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Abstract—Constellation design for the noncoherent multiple-input–mul-
tiple-output (MIMO) block Rayleigh-fading channel is considered. For gen-
eral signal-to-noise ratios (SNRs), starting from a given base unitary con-
stellation of finite cardinality, and using the cutoff rate expression as the de-
sign criterion, input probabilities and per-antenna amplitudes for the con-
stellation points are obtained via a difference of convex programming formu-
lation. Using the mutual information as a performance metric, it is shown
that the optimized constellations significantly outperform the base unitary
designs from which they are obtained in the low-medium SNR regime, and
indeed they also similarly outperform the mutual information achieved by
isotropically distributed unitary inputs for the continuous input channel
[i.e., the so-called unitary space–time capacity (USTC)]. At sufficiently high
SNRs, the resulting mutual information coincides with that of the base uni-
tary designs. Thus the optimum constellation design technique works over
the entire range of SNRs. The bit energy/spectral efficiency tradeoff of the
optimized constellations are also obtained, and these provide valuable in-
sights on modulation and coding, which are especially useful for wideband
channels where the SNR per degree of freedom is low.

Index Terms—Capacity, constellation design, cutoff rate, difference of
convex programming, global optimization, low signal-to-noise ratio (SNR),
multiple-antenna systems, noncoherent channels, Rayleigh fading, unitary
constellations, wideband channels.

I. INTRODUCTION

The noncoherent multiple-input–multiple-output (MIMO) channel
was studied from an information theoretic point of view by Marzetta
and Hochwald [1] where a characterization, albeit partial, of the
optimal input distribution is given for general signal-to-noise ratios
(SNRs). The asymptotic regimes of high and low SNRs have since
been studied extensively and can be found for instance in [2]–[6].
For example, Zheng and Tse study the high SNR behavior in [2] and
conclude that isotropically distributed unitary inputs are optimal in
that regime. For such inputs, Hassibi and Marzetta in [7] provide the
mutual information of the MIMO channel for a general SNR and we
refer to this as the unitary space–time capacity (USTC). The USTC
serves as a lower bound on the true capacity which is tight in the high
SNR regime. Recent results (cf. [3]–[6], [8]) shed some light on coding
at low SNR and how it differs from the high SNR case. One major
difference is that at low SNR, a peaky signaling scheme approaches
capacity, while at high SNR isotropically distributed unitary inputs
achieve capacity.

The characterization of the capacity at general SNR however remains
an open problem. The authors obtain new results on coding modulation
for the noncoherent MIMO channel at low SNR in [6].

Constellation design for the noncoherent MIMO channel has also re-
ceived much attention. The case of designing high rate constellations is
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already well studied through the approaches of Unitary designs (cf. [9],
[10]) and Training codes (cf. [11]). These constellations are eminently
suited for high SNRs or long coherence lengths T, where high rates be-
come feasible since the channel capacity is sufficiently large. Training
codes also have efficient decoders, since they leverage state-of-the-art
coherent codes along with channel estimation at the receiver. However,
the performance of Unitary designs as well as Training codes deterio-
rate considerably in the low/medium SNR range. Therefore, primarily
in the low/medium SNR range and when the coherence blocklength
is small, the problem of constellation design is still not well under-
stood. One approach to this problem is in [12], where the authors pro-
pose a method for designing SNR-dependent constellations aimed at
maximizing the minimum Kullback-Liebler distance. The constella-
tion points are however, restricted to have equal probabilities which se-
verely limits their effectiveness at low SNR, where constellations with
relatively larger peak-to-average power ratios are needed to approach
capacity. Another major drawback of that work is an assumption that
between any two concentric shells on which the constellation points
are constrained to lie, there is at least one pair that is collinear with
the origin. This assumption renders the constellations strictly subop-
timal and not even locally optimal in most cases, since a mild pertur-
bation of the points along a shell typically improves the minimum dis-
tance. These drawbacks offer potential for significant improvements to
the designs in [12]. Furthermore, most existing constellations that use
the mutual information as the performance measure, are designed ac-
cording to criteria specific to either the low or the high SNR asymptotic
regimes, and not for general SNRs.

To bridge this gap, we propose a constellation design technique using
the cutoff rate expression as the design criterion. The cutoff rate ex-
pression is a lower bound on the mutual information and has been used
before as a design criterion in [13] and the references contained therein.
One major difference between [13] and our work is that [13] imposes
only a peak power constraint on the constellations, whereas we impose
an additional average power constraint which significantly changes the
nature of the problem. The constellations that we propose have unequal
transmission probabilities and unequal per-antenna amplitudes in gen-
eral, and are obtained via a global optimization formulation by lever-
aging existing unitary constellations. A potential drawback is that such
optimizations are tractable when the cardinality of the constellations
is relatively small. However, information theoretic results suggest that
unitary constellations which are good packings in the complex Grass-
manian space are nearly optimal in the high SNR regime so that the
low-medium SNR regime is of most interest. In this regime, constella-
tions with relatively small cardinalities suffice since the channel capac-
ities are also relatively small. With a fixed cardinality, the optimal con-
stellations indicated over the whole range of SNRs make a smooth tran-
sition from constellations with large peak-to-average power ratio in the
low SNR regime, to a constellation with no point at zero and equiprob-
able points at the same amplitude at sufficiently high SNRs. We show
that such optimized constellations exhibit significant to moderate im-
provements in mutual information over the underlying unitary designs
as well as the USTC in the low-medium SNR range while yielding
the same mutual information as the underlying unitary designs at high
SNR, thus providing a unified constellation design technique for the
entire range of SNRs.

Results in [14] and [15] show that the capacity achieving input am-
plitude is discrete with a finite number of levels for the single-input–
single-output (SISO) Rayleigh fast-fading channel and the SISO Rician
fast-fading channel, respectively. The authors in [16] prove that the ca-
pacity achieving input is discrete under certain conditions for a con-
ditionally Gaussian channel. The authors also enumerate several well
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known channel models with constraints on the input, for which the ca-
pacity achieving distribution is known to be discrete. While this is not
yet proved for the noncoherent MIMO channel, it is not unreasonable
to expect well designed discrete constellations to approach capacity.
In recent work, [17] proposes a technique to construct discrete distri-
butions for a general class of SISO channels by maximizing the error
exponent. It is also shown that simple discrete inputs can nearly achieve
capacity, even when the capacity achieving distribution is known to be
continuous. The mutual information of optimal constellations designed
through the cutoff rate expression may, hence, serve as a good bench-
mark and provide a constructive lower bound on the capacity of nonco-
herent MIMO channels in the low-medium SNR range. This constella-
tion design technique is the main contribution of this correspondence.

In his insightful paper, Verdu [8] points out that the bit-energy versus
spectral-efficiency curve provides crucial insights into the tradeoffs be-
tween bandwidth, power and rate. Obtaining this tradeoff also sheds
light on the minimum bit energy that is needed for reliable communica-
tion, and the ideal region of spectral efficiencies to operate in. The low
SNR regime of operation is of great interest since the power-efficiency,
which is closely related to the energy per bit, is highest in this regime.
Due to the power limitations of battery operated devices, this regime of
operation is likely to be encountered in practice in several applications.
Also, the UWB spectrum of 7.5 GHz in the 3.1 to 10.6 GHz frequency
band was allocated for unlicensed use by the Federal Communications
Commission (FCC), and identifying the most efficient communication
technique is an ongoing effort. Systems operating in the unlicensed
bands can experience rapidly changing, uncontrolled interference from
other colocated systems. This rapid variation of the channel can make
phase estimation, and, hence, coherent detection, extremely difficult if
not impossible. Emerging wireless systems like impulse radio also op-
erate at high bandwidth, and in many instances noncoherently. There-
fore, insights gained from the bit-energy/spectral efficiency tradeoff
lead to efficient use of resources in such scenarios, where the SNR
per degree of freedom is low. To obtain this tradeoff, the capacity of
the channel as a function of SNR is required. Since the capacity of the
general MIMO noncoherent channel is not known either in closed form
or numerically, this approach poses a challenge. We show that con-
stellations designed to maximize the cutoff rate expression at general
SNRs can be used to generate benchmark bit-energy versus spectral-ef-
ficiency curves, and to obtain insights on optimal constellations. From
these curves, a good upper bound on the minimum energy per bit re-
quired for reliable communication can also be obtained. This is a useful
application of the constellation design technique that we propose.

We finally note here that the ideas of this correspondence can be
applied to a more general setting than the independent, identically dis-
tributed (i.i.d.) Rayleigh fading channel. For example, in Section IV,
we briefly outline how they may be extended to more general spatially
correlated Rayleigh fading channels.

II. SYSTEM MODEL

We begin by describing some notational conventions. For an integer
N; IN is an N �N identity matrix. Matrices are denoted by the bold-
faced capital letters, and vectors by bold faced small letters. The ma-
trices AT ; �A; A� and Ay denote the transpose, complex-conjugate,
conjugate transpose ofA, and the pseudoinverse, respectively. We de-
note the block diagonal matrix with the matrices A1; . . . ;AN along
the block diagonal as blockdiag(A1;A2; . . . ;AN ). E[ � ] and tr de-
note the expectation and trace operators, respectively. We use the nota-
tion o(�) to mean that lim�!0

o(�)
�

= 0. The vec operation on a matrix
results in a column vector formed by stacking the columns of the matrix
in the order in which they appear in the matrix, one on top of the other.
The determinant of a matrixA is denoted as jAj. The (i; j)th element

of A is denoted as [A]ij . The Kronecker product of two matrices A
and B is denoted as A 
 B. A zero-mean, unit-variance, circularly
symmetric, complex normal random variable is denoted as CN (0; 1).

We consider a MIMO channel with Nt transmit and Nr receive an-
tennas. The random channel matrix H 2 ICN �N is assumed to be
constant for a duration of T symbols after which it changes to an in-
dependent value. It has independent and identically distributed (i.i.d.)
CN (0; 1) entries (spatial correlations are considered in Section IV) and
the knowledge that the entries have this distribution is available to the
transmitter and receiver. The realizations ofH, however, are unknown
at both ends. Assuming that the transmitted symbol isX 2 ICT�N , the
output of the channel can be written as

Y = XH+N: (1)

The entries ofN are i.i.d. CN (0; 1) random variables. The symbolX is
drawn from a finite constellation CCC which in turn is normalized so that
1
T
E[tr(XX�)] � P so that the average received SNR is constrained

to be P . An additional peak-power constraint 1
TN

tr(XX�) � K on
each X 2 CCC is also imposed.

Performing a vec operation on (1) and denoting y = vec(Y); n =
vec(N), and h = vec(H), we have

y = (IN 
X)h+ n

= XXXh+ n: (2)

The probability density function (pdf) of y conditioned on XXX being
sent is given by

p(y=XXX ) =
1

�TN jITN +XXXXXX �j
e�y (I +XXXXXX ) y

=
1

�TN jITN + IN 
XX�j
e�y (I+I 
XX ) y:

III. CONSTELLATION DESIGN AT GENERAL SNR

At a general SNR, the mutual information is not known in closed
form. We therefore adopt the cutoff rate expression as our design
criterion.

A. The Cutoff Rate Expression

Consider a constellation fXig
L
i=1 with corresponding transmission

probabilities fPigLi=1. The cutoff rate for the discrete input (of cardi-
nality L) and continuous output channel is given by

R0= max
fP g ;fX g

� log
i j

PiPj p(y=i)p(y=j)dy :

(3)
For the noncoherent MIMO channel, the argument of max( � ) in (3) is
easily shown to be (cf. [13])

� log
i j

PiPj
jI+XiX

�
i j
N =2

I+XjX
�
j
N =2

I+ 1
2
XiX

�
i +XjX

�
j

N
: (4)

We refer to (4) as the cutoff rate expression (denoted as CR). The cutoff
rate expression is a lower bound on the mutual information at any SNR.
It is proved in Appendix-A that CR is an increasing function of SNR
and Nr for any nontrivial constellation.

We first state a proposition which plays an important role in constel-
lation design and is a slight modification of that in [13].

Proposition 1: Consider a constellation CCC = fXig
L
i=1 with priors

fPig
L
i=1 satisfying the average power constraint 1

T i Pitr(XiX
�
i ) �

P and the peak power constraint 1
TN

tr(XiX
�
i ) � K. Then there ex-

ists a constellation with the structure CCC0 = f�iVig
L
i=1 having the

same cutoff rate expression value as CCC and satisfying the same average
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and peak power constraints, where �i 2 ICT�N is a matrix with or-
thonormal columns (i.e.,��i�i = I), andVi 2 <N �N is a diagonal
matrix with nonnegative entries and Nt � T .

The implication of Proposition 1 is that, without loss of generality,
we may restrict attention to constellations of unitary matrices with var-
iedly scaled columns. Note that even though we use the term “unitary”
in line with popular usage, we only mean that ��i�i = I and not
�i�

�
i = I. The peak power constraint is active in the low SNR regime,

since here the optimal signals under an average power constraint alone
get peaky (and thus are hard to implement in practice). In the medium
and high SNR regime, the peak-power constraint is usually not active,
and only the average power constraint may be considered to hold.

In the low SNR regime, the cutoff rate expression upto second order
in P is derived in [13] as

CRlow =
Nr

8
i j

PiPjtr XiX
�
i �XjX

�
j

2
+ o(P 2): (5)

The key idea used in obtaining CRlow from (4) is the approximation
log jI+Aj � tr(A)� 1

2
tr(A2) which is valid whenA is Hermitian

and has small eigenvalues.
At asymptotically low SNR and when the fourth and sixth-order mo-

ments of the input signal are bounded, [4] obtains the mutual informa-
tion up to the second order in P for the continuous input and contin-
uous output channel. A similar analysis tailored to the discrete input
and continuous output case yields the same expression and is given as

Ilow =
Nr

2
fE[trf(XX�)2g]� trf(E[XX�])2gg+ o(P 2) (6)

with the expectations in (6) involving a discrete input and probability
mass function (pmf), while those in [4] involve a continuous input and
pdf.

The following simple proposition shows that the cutoff rate expres-
sion behaves identically to the mutual information at low SNRs.

Proposition 2: In the limit of low SNR, the cutoff rate approaches
a value that is equal to half the mutual information, i.e.

lim
P!0

CR
I

=
1

2

Proof:

CRlow =
Nr

8
i;j

PiPjtrf(XiX
�
i �XjX

�
j )

2g+ o(P 2)

=
Nr

8
2

i

Pitr(XiX
�
iXiX

�
i )

�2tr(
i

PiXiX
�
i

j

PjXjX
�
j ) + o(P 2)

=
Nr

4
fE[trf(XX�)2g]

� trf(E[XX�])2gg+ o(P 2)

=
1

2
Ilow + o(P 2): (7)

B. The General SNR Case

Without loss of generality, we assume that the optimal constellation
is of the form f�iVig

L
i=1 with respective probabilities fPigLi=1. It is

a solution to the following optimization problem:

CCC = arg max
fP g ;f� g ;fV g

CR: (8)

Fig. 1. Two-dimensional real space divided by 16 equally spaced rays.

In Section III-C, we show that for low rate constellations withL � T

N
,

the jointly global optimal solution can be found numerically. The op-
timization of CR jointly over fPigLi=1; f�ig

L
i=1 and fVig

L
i=1 seems

hard in the general case. Moreover, it involves L+LNt+LTNt vari-
ables which is usually too large a number.

In this section, we address the general SNR case and we adopt an
alternative approach which is very reasonable and complexity-wise
tractable in many interesting cases. We motivate this approach by con-
sidering a two dimensional real constellation example (T = 2; Nt =
1). Consider the two dimensional real space of points partitioned by L
rays spaced equi-angularly and passing through the origin, as shown in
Fig. 1. It should be noted that only two quadrants are used in plotting
the constellation points since X and �X are indistinguishable using
the conditional pdf of the received signal. If the constellation points
are constrained to lie on these rays (one on each ray), then only the am-
plitudes and prior probabilities need to be determined. In a sense, the
rays quantize the angular space and the resulting optimization has a lot
fewer parameters. This intuition may be extended to the T�Nt dimen-
sional complex space and its being divided into L “rays” indicated by
f�ig

L
i=1 spaced apart so as to maximize the minimum “angular” dis-

tance between them. Optimizing over the diagonal matrices fVig
L
i=1

is similar to optimizing over amplitudes in the real case.
We choose any existing constellation of matrices with orthonormal

columns that is a good packing in complex Grassmanian space and use
it for f�ig

L
i=1. Such constellations are popularly referred to as unitary

constellations, examples of which are given in [9], [10]. We then op-
timize the cutoff rate expression jointly over fPigLi=1 and fVig

L
i=1 to

obtain our constellation. The optimization is now over only L+ LNt

variables.
A long-standing open problem in noncoherent MIMO communica-

tions is to find the distribution of V so that the signal �V achieves
capacity at a general SNR, where� is an isotropically distributed uni-
tary matrix [1]. The capacity of the MIMO channel under isotropically
distributed inputs for a general SNR is derived in [7] and we refer to
this as the unitary space time capacity (USTC). Numerical results show
that the systematic unitary designs achieve the USTC in the low SNR
regime and have mutual informations quite close to the USTC in the
medium SNR regime, indicating that they form a good packing in com-
plex Grasmannian space and they exhibit nearly the same mutual in-
formation as isotropically distributed unitary matrices in this regime.
Our problem of maximizing the cutoff rate expression over fPigLi=1
and fVig

L
i=1, by leveraging f�ig

L
i=1 that are designed to achieve the
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USTC, resembles a discrete version of the problem of finding the dis-
tribution ofV, while using the cutoff rate expression as the design cri-
terion, which in turn, by Proposition 1, is equivalent to optimizing the
mutual information in the critical low SNR regime. Moreover, for small
T and in the low-medium SNR range, the capacity of the noncoherent
channel is small enough to enable constellations of small cardinality
to approach it. This renders the optimizations tractable in many inter-
esting cases. Indeed, it is in this regime that most gains are expected
over unitary designs. The joint optimization over the amplitudes and
probabilities can also be viewed as giving rise to power-control and
“probability-control” strategies that must be applied to the base unitary
constellations to boost their performance. This is particularly relevant
from a practical standpoint since algebraic unitary designs utilizing the
QPSK alphabet are available (c.f. [10]) that achieve mutual informa-
tion close to the USTC bound in the low SNR regime. Finally, the mu-
tual information obtained this way can be seen to provide a construc-
tive lower bound to the noncoherent MIMO capacity at general SNRs
and one that we will see is much tighter than the USTC bound in the
low-medium SNR regime. It can be seen that the cutoff rate expression
is nonconvex in general with respect to fPigLi=1 and fVigLi=1, and,
hence, this problem comes under the realm of deterministic global op-
timization[18], [19]. In order to maximize the cutoff rate expression at
a general SNR, a globally optimal solution can be obtained by formu-
lating it as a difference of convex programming problem (dc program-
ming). We give some definitions from [18], [19] in this regard.

Definition 1: A real valued function f defined on a convex setAAA �
<n is called dc (difference of convex) onAAA if, for all x 2 AAA; f can be
expressed in the form

f(x) = p(x)� q(x) (9)

where p; q are convex functions onAAA. The representation (9) is said to
be a dc decomposition of f .

It should be noted that no dc decomposition is unique. For instance,
(p(x) + kxk2) � (q(x) + kxk2) is also a dc decomposition of f(x)
in (9), where kxk is the l2-norm of x.

Definition 2: A global optimization problem is called a dc program-
ming problem or a dc program if it has the form

min f0(x)

s.t x 2 AAA
fi(x) � 0 (i = 1; . . . ; m) (10)

where AAA is a closed convex subset of <n and all functions fi; (i =
0; 1; . . . ;m) are d.c onAAA. If the set of all constraints form a polytope,
then the problem is called a dc program over a polytope.

There are a number of algorithms given in [18], [19] to find the global
minimum of a dc program if the dc decomposition is known. The next
lemma is needed to prove the ensuing theorem.

Lemma 1: The function f(�;D1;D2) = j(I + �(AD1A
� +

BD2B
�))�1j defined over positive semidefinite diagonal matrices

D1;D2 and positive number � is a jointly log-convex function ofD1

and D2 for fixed �.
Proof: The functions indicated are all compositions of the

function h(C) = � log jI + Cj and linear functions of the form
g(D1;D2) = AD1A

� +BD2B
�. Since h(C) is convex over posi-

tive semidefiniteC, the composition f = h � g is also convex [20].
A lemma that is useful in obtaining dc decompositions of compli-

cated functions is proved next.

Lemma 2: Let hi(x) and gi(x) be log-convex functions
8i = 1: . . . ; L over <n and ci be nonnegative constants. Then
f(x) = log(

i
ci

g (x)
h (x)

) is dc and has a dc decomposition

log
i

cigi(x)
j 6=i

hj(x) �
i

log hi(x): (11)

Proof:

f(x) = log
i

ci
gi(x)

hi(x)
(12)

= log
i
cigi(x) j 6=i hj(x)

i
hi(x)

: (13)

The product of log-convex functions is log-convex, the sum of log-
convex functions is log-convex and a positive constant times a log-
convex function is log-convex [20]. Hence the argument of log( � ) in
(13) is the ratio of log-convex functions. Therefore, a dc decomposition
for f(x) is log(

i
cigi(x) j 6=i hj(x))� i

log hi(x).
We consider a constellation CCC = f�iVigLi=1, which is in the form

indicated in Proposition 1. If we define the positive semidefinite diag-
onal matrix Di = V

2
i , the average power constraint over CCC can be

expressed as 1
T i

Pitr(Di) � P , and the peak power constraint is
1

N T
tr(Di) � K; 8i. We define the constraint set over which we find

the optimal constellations as

GGG = fPi;VigLi=1 : Pi � �;

i

Pi = 1;Di = V
2
i � 0;

1

NtT
tr(Di) � K 8i; 1

T
i

Pi tr(Di) � P :

The number � > 0 may be chosen to be small, so that the optimal con-
stellations overGGG are as close as we please to the optimal constellations
without the constraints Pi � � 8i.

Theorem 1: Consider a constellation CCC = f�iVigLi=1 with corre-
sponding transmission probabilities fPigLi=1. Given f�igLi=1, the op-
timal set of fPigLi=1 and fVigLi=1 in GGG may be obtained through a dc
program.

Proof: SubstitutingXi = �iVi 8i in (4), and using the identity
jI+ABj = jI+BAj, the resulting expression for CR may be rewritten
as

� log
i

1

P�2
i

+
I+ 1

2
(�iDi�

�
i +�jDj�

�
j )

�N

P�1
i P�1

j (jI+Dij jI+Dj j)�
:

(14)
By Lemma 1, jI + 1

2
(�iDi�

�
i + �jDj�

�
j )j�1; jI +Dij�1 and

jI + Dj j�1 are log-convex functions of (Di;Dj). Also, P�2
i and

P�1
i P�1

j are log-convex functions of (Pi; Pj) in GGG. Using the fact that
the product of log-convex functions is log-convex and that a log-convex
function raised to a positive index is log-convex, it can be seen that CR
is now in the form given in Lemma 2 and, hence, a dc decomposition
of the objective function is obtained.

Let Dik denote the kth diagonal element of Di 8i. The power con-
straint is 1

T i
Pitr(Di) =

1
T i

Pi k
Dik � P . It can be shown

that the set of fPigLi=1 and fDikgi;k satisfying this constraint is a non-
convex set in general. This constraint can be written equivalently as

i

Pi
k

Dik +
p
Nt

i

P
2
i +

i;k

D
2
ik � PT

�pNt

i

P
2
i +

i;k

D
2
ik � 0 (15)
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and it is shown in Appendix-B that the left-hand side is a difference of
two convex functions. Therefore, it conforms to a dc constraint. The
other constraints in GGG are i Pi = 1 and for each i; Pi � �; Di � 0

and 1

N T
tr(Di) � K, which are all convex constraints and, hence, dc

as well. Therefore, the maximization of the cutoff rate expression in the
setGGG can be solved by a dc program. Once the optimalDi are obtained,
the optimal Vi are obtained using Vi = D

1=2
i .

An example of an algorithm that solves the dc program is the Sim-
plical Branch and Bound algorithm (Section 4.6) [18]. Alternatively,
one could convert the problem into a canonical dc program and then
use the Edge Following Algorithm (Section 4.5) [18]. More algorithms
may be found in [18] and [21].

The following definitions are needed for the theorem that follows.

Definition 3: A concave minimization problem is an optimization
problem in the following form:

min
x 2 X

f(x); (16)

where f(x) is a concave function and X � <n is a convex set.

Definition 4: A separable function f(x) is one which can be ex-
pressed as f(x) = i fi(xi) where x = [x1 x2 � � � xn]

T .

Definition 5: A separable concave minimization program is a con-
cave minimization program with a separable and concave objective
function f(x), where x = [x1 x2 � � � xn]

T .

Definition 6: A reverse convex set is a set whose complement is an
open convex set. A separable reverse convex set is a set of the form
fx : q(x) � 0g, where q(x) is a separable convex function of x =
[x1 x2 � � � xn]

T .
Since CR is expressed as a difference of convex functions over

fPig
L
i=1 and fDig

L
i=1 in Theorem 1, the same dc decomposition holds

even when considered as a function of fDig
L
i=1 and for fixed fPigLi=1.

Since the power constraint 1

T i Pitr(Di) � P is a polytope over
fDig

L
i=1 for a fixed fPigLi=1, and the other constraint Dik � 0 is

linear, the optimal fDig
L
i=1 may be obtained through a dc program

over a polytope. We show however, that the optimization problem
in this case may be simplified and transformed into other standard
global optimization problems with more structure and, hence, state the
following theorem separately. We first define the constraint set over
which we find the optimal constellations as

HHH = fVig
L
i=1 : Di = V

2

i � 0;
1

NtT
tr(Di) � K 8i;

1

T
i

Pi tr(Di) � P :

Theorem 2: Consider a constellation with the structure f�iVig
L
i=1

as given in Proposition 1. Let the matrices be transmitted with proba-
bilities fPigLi=1. Then, given f�ig

L
i=1 and fPigLi=1, the optimal set of

fVig
L
i=1 in HHH may be obtained through either

(i) a dc program over a polytope, or
(ii) a separable concave minimization program, or

(iii) a convex minimization program with an additional separable re-
verse convex constraint.

Proof: We need to maximize CR in (14) over the set HHH. This is
equivalent to maximizing the following expression due to the mono-
tonicity of log(1 + x) and log(x)

� log 2 PiPj
I+ 1

2
(�iDi�

�
i +�jDj�

�
j )

�N

jI+Dij
� jI+Dj j

�

(17)

where the argument of the � log( � ) may be expressed as shown at the
bottom of the page. By Lemma 1, jI + 1

2
(�iDi�

�
i +�jDj�

�
j )j

�1;

jI +Dij
�1 and jI +Dj j

�1 are log convex functions of (Di;Dj). A
log-convex function raised to a positive index is still log-convex. Also,
a positive constant times a log-convex function is log-convex. The sum
and product of log-convex functions is still log convex. This implies
that the last expression is the ratio of two log-convex functions. Taking
� log( � ) therefore gives a dc decomposition for CR, which is

CR = log( j(I+Di)
�1jj(I+Dj)

�1j)N =2 � q(D1; . . . ;DL)

where q(D1; . . . ;DL) is jointly convex over fDig
L
i=1. Let Dik de-

note the kth diagonal element of Di 8i. The constraint set is the in-
tersection of 1

T i Pi tr(Di) � P and the linear constraints fDik �

0gi=L;k=Ni=1;k=1 , and is, hence, a polytope. The optimal fDig
L
i=1 can hence

be obtained through a dc program over a polytope.
We will now express the maximization of (17) as a separable concave

minimization program. We need to maximize the � log( � ) of the last
expression, which is

= max log jI+Dij jI+Dj j

�N =2

� q(D1; . . . ;DL) (18)

= max
k

�
Nr

2
log(1 +Dik)

�
Nr

2
log(1 +Djk) � q(D1; . . . ;DL): (19)

An additional variable t is now introduced to obtain the equivalent op-
timization problem

max
k

�
Nr

2
log(1 +Dik)

�
Nr

2
log(1 +Djk) � t (20)

= min t+
k

Nr

2
log(1 +Dik)

+
Nr

2
log(1 +Djk) : (21)

Since q(D1; . . . ;DL) � t is a convex function, q(D1; . . . ;DL) �
t � 0 is a convex set. Since the intersection of convex sets is convex,

2 i;j>i PiPj I+
1

2
(�iDi�

�
i +�jDj�

�
j )

�N
(jI+Dkj jI+Dlj)

�N =2

i;j>i (jI+Dij jI+Dj j)
�N =2

:
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the constraint set is convex. Hence the problem in (21) is a separable
concave minimization problem over fDig

L
i=1 and t, since the objective

function is separable concave, and the constraint set is convex.
The additional variable tmay also be introduced in place of the other

convex function in (19), to obtain the equivalent problem

max t� q (D1; . . . ;DL)

= min q(D1; . . . ;DL)� t (22)

where r(D1; . . . ;DL) = k;nf�
1
2
log(1 + Dik) �

1
2
log(1 + Djk)g. Since r(D1; . . . ;DL) is a separable convex func-

tion of fDig
L
i=1; t � r(D1; . . . ;DL) is a separable reverse convex

constraint. Since q(D1; . . . ;DL) � t is a convex function, this form
of the optimization problem is a convex minimization problem with an
additional separable reverse convex constraint (or separable concave
constraint).

Once the optimal fDig
L
i=1 are found using any of the opti-

mization techniques, the optimal fVig
L
i=1 are obtained through

Vi = (Di)
1=2.

All the three forms indicated in Theorem 2 are more structured global
optimization problems than the one encountered in Theorem 1. The
concave minimization problem over a convex set is known to have a
solution at an extreme point of the constraint region and this fact is ex-
ploited in algorithms to obtain the global optimum [18]. Branch and
bound algorithms to solve this problem are given in Section 3.7 of
[18] and in [21]. The problem that we encounter is a separable con-
cave minimization problem, which is a concave minimization problem
with additional structure. The separability in the objective function can
be exploited to further simplify the search by using the rectangular
branch and bound algorithm given in [21, Sec. 3.7.4 and 3.7.5]. Another
algorithm which uses a partial outer approximation and branch and
bound method to solve the separable concave minimization problem
is described in [22]. The formulation involving a convex minimization
problem with an additional reverse convex constraint can be solved by
a branch and bound algorithm given in [23].

The number of optimization variables in the problem is L + LNt,
and is independent of Nr . With large values of T , one may need
more constellation points L to approach capacity, and this results in
higher complexity. Difference of convex programming problems and
concave minimization problems come under the class of nonconvex
optimization problems and therefore, are in general NP-hard. This
would mean that the worst case number of iterations would grow
exponentially with the number of optimization variables. However,
in practice depending on the problem structure, there are algorithms
proposed that require smaller iterations on average to either solve the
problem or obtain a good approximate solution. For relatively small
constellations and transmit antennas, the algorithms mentioned may
be solved with tractable complexity.

An example where the formulation using fixed probabilities is useful,
is when there is a need for equiprobable constellations. Even in this
case, it can be seen that in the low SNR regime many points in the
optimal solution are assigned the same zero amplitude during the op-
timization. This is expected as a constellation with higher peak-to-av-
erage power ratio is needed in this regime to maximize the mutual in-
formation. We observe via simulations that equiprobable constellations
with a suitable constellation expansion (to offset the loss of source en-
tropy due to the zero amplitude points coinciding at the origin) can
have nearly the same mutual information and CR. While the perfor-
mance loss is small, the constellations designed this way are usually
more regular than constellations obtained by jointly optimizing over

fPig
L
i=1 and fVig

L
i=1. The optimization problem in this case can also

be transformed into a separable concave minimization problem which
has more structure compared to a general nonconvex problem, and can,
hence, be exploited to decrease the complexity. Due to these reasons,
we conclude that this formulation can be quite useful practically, even
when unequal probabilities are allowed. Numerical examples and com-
parisons for this formulation can be found in Section V-B.

C. Low Rate Constellations: L � T
N

When L � T
N

, which makes the constellation have low rate, it
is possible to globally optimize the cutoff rate jointly over fPigLi=1;
f�ig

L
i=1 and fVig

L
i=1. It is for this case, that [13] derives the cutoff

rate in closed form by first showing the optimality of scaled orthogonal
matrices under a peak power constraint and we take a similar approach
here. Using [13, Lemma 6], we can write the cutoff rate in the following
form:

CR = � log
i j

PiPj

�
jI+X�

iXij
N =2

I+X�

jXj
N =2

I+ 1
2
X
�

iXi
N

I+ 1
2
X
�

jXj
N

I�FFF�

ijFFF ij
N

(23)

where FFFij = ~X�

j
~Xi; ~Xi = Xi[I+

1
2
X
�

iXi]
�1=2 and ~Xj = Xj [I+

1
2
X
�

jXj ]
�1=2. Using Proposition 1 in (23), we get

CR = � log
i j

PiPj

�
I+V2

i
N =2

I+V2
j
N =2

I+ 1
2
V2

i

N
I+ 1

2
V2

j

N
I�FFF�

ijFFF ij
N

(24)

It can be seen that CR depends on f�ig
L
i=1 only through terms of the

form jI � FFF�

ijFFF ij j. By the property of the positive semidefinite or-
dering [24] jI�FFF�

ijFFF ij j � jIj = 1, and it can be seen thatFFF�

ijFFF ij =
0 when f�ig

L
i=1 are a set of orthogonal matrices, i.e., ��i�i = I

and ��i�j = 0 8 i; j. Therefore CR is maximized for any fPigLi=1
and fVig

L
i=1 when f�ig

L
i=1 are a set of orthogonal matrices. This

set can be obtained since L � T
N

. Thereafter, the optimization over
fPig

L
i=1 and fVig

L
i=1 may be carried out through dc programming as

in Section III-B using a set of orthogonal matrices as the base constel-
lation to obtain the globally optimal solution and the cutoff rate R0 as
defined in (3).

D. Minimum E
N

Designs

In this section, following common notation, we use SNR = E
N

in
place of P with Es denoting received energy per symbol and let Eb

denote energy per bit. The bit-energy normalized by the noise power
is denoted by E

N
and the spectral-efficiency as C(E

N
) (b/s/Hz). The

quantity E
N

as a function of spectral-efficiency is obtained from the
Shannon capacity C(E

N
) = C(SNR), where E

N
= SNR

C(SNR)
. As

noted in [8], the bit-energy/spectral-efficiency tradeoff is the key to un-
derstanding the tradeoff between bandwidth and power at low SNR. A
key insight provided by [8] is that for the average power limited non-
coherent channel, achieving the (E

N
)min is very demanding in terms

of bandwidth and the peak-to-average ratio of the transmitted signal.
As a result, the authors in [25] consider the SISO noncoherent Rician
fast fading channel under both an average and peak-to-average power
constraint and characterize the bit-energy/spectral-efficiency curve for
different Rician factors. In order to obtain these curves, the capacity
C(SNR) is obtained using numerical methods as there are no closed
form expressions. For MIMO channels, it is much harder to obtain the
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bit-energy/spectral-efficiency curve as the mutual information is not
known in closed form, the capacity at general SNR is not known, and
numerical methods to evaluate it are also intractable. Our approach will
be to obtain constellations that maximize the cutoff rate expression at
a general SNR as in the previous section. From Monte-Carlo simu-
lations, we obtain the mutual informations of the resulting constella-
tions I�(SNR). Using these in E

N
= SNR

I (SNR)
and denoting the spec-

tral-efficiency by I�(E
N

) = I�(SNR) b/s/Hz, we can obtain a bit-en-
ergy/spectral-efficiency tradeoff curve using optimal constellations in-
dicated by this design technique. The minimum normalized energy per
bit obtained through this constellation design technique would be an
upper bound on the (E

N
)min achievable over all possible schemes. In

Section V, we show through numerical simulations that interesting in-
sights on modulation and coding can be obtained through this method.

E. Comparison With Constellations of Borran et al. [12]

In this section, we compare our design technique with another promi-
nent work, viz. Borran et al. [12], which also proposes a numerical
technique to design constellations at a general SNR for the nonco-
herent Rayleigh-fading MIMO channel. One similarity between [12]
and this work is that both leverage existing unitary constellations, that
are well suited for the high SNR regime, to design constellations for the
low/medium SNR regime. The design criterion in [12] is different from
that used here. Moreover, the symbol error probability of uncoded con-
stellations was used as the performance measure throughout that work.
In this correspondence, we use a more fundamental performance mea-
sure, viz. mutual information, and we will show that the cutoff-rate
optimized constellations improve significantly upon the Borran et al.
constellations, especially in the low-medium SNR regime.

Through many examples, it was shown in [12] that the KL-distance
between constellation points is a more suitable distance measure than
the Euclidean distance measure for the noncoherent MIMO Rayleigh-
fading channel. Borran et al. [12] proposed adopting existing unitary
designs in a multi-level manner, and demonstrated gains in the low/
medium SNR range. For their single antenna designs, the equiprobable
constellation points were constrained to lie on concentric spheres and
after making a sub-optimal approximation on the allowed arrangement
of points, the KL-distance between the closest points was maximized.
Specifically, it is assumed that between any two concentric shells on
which the constellation points are constrained to lie, there is at least
one pair that is collinear with the origin. This assumption is a major
drawback, since it renders the constellations strictly suboptimal and not
even locally optimal in most cases, as a mild perturbation of the points
along a shell typically improves the minimum distance. Even though
the designs are for any specified SNR, they are different from the base
unitary designs primarily in the low/medium SNR regime, where the
constellation points occupy multiple levels with a point typically at the
origin. The technique was extended to multiple-antenna constellations
as well, while still inheriting the sub-optimal approximation.

Another major drawback of that work is that it restricts the constel-
lation points to be equi-probable. In the crucial low SNR regime, it is
well known that signals with relatively large PAPRs are required to ap-
proach capacity for the noncoherent Rayleigh fading channel. There-
fore, unequal probabilities for constellation points are essential, and
this is incorporated in our work resulting in significant improvement.

The performance measure used throughout in [12] is the average
symbol error probability (when each block of symbols is decoded
separately). However, a more fundamental performance measure is
the mutual information, since it accounts for both modulation as well
as channel coding across independent coherence blocks. Moreover, in
the low/medium SNR regime and with relatively smaller coherence
lengths, coding across blocks may be considered necessary to improve

the reliablity. As a result, we use the mutual information of the
constellations, which are obtained through Monte-Carlo simulations.
We show via simulations that the cutoff-rate optimized constellations
outperform those in [12] over the entire range of SNRs. Fig. 6 is a
representative plot comparing the mutual informations. It can be seen
that the gains by using cutoff-rate optimized constellations are in the
crucial low/medium SNR regime, with significant gains at low SNR.

IV. EXTENSION TO SPATIALLY CORRELATED CHANNELS

In this section, we show how the main results obtained in this corre-
spondence may be extended to more general spatially correlated chan-
nels. For simplicity, we state our results in terms of the so-called sep-
arable transmit and receive correlation model. We point out however,
that the main results also hold similarly for a more general model pro-
posed in [26], which subsumes the separable model as well as the vir-
tual channel representation model of [27].

The received signal is modeled as

R = SH+W (25)

where S is the transmitted symbol matrix and W is the noise matrix.
Here, the symbols fSg are normalized so that the average transmit
power constraint 1

T
E[tr(SS�)] � P holds. It is assumed that W has

i.i.d. CN (0; 1) entries. As per the separable channel model,H has cor-
related, circularly symmetric, complex Gaussian entries and is repre-
sented by

H = �
1=2
t Hw�

1=2
r (26)

where �t and �r are the transmit and receive array correlation ma-
trices respectively. Hw has i.i.d. CN (0; 1) entries. Using the spec-
tral decompositions �t = Ut�tU

�

t and �r = Ur�rU
�

r , where
the eigenvalues are arranged in the descending order along the diag-
onal, we have H = Ut�

1=2
t U

�

tHwUr�
1=2
r U

�

r = Ut
~HU�

r , where
~H = �

1=2
t U

�

tHwUr�
1=2
r . The normalizations in (25) are such that

N
i=1 �

t
i = Nt and N

i=1 �
r
i = Nr . The output of the channel in (25)

can be written as

R = SUt
~HU�

r +W (27)

After post-multiplying (27) by Ur , denoting SUt by X, and de-
noting RUr by Y, we get

Y = X ~H+N (28)

which represents the sufficient statistics of the received signal. Clearly,
E[tr(SS�)] = E[tr(XX�)], and, hence, the precoded code fXg sat-
isfies the same average transmit power constraint as the original code
fSg. We may hence consider (28) to be our effective channel model,
and use the notation X to denote a codeword precoded by the eigen-
matrix of �t.

The cutoff rate expression for this channel model can be easily shown
to be (cf. [28])

CR = � log
i j

PiPj

�
N

n=1

jI+Xi�tX
�

i �
r
nj
1=2

I+Xj�tX
�

j�
r
n

1=2

I+ 1
2
Xj�tX

�

j +Xi�tX
�

i �rn
: (29)

From (29) and (4), it is clear that the cutoff rate expressions for the
i.i.d. and correlated channels have similar forms. Due to this similarity,
it can be verified that results analogous to Proposition 1 and Theorems
1 and 2 are true for the correlated channel as well. For the sake of
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completeness but to avoid repetition, we just state the results for the
spatially correlated fading channel without proofs.

Proposition 3: Let the rank of �t be M � Nt and M� =
min(T;M). Then, any constellation CCC = fXig

L
i=1 with respective

priors fPigLi=1 may be expressed equivalently as a constellation CCC0 of
the form f�iVig

L
i=1 with the same priors such that it satisfies the same

average and peak power constraints and has the same cutoff rate expres-
sion value. Here,�i 2 ICT�N is a matrix with orthonormal columns,
ie. ��

i�i = I 8 i = 1; . . . ; L and Vi 2 <N �N is a nonnegative
diagonal matrix with at most M� nonzero diagonal entries.

Consider a constellation CCC = f�iVig
L
i=1, which is in the form indi-

cated in Proposition 3. If we define the positive semidefinite diagonal
matrix Di = Vi�tV

�

i , the average power constraint over CCC can be

expressed as 1

T i Pitr(Di�
y
t ) � P , and the peak power constraint

is 1

N T
tr(Di�

y
t ) � K; 8i. We define the constraint set GGG over which

we find the optimal constellations as

fPi;Vig
L
i=1 : Pi��

i

Pi=1;

Di=Vi�tV
�

i �0
1

TNt
tr Di�

y
t �K

1

T
i

Pi tr Di�
y
t �P :

Again, � > 0 is chosen to be small, so that the optimal constellations
over GGG are as close as we please to the optimal constellations without
the constraints Pi � � 8i.

Theorem 3: Consider a constellation CCC = f�iVig
L
i=1 with corre-

sponding transmission probabilities fPigLi=1. Given f�ig
L
i=1, the op-

timal set of fPigLi=1 and fVig
L
i=1 in GGG may be obtained through a dc

program.
In the fixed probability case, let the constraint setHHH, over which we

find the optimal constellations be

fVig
L
i=1 : Di = Vi�tV

�

i � 0;
1

NtT
tr Di�

y
t � K 8i;

1

T
i

Pi tr Di�
y
t � P :

Theorem 4: Consider a constellation with the structure f�iVig
L
i=1

as given in Proposition 1. Let the matrices be transmitted with proba-
bilities fPigLi=1. Then, given f�ig

L
i=1 and fPigLi=1, the optimal set of

fVig
L
i=1 in HHH may be obtained through either

i) a dc program over a polytope, or
ii) a separable concave minimization program, or

iii) a convex minimization program with an additional separable re-
verse convex constraint.

V. NUMERICAL EXAMPLES

For the optimizations, we use TOMLABs glcCluster module to solve
general constrained mixed-integer global optimization problems. The
module uses a clustering algorithm to generate a good and large set of
initial points and then conducts local searches (using module SNOPT)
from each of them before choosing the best point. The solution is not
guaranteed to be optimal, but is usually optimal or very close and is also
reached more quickly compared to many other optimization programs.
To obtain the mutual informations of the constellations we use Monte-
Carlo simulations. The mutual information is

i

Pi
y

p(y=i) log
p(y=i)

p(y)

=
i

PiEy=i log
p(y=i)

j Pj p(y=j)
: (30)

The expectations in (30) are calculated using Monte Carlo integrations.

Fig. 2. Comparison of Mutual Informations: L = 8;Nt = 1;Nr = 1;T = 3.

In all simulations with T > 2, we use the corresponding system-
atic unitary design [9] as our base constellation. For the case when
T = 2, we use the real two dimensional constellations in [29] for
ease of representation. The reason for including many examples in-
volving two-dimensional real constellations is for graphically repre-
senting them to illustrate some key features of the optimal constella-
tions better. We emphasize here that any suitable unitary design (even
with dimension T > 2, may be used and other options include [30],
the recently proposed designs in [10], and the complex Givens codes
in [11] for T = 2 which has the same low-complexity decoder as in
[29] but with the advantage of using the complex dimensions as well.
The advantage of using the designs in [10] is that the constellations
are algebraic by construction, and QPSK modulation can be used to
transmit the entries of the matrices. This makes it more convenient to
design coding schemes using iterative decoding techniques. Designing
suitable coding schemes for the unequiprobable constellations obtained
here is a separate problem requiring further consideration.

A. General Probabilities and Amplitudes

In this subsection, we present examples of constellations obtained
by optimizing jointly over probabilities fPig

L
i=1 and amplitudes

fVig
L
i=1.

In Fig. 2, the mutual informations of the optimal 8-point constel-
lations for the Nt = 1; Nr = 1; T = 3 system are plotted at dif-
ferent SNRs. The USTC is also plotted alongside as a reference. It
can be seen that the mutual informations of the new constellations
are significantly higher than the base systematic constellations and the
USTC at low SNRs. For SNRs over 3 dB, the curves corresponding
to the optimized constellations and the systematic designs coincide in-
dicating that equal probability and amplitude constellations suffice in
this regime. In Fig. 3, a similar optimization is carried out on a 16-point
constellation for a Nt = 2; Nr = 2; T = 4 system. Again, significant
gains are observed at low SNRs over both the base unitary constella-
tions and the USTC. To give examples of optimal constellations and
for easy representation, we plot optimal constellations for T = 2 using
the constellations in [29] as the base unitary constellations, over a wide
range of SNRs in Figs. 7 and 8. For the low SNR examples, we intro-
duced the restriction K = 50 � P . It should be noted that only two
quadrants are used in plotting the constellation points sinceX and�X
are indistinguishable using the cutoff rate expression. These examples
show the smooth transition from a constellation with large peak-to-av-
erage power ratio at low SNR and having a point at zero transmitted
with high probability, to a constellation resembling the base unitary
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Fig. 3. Comparison of Mutual Informations: L=16;Nt=2;Nr=2;T=4.

Fig. 4. Eb=N0 versus spectral efficiency.

constellation with equiprobable points at relatively high SNR. In some
of the plots, not all points are explicitly plotted since they are either
assigned a zero probability of transmission, or a zero amplitude which
results in multiple points coinciding at the origin. The optimization se-
lects the best subset of f�ig

L

i=1 to transmit along, while nulling out
the rest (by assigning zero amplitudes).

For average power limited channels with a fixed peak-power con-
straint, the bit energy required for reliable communications decreases
monotonically with decreasing spectral efficiency. Hence, the min-
imum bit energy is achieved at zero spectral efficiency. However,
under an average power constraint P and when the peak power K is a
constant times P , it can be verified that certain regularity conditions
given in [4] are satisfied. The main result in [4] states that the capacity
in such a case would grow as O(SNR2). As a result, (E

N
)min would

occur at a nonzero spectral efficiency I�0 . This choice of the peak-power
constraint has the effect of limiting the peak-to-average power ratio of
the optimal constellations. Fig. 4 gives some typical bit-energy/spec-
tral-efficiency plots wherein the minimum energy per bit occurs at a
nonzero spectral efficiency. It can be seen that the bit-energy increases
with decreasing spectral-efficiency for all spectral efficiencies less
than I�0 . Hence in this regime and for a fixed rate, increasing the

Fig. 5. Eb=N0 versus spectral efficiency.

Fig. 6. Mutual Information versus SNR.

bandwidth increases the minimum bit energy. This is undesirable
and hence operating in this region should be avoided. Indeed, every
E

N
> (E

N
)min would correspond to two constellations which have

spectral efficiencies I�1 and I�2 with I�1 > I�0 and I�2 < I�0 . Clearly,
the constellation corresponding to I�1 should be used. Similar insights
are obtained in [25] by analyzing the bit-energy/spectral-efficiency
tradeoff for the SISO Rician fast-fading channel.

In Fig. 4, the optimized constellations for Nt = Nr = 2 and T = 3
are obtained subject to the average and peak power constraints as in
Proposition 1 withK = 3�P . It can be seen that for L = 4, the curve
has a minimum at I�0 � 0:098, with (E

N
)min � 0:778 dB and the SNR

� �9:29 dB. The minimum bit-energy is lower for the eight-point
constellation and occurs at (E

N
)min � 0:642 dB, indicating that it is

better to use more constellation points for power-efficiency.
Fig. 5 indicates that as the ratio K=P , which is a measure of the

peak-to-average power ratio increases, the minimum bit-energy and I�0
also decreases. This indicates that a peakier signal is more power effi-
cient when operating at appropriately low spectral efficiencies. Since
the curves merge above a certain spectral-efficiency, this indicates that
in that regime, the least peaky signal may be used without any loss in
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Fig. 7. Constellations obtained through the unequiprobable formulation for eight points at SNRs � 12 and 3 dB.

Fig. 8. Constellations obtained through the unequiprobable formulation for eight points at SNRs 9 and 15 dB.

power-efficiency. Fig. 6 is a representative plot comparing the mutual
informations of the cutoff-rate optimized constellations against those
in Borran et al.. [12]. It can be seen that the gains by using cutoff-rate
optimized constellations are in the crucial low/medium SNR regime,
with significant gains at low SNR.

B. Equiprobable Constellations

For the examples in this section, we obtain optimal constellations
assuming that the transmission probability of each point is 1=L; K =

50 � P , and optimizing over the amplitudes. Even in this case, it can
be seen from Figs. 9 and 10 that in the low SNR regime, many of the
amplitudes are assigned the value 0 and all these points coincide at
the origin. Such a solution provides the constellation as high a peak-to-
average power as possible and is hence intuitively expected for the low-
medium SNR range. As in the unequal probability formulation, one can
see the smooth transition in the optimal constellations from the low
SNR regime to the high SNR regime in Figs. 9 and 10. In some of the
plots, not all 16 points are explicitly plotted since multiple points are
assigned to a zero amplitude and these points coincide at the origin and
yield one point with correspondingly higher probability.

With a suitable constellation expansion to compensate for the re-
sulting loss in source entropy, we find through numerical simulations
that constellations designed this way can be nearly as good as constella-
tions designed by optimizing jointly over probabilities and amplitudes.

The advantage of using the equiprobable formulation is that at certain
SNRs more regular constellations can be obtained as compared to those
obtained by optimizing both fPigLi=1 and fVig

L

i=1 jointly with nearly
the same cutoff rate expression values. In fact, the optimizations indi-
cate that only the point at zero would have a higher probability than 1=L
since many points become coincident there, while every other point
would have a probability of 1=L. The resulting constellation hence has
at most L points with the same probability, while usually just the zero
point with a different probability. This simpler asymmetry in the con-
stellation may help to significantly simplify design of coding schemes
over those constellations with general pmfs.

VI. CONCLUSION

We considered a discrete input and continuous output MIMO
channel and proposed a constellation design technique at general
SNR. This technique leverages existing dense unitary designs to gen-
erate constellations for general SNRs using the cutoff rate expression
as the design criterion. The mutual informations of constellations
thus designed exhibit significant to moderate improvements in the
low-medium SNR regime over the base unitary designs as well as
the USTC. The mutual informations generated by the optimal con-
stellations thus provide a good benchmark and the tightest known
lower bound on the capacity of noncoherent MIMO channels in the
low-medium SNR range. Using the mutual informations of these
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Fig. 9. Constellations obtained through the equiprobable formulation for 16 points at SNRs �12 and �6 dB.

Fig. 10. Constellations obtained through the equiprobable formulation for 16 points at SNRs 3 and 18 dB.

optimal constellations, we also obtain bit-energy/spectral-efficiency
tradeoff curves from which insights on the tradeoff between band-
width, rate and bit-energy can be obtained. From such tradeoff curves,
we can also obtain a firm upper bound on the minimum bit-energy
required for reliable communication, and good estimates of the ideal
spectral efficiency region to operate in.

APPENDIX

A. Properties of the Cutoff Rate

In this Appendix, we prove that the cutoff rate is an increasing func-
tion of SNR and Nr . In order to do so, we need the following lemma
which is an interesting result on its own.

Lemma 3: f(A) = tr((I + A)�1
A) is concave over positive

semidefinite A.
Proof: f(A) is concave iff g(t) = f(A + tB) is concave over

t � 0 [20], with B being positive semidefinite. We have

g(t) = tr((I+A+ tB)�1(A+ tB)) (31)

= tr((I+A)�1=2(I+ t(I+A)�1=2

�B(I+A)�1=2)�1(I+A)�1=2
A)

+ tr((I+A)�1=2(I+ t(I+A)�1=2

�B(I+A)�1=2)�1(I+A)�1=2
tB) (32)

= tr((I+A)�1=2
A(I+A)�1=2

� (I+ t(I+A)�1=2
B(I+A)�1=2)�1)

+ tr(t(I+A)�1=2
B(I+A)�1=2

� (I+ t(I+A)�1=2
B(I+A)�1=2)�1): (33)

Let (I +A)�1=2
B(I+A)�1=2 = U�U� and (I +A)�1=2

A(I+
A)�1=2 = C. Substituting these in (33) and simplifying, we get

g(t) = tr(CU(I+ t�)�1
U
�)

+ tr(tU�U�

U(I+ t�)�1
U
�) (34)

= tr(U�

CU(I+ t�)�1)

+ tr(t�(I+ t�)�1) (35)

=
i

[U�

CU]ii
1 + t�i

+ t

i

�i

1 + t�i
: (36)

It can be seen that d g
dt

=
�2� (1�[U CU] )

(1+t� )
. If the eigen value de-

composition of A = W�W�, then

[U�

CU]ii = [U�

W�(I+�)�1
W

�

U]ii (37)

=
k

�k

1 + �k
j[U�

W]ikj
2 (38)
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�
k

j[U�

W]ikj2 (39)

= 1: (40)

Therefore, d g

dt
� 0 and hence, g is concave. Therefore, f is concave.

Lemma 4: Let f(A;B) = jI+
Aj jI+
Bj

jI+ (A+B)j
whereA andB are

positive semidefinite. Then,
(i) f(A;B) � 1 with equality iff A = B.

(ii) f(A;B) is a decreasing function of 
.
Proof:

(i) Follows by the strict concavity of log jI + Sj over positive
semidefinite matrices S.

(ii) log(f(A;B)) = 1
2
log jI + 
Aj + 1

2
log jI + 
Bj � log jI +




2
(A+B)j. Using the standard formula d log jX+tYj

dt
= tr((X+

tY)�1
Y) to differentiate log(f(A;B)) with respect to 
, we

get 
 d log(f(A;B))
d


=
1

2
tr (I+ 
A)�1


A +
1

2
tr((I+ 
B)�1


B)

� tr I+



2
(A+B)

�1 


2
(A+B) (41)

� 0 (42)

by the concavity of tr((I + A)�1
A) over positive semidefi-

nite matrices A from Lemma 3. Hence, by the monotonicity of
log( � ); f is a decreasing function of 
.

In (3), we may normalize all constellation matrices by
p
P , so that

the argument of log( � ) consists of terms of the from in Lemma 4 with

 = P . Hence by Lemma 4, we can see that the cutoff rate expression
is an increasing function ofP . Moreover, increasingNr only decreases
each term in the argument of � log( � ) in (3) by Lemma 4 (i). There-
fore, the cutoff rate expression is an increasing function of Nr .

B. DC Decomposition of Power Constraint

Consider the function g =
i
Pi k

Dik + b(
i
P 2
i +

ik
D2

ik)
and the vector h = [P1 P2 . . . PL d

T
1 . . . d

T
L ], where

di = [Di1 Di2 . . . DiN ]T . The function b(
i
P 2
i +

ik
D2

ik) is
a convex function of the vector h for any positive constant b. Define
a = [1 1 . . . 1]T . The Hessian of this function g with respect to the
vector h is given by

2b IL�L IL�L 
 aT
IL�L 
 a 2b ILN �LN

:

Since for any b > 0; 2b IL�L is positive definite, the Hessian is positive
semidefinite iff the Schur-complement of the Hessian with respect to
2b IL�L is positive semidefinite. The Schur-complement is

2b ILN �LN � (IL�L 
 a) 1

2b
IL�L(IL�L 
 aT )

= 2b IL�L 
 IN �N � 1

2b
(IL�L 
 aaT ) (43)

= IL�L 
 2bIN �N � 1

2b
aa

T
: (44)

Since the Kronecker product of two positive semidefinite matrices is
positive semidefinite, it is sufficient if 2bIN �N � 1

2b
aa

T is positive
semidefinite. The only nonzero eigenvalue of aaT is aTa and there-
fore the Schur complement is Hermitian and has all eigenvalues pos-
itive if 4b2 > a

T
a, or b > 1

2

p
Nt, which makes the Schur-com-

plement positive definite. Therefore, f
i
Pi k

Dik + b(
i
P 2
i +

ik
D2

ik)g�fb( i
P 2
i + ik

D2
ik)g is the difference of convex func-

tions for b > 1
2

p
Nt. In the proof of Theorem 1 we take b to be

p
Nt.
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Single- and Multiple-Antenna Constellations for
Communication Over Unknown Frequency-Selective

Fading Channels

Jochen Giese and Mikael Skoglund, Senior Member, IEEE

Abstract—Data transmission through frequency-selective block fading
channels is considered in the case where neither the transmitter nor the
receiver has any knowledge of the channel coefficients. Standard code de-
sign approaches for this scenario take channel uncertainty at the receiver
into account by splitting the available channel coherence time into a part
dedicated to training symbols utilized for channel estimation and a second
part using an error-control coding scheme that is designed without channel
uncertainty in mind. In contrast, in this correspondence joint codes are de-
signed that are optimized for communication over the unknown channel
and operate over the full coherence time. Using an approximation of the
union bound on codeword error probability as design criterion, codes based
on general complex-valued symbols are obtained with a gradient search op-
timization technique. Numerical examples for both single antenna as well
as multiple-antenna systems illustrate that significant improvement over
training-based schemes can be obtained.

Index Terms—Code design, diversity, fading channels, frequency-selec-
tive channels, joint channel estimation and data detection, multiple an-
tennas, wireless communication.

I. INTRODUCTION

One goal of code design for communication over noisy channels is
to minimize the impact of additive noise which is unknown to both
transmitter and receiver. Very powerful error-control coding schemes
[1], [2] have been developed to reduce the probability of error at the re-
ceiver in the presence of noise. If apart from noise the channel exhibits
fading, the system and code design become significantly more compli-
cated, especially if the fading parameters are unknown to transmitter
and receiver. Several approaches have been proposed in the literature
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in order to take into account the uncertainty of channel parameters. A
traditional method is to try to estimate the channel parameters using
a so-called pilot or training sequence of symbols which are known to
both transmitter and receiver [3]. The output of the channel is then used
in a known-input known-output algorithm for channel identification
and subsequent decoding stages utilize the now (approximately) known
channel parameters. Alternative approaches use blind algorithms [4]
for unknown-input–known-output system identification or semiblind
methods [5] which use a combination of pilot symbols and data in order
to produce channel estimates. Yet another approach is differential mod-
ulation where the information is coded in the difference between two
subsequent codewords or symbols.

The approaches mentioned above basically try to reduce the problem
of data transmission through an unknown channel to the problem of
data communication through a channel where the channel coefficients
are (at least approximately) known to the receiver, resulting in a situ-
ation where signal design issues are, so far, much better understood.
Some information-theoretic justification for the approach based on
training sequences has been provided recently by [3] with similar
results in [6]–[8] where it is stated that the usage of optimized pilot
sequences implies no or insignificant loss in capacity, at least in the
high signal-to-noise ratio (SNR) domain. We emphasize that an argu-
mentation based on capacity results essentially requires that no delay
constraints are imposed on the system, because infinite block-lengths
are needed to achieve capacity. Thus, in real-time applications with
strict delay constraints, the use of separate coding and training has no
solid theoretical backup to claim general optimality. In particular for
short blocks, training might use up too much of the available coherence
time such that the error-correcting code for the data is necessarily
short and thus, potentially, weak compared to a code that is designed
to exploit the full coherence time while taking channel uncertainty
into account.

The above argumentation provides motivation for code design
explicitly optimized for the communication over unknown channels.
In particular for systems with multiple antennas at the transmitter
and at the receiver, the overhead for separated training can become
substantial because the channel between each pair of transmitter and
receiver antennas has to be estimated. Therefore, designs avoiding
separated training are particularly attractive for multiple-antenna
systems. The considerations and designs for this scenario in, e.g.,
[9]–[13] are targeted toward frequency-flat fading channels. When
the channel is frequency-selective, the number of unknown channel
parameters grows further and therefore the advantages of designing a
transmission scheme that avoids separated training is even more ap-
parent. The present correspondence contains a framework for the code
design in the general case of multiple antenna systems and unknown
frequency-selective channels. We note here that the transmission of
data over unknown frequency-selective channels was also discussed
in [14] as well as [15], [16] in the context of orthogonal frequency
division multiplexing (OFDM) transmission.

In earlier work [17], [18], we designed codes for the transmission
over unknown frequency-selective channels based on a binary phase-
shift keying (BPSK) modulation alphabet using combined channel de-
coding and channel estimation at the receiver. The design criterion was
based on the union bound on exact error probability. Good codes were
found using the method of simulated annealing. In the present corre-
spondence, we drop the restriction of BPSK modulation and allow ar-
bitrary complex-valued symbols in the codewords. The resulting single
and multiple antenna signal constellations can thus be interpreted as a
joint coding and modulation design for a given joint data detector and
channel estimator at the receiver. Optimization is carried out using a
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