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|The complex Gaussian Multiple-Access Channel
(GMAC) A is considered. The transmitters send
information independently with a power constraint so that
has a product distribution with . It is known
that multiuser codes exist that will achieve any rate-tuple in
the capacity region of the GMAC provided that an optimum
joint decoder is used [1] [2] [3]. However, little progress has
been made in multiuser coding, and moreover, optimum joint
decoding would be too complex. In this paper, we restrict the
decoder to be of a successive decoding type with equalization.
Such a decoder is parameterized by feedforward and feedback
equalization vectors. The optimum successive decoder (OSD)
is obtained by maximizing the mutual information for each
user over those vectors. The key result of this paper is that the
OSD achieves the total capacity of the GMAC at any vertex
of the capacity region. With the OSD, each transmitter can
use a single-user code independently of the other users. The
complexity of equalization is also only linear in the number of

users. For the conventional GMAC, , where
A is a row vector with unit elements, the OSD is degenerate
and involves no equalization. It reduces to the well-known
successive decoder for that channel as described in [4] [5].

Furthermore, for the particular case of the uncoded chan-
nel, the OSD reduces to a new decision feedback multiuser
detector. This detector is optimum in the sense that it maxi-
mizes Signal-to-Interference Ratio for each user.

Consider the Gaussian multiple-access channel

= + (1)

For the sake of generality, we allow all deterministic and ran-
dom quantities to be complex-valued. The particular case of
the real-valued GMAC models baseband channels and the
complex GMAC models passband channels. For the latter,
the complex random vectors can be restricted to being cir-
cularly symmetric or [6]. The GMAC is a vector
channel where the information symbols of the indepen-
dent active users are represented by the elements of the vec-
tor = [ ] , with the superscript T denoting the
matrix-transpose operation. has a product distribution,
and moreover, the power of the user in units of energy
per channel use, is constrained so that [ ] . We
let be a diagonal matrix with as its diagonal ele-
ment. is a matrix with complex-valued elements.
The complex Gaussian random noise vector has zero-mean
and a covariance matrix [ ] = (this is denoted as

(0; )), and it is assumed to be statistically indepen-
dent of .

The particular case where is a square identity matrix
results in decoupled single-user channels. This case mod-
els Orthogonal Waveform or Time-Division Multiple-Access
(OWMA and TDMA) channels [7]. On the other extreme
is the conventional real GMAC [8, Sec. 14.1.2] given as

= + with a product distribution on , power
constraints [ ] , and with being a zero-mean
Gaussian random variable [ ] = . This channel is
a special case of the GMAC with a real-valued scalar out-
put, and the matrix being a row vector of unit elements.
It models the Identical Waveform Multiple-Access (IWMA)
channel [7].
The non-trivial instances of arise in channels of practical

interest such as the Correlated Waveform Multiple-Access
(CWMA) channel (or CDMA) and in Bandwidth E�cient
Multiple-Access (BEMA) communications [7]. There are also
distortive channels in which the transmitters cannot entirely
control the signals that arrive at the receiver. In such chan-
nels, it may be impossible to force to be an identity matrix
or a row vector of identical elements.
Following the work of [1] [2], the capacity region of the

GMACwith power constraints was obtained in [3] for the real
GMAC and was later extended to the complex case in [9].
It is therefore known that there exist multiuser codes that,
together with optimum joint decoding at the receiver, will
achieve any rate-tuple within the capacity region. However,
good multiuser codes haven't been found, and even if they
were to be found, optimum joint decoding would most likely
be too complex.

A successive decoder decodes users on a per-user basis in
an arbitrary but �xed order (here, we assume without loss
of generality that the users are decoded in the increasing
order of their indices). It is parametrized by feedforward
and feedback equalization vectors. The feedforward equal-
izers are described by the set of -length vectors
whereas the feedback equalizers are described by the sets of
-length vectors . In decoding the
user, the interference from the already decoded \past"

users (i.e., users 1 1) is mitigated by subtracting from
a linear combination of the user's feedback vectors.

The coe�cients of the linear combination are the decoded
and re-encoded symbols of those past users. Following that,
an inner product of the resulting vector and the feedforward
vector of the user is computed as an input to the
user's decoder.
In particular, the �rst user is decoded based on which
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is obtained by taking the inner product between and
the matched �lter output vector = so that =

= . The decoded output is re-encoded to pro-

duce ^ . The second user is similarly decoded based on ,
where is now obtained as the inner product between
and a vector which in turn is obtained by subtracting

the vector ^ from . Therefore, = ^

and = . In general, the user is decoded

based on = ^ . The function of
the feedforward equalization through is to minimize the
e�ects of multiple-access interference from the as yet unde-
coded (\future") users + 1 to , and the residual inter-
ference after subtraction, if any, from the already decoded
(\past ") users 1 to 1. The function of feedback equaliza-
tion through the feedback vectors is to mitigate
the interference contributed by the past users. Since we are
concerned with capacity, we assume that all re-encoded sym-
bols are error-free. Note that can hence be expressed as

= + (2)

+ ( ) + (3)

We assume that the users' symbols are distributed accord-
ing to the product distribution that maximizes the capac-
ity region so that they are independent zero-mean Gaussian
random variables with covariance matrix . Therefore, from
the viewpoint of the decoder for the user, is e�ec-
tively the output of a single-user Gaussian channel. Note
that near-capacity achieving coding and decoding schemes
such as TCM [10] and Turbo coding [11] are understood best
for such channels.

In this section, we seek the successive decoder that maxi-
mizes the mutual information ( ; ) between and
for each = 1 2 . We therefore de�ne the optimal
feedforward and feedback vectors as follows:

arg max ( ; ) (4)

The maximum mutual information thus obtained is denoted
as

= max ( ; ) (5)

Before we obtain the optimum successive decoder and its
associated maximum mutual informations, we introduce the
following notation and de�nitions.

For any 1 , let denote the sub-
matrix of formed by retaining only columns to so
that = [ ]. Moreover, let denote the
principal sub-matrix of formed by indices to , that is

= diag( ).

De�ne the following sets of matrices:

= + (6)

= (7)

The next lemma records two important relationships be-
tween the above-de�ned matrices. The proof is omitted.

For the matrices de�ned in (6), the following
identities hold:

= 1 (8)

1 + = 1 (9)

The next theorem gives explicit formulae for the optimum
equalization vectors and the associated maximummutual in-
formations.

(Optimum Successive Decoder) The feedback
equalization vectors of the OSD are given as

= 2 1 1 (10)

and the feedforward equalization vectors admit the expres-
sions

= (11)

for any = 0. Furthermore, the maximum mutual infor-
mation (in nats per channel use) is given by

= log 1 + (12)

For the user, we have from (2) that

( ; ) = log (1 + ) (13)

where is the signal-to-interference (SIR) ratio de�ned as

=
+ +

(14)

where is the residual interference from past users and is

equal to ( ) . Since the capacity is

monotonically increasing in , we can equivalentlymaximize
the SIR. The numerator is not a function of the feedback
vectors, and no matter what the feedforward vectors are, the
denominator is minimized when the residual interference is
set equal to zero. Hence, = for all 1 1.
When the feedback vectors are so chosen, the expression for
SIR reduces to

=
( )

(15)

To maximize the SIR, we rewrite the problem in terms of
a Rayleigh-Ritz parameterization of an eigenvalue. To this
end, consider the Cholesky factorization to decompose the
positive-de�nite matrix as = , where is
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Fig. 1. Optimum Successive Decoder for the GMAC
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lower triangular. Letting = , an invertible transfor-
mation, we equivalently seek to maximize

=
( ) ( )

(16)

The above expression is maximized for any which
is an eigenvector of the largest eigenvalue of the ma-
trix ( ) ( ) . This is a rank-one positive-
semide�nite matrix so its only non-zero eigenvalue is also
its maximum eigenvalue. That eigenvalue is therefore equal
to its trace. Hence,

= tr ( ) ( ) (17)

= ( ) (18)

= (19)

where we have used the fact that tr( ) = tr( ) whenever
both products are de�ned. By inspection, we see for any

= 0 that = ( ) is an eigenvector corresponding
to this non-zero eigenvalue. Pre-multiplying this by

yields the desired expression for . The expression for the
maximum mutual information is a direct consequence
of (19).

In this section, we address the problem of �nding sim-
ple matrix representations of the feedforward and feedback
equalizers of the OSD obtained in Theorem 1. Let de-

note the sub-matrix of formed by the �rst 1 columns
of , i. e., = [ ]. And similarly de�ne

to be the sub-vector of given by [ ] . Then
the OSD produces

= ( ) ( ) (20)

which allows us to write

= (21)

where the feedforward and feedback matrices and of the
OSD are given as follows: the row of is ( ) and
is the strictly lower-triangular part of which we denote as
= ( ) for brevity. The implementation of the OSD can

be realized as in Figure 1. denotes the ( ) element
of the feedback matrix .
We state next the main result of this section. It gives

simple matrix formulae for and . The proof is given in
[12] but it is omitted here due to space restrictions.

(Representation) Let be a Cholesky de-
composition of + with being lower triangu-
lar, then

= diag( )( ) and = diag( ) ( )
(22)

where diag( ) of square matrix is a diagonal matrix
whose diagonal elements are those of , and is the di-
agonal matrix whose diagonal element is (1

) .

In this section, we consider the particular case of the un-
coded channel. Here, the optimum successive decoder re-
duces to a decision feedback multiuser . In particu-
lar, the decoder-encoder blocks are replaced by the minimum
distance decision rule

^ = arg ( ) (23)

where is a QAM alphabet of the user. Since the op-
timum successive decoder was obtained by maximizing mu-
tual information, and mutual information is monotonic with
signal-to-interference ratio, we call this multiuser detector
the Maximum Signal-to-Interference Ratio (MSIR) decision
feedback multiuser detector.
This brief detour shows, for the �rst time, an important

connection between the multiuser detection (cf. [13] [14]
[15]) and information theoretic approaches to multiple-access
channels.

From [1] [2] or [8, Sec. 14.3.6], we know that the capacity
region of the GMAC is given by the convex hull of the regions

( ) : 0 ( ; )

(24)
over all product distributions of on that satisfy

for each . Here we use the notation to
denote the sub-vector of formed by retaining only those
elements whose indices are in , and by we mean the com-
plement of with respect to the set 1 2 . De�ne
the matrix as

= + (25)

Let , for 1 , denote the sub-matrix of
formed by deleting the rows contained in � and the columns
contained in �.

With = + and (0; ) and
(0; ), the mutual information ( ; ) and the con-

ditional mutual information ( ; ) admit the follow-
ing formulas:

( ; ) = log and ( ; ) = log (26)



R_3

R_1 R_2

A

B

1

�

�

�

1 1 1

M M M

M M M M

j

C C

S

P

P

S

S S S S S

C

C C C

A P

N

S

S

;:::;M

M

j

j

M

M M M M M M

M

i

i i

M

j

i

\
8<
:

X
9=
;

X

���
���

���� � ���

1

1
1
2

1

1

1 1 1 1 2

=1

2 2 1 3

2 3 2 3 1

1 2 3

( ) 1

(( ) )

( )

( )

J�f g 2J

JJ

� �

G G

G G

GG

G
G G GG G G

�
GG

G[HG[H HH G[HG[H
G[H nH

G

H GnH

G
G

H GnH H[G H[G

H

j j

� � j j

� N

f g

G f g G f g � � � G f g

�

j

j

j

j

�

�
G H � f g

j j j jj j

J nH J
H

� N
� N H � G � f � � � g

j

j

f � � � g

R ; : : : ; R R :

X X

X

M i ; : : : ; i

i ; i ; i ; ; i ; i ; : : : ; i ;

M

R I X Y X

R R I X Y X

R I X Y :

M

M

M

R I X Y X ;X

R R I X ;X Y X

R R R I X Y

; ;

; ;

:

M M

; ; : : : ;M

;

Y X N X

N ; ;M

I X Y

I X Y X

I X Y

I X Y X :

; ; ;M

Theorem 3

every

A. Vertices of the Capacity Region of the GMAC

vertex

dominant face

to-

tal capacity

B. The Rate-Tuple of the OSD

Lemma 3:
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Theorem 4

Proof:

Unlike the real-valuedGMAC, this maximal product distribution for
the complex-valued channel need not be unique [6].

Fig. 2. A Three-User Capacity Region for the GMAC

where denotes the determinant of the square matrix .
The following theorem was proved in [3] for the real GMAC

and was extended to the complex case in [9].

(Capacity Region of GMAC) The capacity re-
gion of the GMAC is given by

( ) : 0 log ( )

(27)
It was shown in [3] and [9, Sec. 6.2] that the product dis-

tribution for , wherein is a complex, proper, zero-mean
Gaussian random vector with as its covariance matrix, re-
sults in a region that contains the regions de�ned by
other valid product distribution . Note from Lemma 2 that
the capacity region given by Theorem 3 is the polyhedral
region of (24) evaluated for (0; ).

The of the polyhedral region described by (24) for
a given permutation of the users, say , is the
point in the region where, for telescoping sets de�ned as

= = =
(28)

the following out of the 2 1 constraining inequalities
of the region are satis�ed with equality:

= ( ; ) (29)

+ = ( ; ) (30)

...

= ( ; ) (31)

Note that all vertices (there is one for each permutation of
the user indices) satisfy the condition that the inequality for
the sum rate of all the users is satis�ed with equality. They
are thus said to lie on the of the polyhedral
region. Since there are factorial permutations of the set
of users, there are up to factorial distinct vertices of this
type.
In the case of the GMAC where the polyhedral region de-

�ned by (27) is the capacity region , the vertices correspond
to rate-tuples whose sum is the maximum sum rate (or

) of the channel. Whenever no pair of users are
orthogonal to each other, there will be factorial distinct
vertices.
In Figure 2, we illustrate a three-user capacity region for

the GMAC. Pictured are two vertices A and B which lie
on the dominant face. For A, the following three of seven
inequalities are satis�ed with equality,

= ( ; ) (32)

+ = ( ; ) (33)

+ + = ( ; ) (34)

so that A corresponds to the permutation (1 3 2). Similarly,
note that vertex B corresponds to the permutation (3 1 2).

We begin with the de�nition of the Schur complement of
given as

= ( ) (35)

We will have occasion to make use the following two lem-
mas. The �rst one gives a factorization of the determinant
of any positive-de�nite matrix [16, Sec. 0.8.5] and the next
one gives closed form expressions for certain key mutual in-
formation quantities.

For any positive-de�nite matrix , and
any two non-empty sets 1 ,

= ( ) (36)

where the set denotes the set with all elements in
that are not in .

With = + and (0; ) and
(0; ), and with the sets 1 , the

mutual information ( ; ) and the conditional mutual in-
formation ( ; ) admit the following formulas:

( ; ) = log (37)

( ; ) = log (38)

(OSD Achieves Total Capacity) The OSD achieves
the rate-tuples corresponding to the vertices of the capacity
region.

We will prove the theorem for the vertex corre-
sponding to the permutation 1 2 . It will be shown
that the OSD derived in Section 1 that decodes users ac-
cording to the increasing order of their indices achieves that
vertex. Any other vertex can be achieved by the OSD that
decodes users in the order dictated by the permutation cor-
responding to that vertex.
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Fig. 3. Successive Decoder for the Conventional Gaussian Multiple-
Access Channel
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The vertex of interest is characterized by the following
equalities:

= ( ; ) (39)

+ = ( ; )(40)

...

= ( ; ) (41)

Equivalently, we see that using the chain rule for mutual
information, this vertex is also characterized by the equalities

= ( ; ) 1 (42)

De�ne the telescoping sets = . Setting
= and = in Lemma 4, another equivalent char-

acterization of the vertex of interest is also the equalities:

= log ( ) 1 (43)

In order to show that the OSD derived in Section 1 achieves
the above vertex, we need only show that the expressions for
the rates achieved by the OSD given in equation (12)
do indeed coincide with the rates in (43). It is easy to

see that = + , whence the in-

verse of this matrix can be expressed via the Woodbury iden-

tity as ( ) . The Schur

complement ( ) in turn is the reciprocal of the �rst
diagonal element of that inverse which can therefore be ex-
pressed as (1 ) . By a result in Lemma 1,

the latter expression is equal to 1 + which in

turn coincides with in (12). The proof is complete.

As a corollary of Theorems 1 and 4, we have the following
result for the conventional GMAC.

For the conventional GMAC, = +
, the optimum successive decoder is degenerate where the

optimum feedforward and feedback vectors are scalars and
all equal (to unity), i.e., = 1 and = 1. It achieves
the total capacity of that channel at a vertex.
The OSD for the conventional GMAC therefore requires

no equalization. It coincides with the well-known successive
decoder for the conventional GMAC (cf. [4] [5] and [8]). This
successive decoder is shown in Figure 3.
The fact that the successive decoder achieves the vertices

of the capacity region of the conventional GMAC has also

been known since [4] [5]. That result can now be understood
as a particular case of Theorem 4. Moreover, the results of
this paper explain the successive decoder achieves the
vertices of the capacity region of the conventional GMAC.

This paper provides a systematic approach to multi-
user equalization and information theory of the Gaussian
multiple-access channel. It is shown that optimum decision
feedback equalization together with successive (single-user)
decoding allows us, without loss of total capacity, to side-step
the multiuser coding (and joint optimal decoding) problem.
Independent single-user coding and the optimum succesive
decoder are shown to be su�cient to achieve the total ca-
pacity of the channel at the vertices of the capacity region.
Moreover, the optimum successive decoder reduces to

the Maximum Signal-to-Interference Ratio multiuser deci-
sion feedback for the particular case of the uncoded
channel. This result shows for the �rst time a key connection
between the multiuser detection and information theoretic
approaches to multiple-access channels.


