropically distributed unit vector, while v is a real scalar
random variable, whose density is not necessarily uniform for
a general SNR. These results indicate that allowing for un-
equal priors in the designs may be helpful especially at low
SNR. Moreover, the general analysis and code design tech-
nique subsumes the case of equal priors.

More suitable distance measures: In Section I, we explain
why the APEP leads to a more intuitive symmetric distance
measure between constellation points as compared to the pair-
wise error probability (PEP) alone for the noncoherent chan-
nel. This is especially needed when the design aim is to
maximize the minimum distance in a constellation, which is
the case here. We evaluate upper and lower bounds on the
APEP, which are related to the Bhattacharya distance and the
J-divergence. These give rise to distance measures for the non-
coherent fading channel and can be shown to serve as better
candidates for signal design over the KL distance. We offer
explanations as to why these distance measures are superior to
the KL distance for the design method adopted. In confirma-
tion of this, the codes designed using these distance measures
are observed to perform at least as well, and often better than
those designed in [3] using the KL distance, in the low SNR
regime.

Also, the examples of single transmit antenna codes in [3]
involved only two dimensional real constellations. We incor-
porate the single antenna unitary designs of [6], for a general
dimension in our designs and for comparisons. This helps in
making the rate of transmission flexible too.



Il. SYSTEM MODEL, THE MAP DETECTOR AND THE
AVERAGE CODEWORD ERROR PROBABILITY

We consider a communication system with N; transmit an-
tennas and N, receive antennas. In our channel model, the
channel matrix H € ¢¥**™* is assumed to be constant for
a duration of T symbols after which it changes to an indepen-
dent value. H has i.i.d. circularly symmetric CA (0, 1) entries.
The channel matrix is assumed to be unknown to the transmit-
ter and the receiver. Assuming that the transmitted symbol is
X @Mt the output of the channel can be written as

Y=XH+N. (1)
The entries of N are i.i.d. circularly symmetric CAV(0,1).
Here, the symbols {X} are normalized so that +E[tr(XX1)] <
P. This would mean that the average received SNR is P. Per-
forming a vec operation on (1), we get

y = (In,®X)h+n
= Xh+n, 2

where y = vec(Y) and n = vec(N).

We next describe the maximum a-posteriori (MAP) nonco-
herent detector for a code {X;}£ ,, with prior probabilities
{mi}L . Since X; = Iy, ® X, it is understood that X; and
X; refer to the 3" codeword. The pdf of y conditioned on
codeword X ; being sent is given by

1 Y I+x X))y

P = N ]

The MAP decoding rule is given by
@)

i =arg max 7;p;(y)-

je(...L)
Let € be the event “MAP decoded codeword # codeword trans-
mitted” and P (e) denote the average codeword error probabil-
ity (WEP). The WEP for the code is given by

P(e) = X mP(e/i)

= Iim /F pi(y), (4)

where I'¢ is the complement of the decoding region of the it?
codeword and is given by

Mi={y:ifarg _max mp(y)}. ©

(1,...,L)

It should be noted that the conditional pdf of the observation
p;(y) depends on the signal transmitted X;, only through the
term X,le. Therefore, based on (4), the WEP depends on
the signals only through {XZ-XZT L | and their respective prior
probabilities {m; } L ;.

The following proposition helps in restricting the domain
over which signals are picked, without changing the WEP and
may be proved for the unequal prior case similarly as done in
[3] for equal priors.

Proposition 1: Given any code C = {X;}£ , which has a
WEP P(e), there existsacode C' = {®;V;} £, with the same
WEP. Here ®; € €7*7 is a unitary matrix and V; € ¢7*
is a diagonal matrix.

In general however, the calculation of the WEP in closed
form seems intractable. We hence relate the WEP of the sys-
tem to the APEP via upper and lower bounds, in order to obtain
code design criteria. We first present an upper bound on the
WERP based on the union bound argument. Let P(A/7) denote
the probability of the event A conditioned on the 3" codeword
being sent. Denote the pairwise decoding region for codeword
j given that 4 is sent as D% = {y : m;p;(y) > mipi(y)}-
This makes the pairwise error probability (PEP) P(D}/i) =
Jpi piy). We refer to pi) = m P(D} /i) + 7, P(D!/j) as
the average pairwise error probability (APEP) between code-
words ¢ and j. The following bounds may be derived using
standard arguments

L(L—1)

P(E) S ZZE]>1P6(17J) S max Pe(i:j) (6)

27]

P() > max P{9.

7’7.]

Y]

Since the upper bound is a constant times the lower bound, a
reasonable criterion for code design aiming to minimize the
WEP would be

min  max Pe(i’j). (8)
C ijefl,..,L}

Using APEPs to derive code design criteria is more suitable
than using merely the PEPs as is commonly done, for two rea-
sons. The first is due to the assumption of unequal priors, and
the other is the asymmetry of the PEP for a noncoherent chan-
nel, for which P(D% /i) # P(D}/j). For a discussion on the
asymmetry of the noncoherent Rayleigh fading channel, see
[3]. The notion of distance between two points in a constel-
lation is typically inferred from the pairwise error probability
expression, which is symmetric when the channel is symmet-
ric. However, the PEPs in the noncoherent Rayleigh fading
channel are asymmetric, as a result of which distance measures
inferred from the PEP may be inadequate. This is especially
true when the design approach is to maximize the minimum
distance between points in a constellation, which is the case
here. In such situations, since P{*") = PY*)  the APEP leads
to a more suitable and intuitive symmetric distance measure
between two points in a constellation.

We will subsequently use the criterion in (8) to design codes
for the noncoherent channel in Section IV.

I1l. UPPER AND LOWER BOUNDS ON THE APEP

For the general noncoherent i.i.d. Rayleigh fading channel,
calculating the APEPs in closed form seems hard, and hence
we resort to bounds on the APEP. The Bhattacharya bound
on the APEP is a special case of the Chernoff bound, where
the parameter « is assigned the value L. It is a useful upper-

2
bound when it is hard to find the minimizing « for the Chernoff



bound. The Bhattacharya coefficient and the Bhattacharya dis-
tance are defined [7] to be

- / Pi¥)pi(v)dy ©)

p
B(i,j) = —logp (10)

The following upper and lower bounds for the APEP are
known [8].

<P < ymmip  (11)

It is shown in [9], that the Bhattacharya upper bound is in-
deed the tightest Chernoff bound when 7; = m; and at suf-
ficiently low SNR. This suggests that it may serve as a good
design criterion for the noncoherent channel in the low SNR
regime for equal priors. In the case of equal priors, mini-

mizing the largest P§”> translates to the same criterion for
the upper and lower bounds, namely maximizing the small-
est B(i,j) among all pairs 4, 7. In Section 1V, we will com-
pare codes designed using the Bhattacharya design criterion
with those designed using the KL distance criterion, as in [3].
In the context of theoretically relating these two measures, a
different measure known as the J-divergence is encountered.
This is also known as the symmetric Kullback-Leibler dis-
tance and is given by J = D(p;||p;) + D(p;||p:). We first
state some known results relating the APEP, the Bhattacharya,
J-divergence and KL distance measures :

2 min(wi,Wj)pQ

%min (ms,m;)e” PPillpi) < %min (mi,m;)p° < PO9) | (12)

%min (7rz~,7rj)e_J/2 < %min (mi,m)p* < P (13)

The proofs of the left inequalities in (12,13) follow by ap-
plying the Jensen’s inequality on p and may be found in [7].
These inequalities are true for any channel model, and when
used in (11), give lower bounds on P§i’j). However, for the
channel model presented in Section Il, the following bounds
can also be derived.

Proposition 2: For the noncoherent i.i.d Rayleigh fading
MIMO channel,

3 min (75, 7r]-)e_']/4 < 2 min (m;,7;)p%,  (14)
2
VTP S ,/Wiﬂjﬁ . (15)

Proof: The proof for this is on similar lines as given in
[8], though there is a mistake in the inequalities mentioned in

8] .

The inequalities in (14) and (15), when used with (11) give
rise to bounds on P 1t should be noted that the lower
bound on P{*) involving J, obtained through (11) and (14), is
tighter than that obtained using (11) and (13). For general prior
probabilities, the lower bound involving the Bhattacharya dis-
tance is closer to P§i’j) than the lower bounds derived using
the KL or the J-divergence measures. By simulations, we find

the Bhattacharya lower bound to be more suitable for code
design when compared with the Bhattacharya upper bound
in (11). This makes the Bhattacharya lower bound a natural
choice for code design with unequal priors.

Since the codes that are designed here are single antenna
codes, these are most suitable for use on the low SNR chan-
nel. Moreover, we allow for unequal priors in our designs, for
which the Bhattacharya lower bound is most suitable. Due to
these reasons, we adopt the Bhattacharya design criterion for
signal design in this work.

For the noncoherent Rayleigh fading channel, we next state
the pertinent distance criteria next.

Proposition 3: The Bhattacharya coefficient between the
pair of codewords X; and X is

1

|1+ (X XT+XX])| e
[T x| 2 X, x| 2

(16)

The KL-distance for the channel is derived in [3] and is
given by

D(pi|p;)

) pi(y)
/F pi(y)log 3(y) dy

= {tr(I+ X, XH I + X X))
—logdet(I + X;X1) (I + X;X!)
—T} x N, . 17

By the definition of J-divergence, we get that

J = D(pillp;) + D(p;llp:)
= Ny x {tr(I+X;XH 1T + X;X])
+tr(L+ X X)X+ XX - 27} . (18)

IV. CODE DESIGN USING THE BHATTACHARYA BOUND
A. Code construction

At sufficiently low SNR, results in [1, 2] indicate that the
mutual information is maximized by keeping only a single
transmit antenna on. In this subsection, we show how sin-
gle transmit antenna codes may be designed using the Bhat-
tacharya lower bound. Let a rate R bits/s/Hz be fixed for the
code as a design parameter. Another design parameter that
we will fix is the cardinality of the constellation L. Since the
algorithm we will describe allows for unequal priors, which
are obtained as the output of an optimization, the choice of
L has to necessarily satisfy L > 2FT. For the case when
N; = 1, the signal constellation may be taken to be of the
form x; = ¢iri,i = 1,..., L, where {¢;}-, are unit norm
vectors, while {r;}£_, are real scalars by Proposition 1. We
may use this in the lower bound in (11) to get after some sim-
plification,

1
2 (Bu(i,j) + Ba(3,5))*""

min (7;,7;)

Bhyp(i,j) = (19)



1 [1472 1472
2\/ 142 1477

the magnitudes of the signals =; and r;, and Bs(i,j) =

1 rir} 2
me (1_ |¢’;r¢z| )
gle between the two signals, the scaling being a function of
the radius. The function log(B1 (7, j) + B2(%, 7)) is the Bhat-
tacharya distance by definition.

The denominator of (19) may be viewed as a distance mea-
sure between codewords ¢ and j. This distance measure is
a monotonically increasing function of the Bhattacharya dis-
tance, scaled by

where B1(i,j) =

+1 depends only on

is a scaled function of the an-

2
min (7;,m;) " -
We seek a code which has the minimum max; ; P{*?, and

using the lower bound instead of P§i’j) gives us the following
design criterion :

min max Bhrg(i,j).  (20)
1SKLL, K mlr2<PT, K_ 1,=L, 1,]
o<{mp3E_, <1, —=K_ 17y log =R,

0<r <...rge, K1 mp=1

Solving this problem seems hard in general, and we adopt
a suboptimal procedure instead. We perform this optimiza-
tion over the set of all constellations such that signal points
lie in concentric spheres C'y, Cs, ..., C'k, with the probabilities
of signals lying in the same sphere being equal. We assume
that the spheres have radii 1,72, ..., 7k, and the spheres have
l1,1s, ..., I points with probabilities 7y, s, ...mx . While this
assumption need not hold with the optimal code, it is reason-
able, as the capacity achieving distribution is known [5] to be
of the form ¢v, where ¢ is an isotropically distributed unit
vector, while v is a scalar whose distribution is not known in
closed form. This suggests a coding-modulation analogue for
the structure of the constellation as assumed, with probabili-
ties of symbols on the same sphere to be the same. The other
simplifying assumption made is that whenever two concentric
spheres C; and C; have non-zero number of codewords lying
on each, there is at least one codeword in C; that lies along the
same unit norm vector as a codeword in C;. This is a prop-
erty that need not be true of the optimal code. However, this
assumption simplifies the code design greatly.

Notice that for any two points on the same sphere with ra-
dius Tk,

Bl(lJJ) =
’I‘4
and By(i,j) k

1+73

N

(1-10leil?)

where 1—|¢}¢i |2 is a measure of the angular distance between
¢; and ¢;. For the pair of codewords with ¢; = ¢; between
any two shells at radii r; and r;,

1 /1472 1 [1442
31(27.7) = 5 S +3 5 -
2V 1477 2\ 1473
and By(i,j) = 0.

We define the inter-sphere distance between codewords ¢, j to

be Binter (71, .7)

- 2N,
2 1 [14+7r2 1 /1442
== |z Iyz i eI\
min (m, ;) \ 2\ L+r] 2\ 1+7]

We define the minimum distance within sphere & to be the
intra-sphere distance, given by B ;o (k)

(1- |¢}¢i|2)>2Nr
(1-igef)) - e

The simplified max-min problem corresponding to (20) may
be expressed as

2 . 1 7y
= — min 1+ - 5
Tk Xi,%; ECk 41+Tk

2 1 rg ,
= — + - 3 min
Tk 4: ]. + ’I“k xi,x]'ECk

max min S, (23)
1<K<L, EkK=1wk1kr%5PT, Ei‘;llk:L, 1,7
o<{mp 3K <1, —=K 17 logm,=R,
0<r1 <o <rges BE_lmp=1
where
= inter (1, J i>j intra k=1J -
8 = {{Binter(i,)}i> js {Bintra (k) Yzt } (24)

For a given {I;} X, such that ©X_, 1, = L, this optimiza-
tion may be decoupled into the problem of finding the best
constellation within each sphere, and using this constellation
in (23), to get {m } | and {ry}%_, using numerical meth-
ods. This is because for a given ry,m; and [ correspond-
ing to a sphere, maximizing B;,:-, (k) is equivalent to finding
max miny; x;ec, (1 — |¢;‘.¢i|2) from (22). This is precisely
the problem of finding the best I, point constellation a sphere,
and is studied for instance in [6, 10, 11], and so we may use
these constellations and their minimum distances for this stage
of the optimization. This procedure may be adopted for each
iteration corresponding to a set of {/; }X_, with the minimum
distances, {ry}£ , and {m;}f | of each resulting constella-
tion stored. Then the candidate that has the largest minimum
distance between pairs is selected as the best constellation.

For the special case of equal priors, this algorithm is similar
to that used in [3] to design codes using the KL distance as the
design criterion. The KL-distance between two codewords 4, j

also has a term which depends only on the radii r;, r; through

2
i&, and a term which is a scaled function of the angle be-
472 g

tween the two codewords. After some simplification to (18),
it may be seen that the J-divergence also has a similar form,
and can also be used to design codes using the same algo-
rithm for equal priors. Based on our discussion in Section I,
we saw that choosing a symmetric distance measure related to
the APEP gives rise to a more intuitive distance measure be-
tween two points in a constellation. Since the KL distance is
asymmetric while the Bhattacharya distance is symmetric, and
from the discussion in Section I11, it would seem like the Bhat-
tacharya distance is a better candidate. For equal priors, this
is corroborated by our observation that codes designed using
the Bhattacharya criterion seem to do at least as well and often
better than those using the KL distance criterion. However,



the comparison between the Bhattacharya distance and the J-
divergence is not as straightforward for equal priors. Both dis-
tance measures are symmetric, and in the low SNR regime,
the codes indicated as optimal by both criteria match in most,
if not all of the examples that we examined. However, it may
help to compare codes designed independently according to
both criteria and choose the better performing code for higher
SNR regimes.

B. Simulation results

For the simple case of a 2-dimensional real constellation
. oz 0.
with ¢; = [gfjg] and ¢; = [Eﬂfaj] then 1 — |¢}¢i|2 =
sin® (9, — 0;). Here, (6; — ;) is the angle between the
two vectors ¢; and ¢;. The solution for the best constel-

lation of [, points within a circle would hence be given by
maxmin sin?(d; — 6;), which would have the solution
cos((I—-1)m /L) L : ; : :
{[Sin((lil)ﬂ/L ] }121. Since this constellation admits easy
representation in the cartesian plane, we plot signals designed
for R =2, P = 1,T = 2 using the various design criteria in
the Figures 1,2 and 3. In Figure 4, we compare the WEPs of
these constellations using the MAP detector.

One way of implementing a system with unequal prior prob-
abilities is given in [12]. To implement the code in Figure 3,
the i.i.d. input binary sequence should be parsed using a prefix
free code {0, 100, 101,110, 111}. Since the code is prefix free,
the parsing is unique. Thereafter one can map these words of
the prefix code to the codewords used on the channel according
to the priors. Here, the respective probabilities of occurrences
of {0,100,101,110,111} in a sequence of i.i.d. bits would be

1,%. %, %, 1}, which are the probabilities of the codewords
of the required code designed according to the Bhattacharya
lower bound. Clearly, this kind of mapping works only be-
cause the prior probabilities involved were dyadic. In the case
when the probabilities are not dyadic, this method of imple-
mentation would necessitate an approximation.

We also plot constellations designed for a coherence time
of T = 6 and decoded using the MAP detector. For the max-
imization of B;,:-.(k), we use a single antenna unitary de-
sign of dimension ' = 6 in [6]. The comparison between
WEPs of codes indicated as optimal by the various criteria is
shown in Figure 5. For R = 3, P = 0.25, 8-point constellation
having equal priors, code design according to either the Bhat-
tacharya distance or the J-divergence led to the 8-point single
antenna unitary design with all points at a radius of % How-
ever, with unequal priors and a 17-point constellation with the
same rate, the Bhattacharya lower bound indicated a constel-
lation that has a point at the origin with probability % and
16 points at a radius of v/3 forming a single antenna unitary
design each with probability % This code may also be imple-
mented as described in the previous paragraph using the prefix
code {0, lzzzz}, where lzzxzz denotes any possible length 5
sequence beginning with 1.

V. CONCLUSION

We described a method to design single antenna codes, al-
lowing for the constellation points to have unequal priors.

We showed that a lower bound on the APEP between a pair
of codewords which is related to the Bhattacharya distance
is most suitable for the method adopted, as compared to
lower bounds involving the KL-distance or the J-divergence.
The constellation that minimized the maximum of the Bhat-
tacharya lower bound on the APEP over all pairs is sought.
Since it is best to have only one transmit antenna on in the
low SNR regime based on recent information theoretic re-
sults, the codes designed here are well suited for low SNR
i.i.d. Rayleigh fading MIMO channels. These codes were
shown to perform substantially better than codes designed for
equal priors using any of the known criteria and similar de-
sign techniques in the low SNR regime. In particular, at re-
ceived SNR = 0 dB, T' = 2, simulations showed that a code
designed with unequal priors needed 4 receive antennas fewer
than a code designed with equal priors, to exhibit the same
WEP ~ 1.5 x 1072, At received SNR = —6 dB, T = 6,
a code designed with unequal priors needed 4 receive anten-
nas fewer than a code designed with equal priors, for the same
WEP =~ 7 x 1072,
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4-point, equal priors, Rate = 1 b/s/Hz , P=1, T=2

-15y pl=1/4
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Fig. 1. 4-point equal prior constellation obtained using the KL distance at
received SNR =0 dB

4-point, equal priors, Rate = 1 b/s/Hz , P=1, T=2
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Fig. 2. 4-point equal prior constellation obtained using either the Bhat-
tacharya distance or J-divergence at received SNR = 0 dB

5-point, unequal priors, Rate = 1 b/s/Hz , P=1, T=2
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Fig. 3. 5-point unequal prior constellation designed using the Bhattacharya
lower bound at received SNR = 0 dB . Probability of transmitting 'O'=% and

the probability of the remaining symbols =§
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Fig. 4. Comparison of WEPs of constellations given in figures 1,2 and 3 over
a spatially i.i.d. Rayleigh fading channel with received SNR = 0 dB.

o Received SNR = -6 dB , Rate = 0.5 b/s/Hz , T=6
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Fig. 5. Comparison of WEPs of codes designed according to the Bhattacharya
distance measure with equal and unequal priors over a spatially i.i.d. Rayleigh
fading channel with received SNR = -6 dB. The single antenna unitary design
of dimension 7" = 6 in [6] is utilized for the intra-sphere code.



