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Abstract—Uplink communication in a cellular radio network  In [3], it was shown that nonlinear multiuser receivers have
is considered where the base station in each cell employs linearthe potential for significantly higher performance than do their
or nonlinear (decision feedback) multiuser receivers. For any |inear counterparts. Those results were obtained for a single-cell
such receiver, the problem of interest is that of minimizing the _— - . .
total transmit power under the constraint that all the users of channel and detgrmlnlstlc power C_OerI' This paper investi-
the network achieve their quality-of-service objective in terms of gates multicell, distributed stochastic inner-loop power control
signal-to-interference ratio (SIR). When the solution is feasible for on the uplink for a cellular radio network where the base stations
the desired SIR requirements, the optimum powers are computed employ multiuser receivers, with or without decision feedback
with a distributed iterative power control strategy suitable for (see conference version of this paper [5]). For the case where

implementation at each base station. While the deterministic al- base stations use linear sinale-user receivers. a stochastic power
gorithm requires both in-cell and out-of-cell user information, the : useli ingle-u IVers, IC pow

stochastic algorithm proposed in this paper can be implemented control algorithm was proposed in [6]. In this paper, we show
at the base stations in a truly distributed manner requiring knowl-  that: 1) the use of multiuser receivers, particularly those with
edge of only in-cell parameters. Such an algorithm was proposed decision feedback, results in significantly more power and/or
recently for the case where base stations use linear (single user)bandwidth efficient systems: and 2) substantial improvements in

matched filter (MF) receivers. However, the feasibility region in t f b hieved the Robbi M
terms of attainable SIRs for a well-designed multiuser receiver, raies or convergence can be achiéved over the Robbins=hionro

particularly for a nonlinear receiver that employs decision feed- Stochastic approximation-based power control algorithm of [6]
back, is generally much larger than it is for the linear MF receiver. by using some of the newer developments in the general sto-
The stochastic power control algorithm in this paper, for linear chastic approximation literature.

or nonlinear multiuser receivers, converges in the mean-square A power control algorithm that converges quickly to the target

sense to the minimal powers when the target SIRs are feasible. . . . . . : -
The second major focus of this paper is to improve the conver- signal-to-interference ratios (SIRSs) is of singular importance in

gence properties of the conventional stochastic approximation & Cellular environment which is typically nonstationary, since
based power control strategy by using the more recent results power updates are conveyed to the mobiles at a low feedback
on averaging Convergence issues of both the “nonaveraged” and rate, and a quick recalculation of the optimum user power needs
averaged” algorithms are investigated, and numerical examples 1, e gone whenever the channel changes significantly. To im-
are presented to demonstrate the performance improvement due - .

prove the convergence properties of stochastic power control al-

to averaging. . ) . o .
o _ o gorithms with very little additional complexity, the concept of
Index Terms—Code-division multiple access, decision-feedback “averaging” is introduced in this paper.

receivers, multiuser detection, power control, stochastic approxi- - .
mation The issue of convergence rate of general stochastic approx-

imation methods has, for a long time, been of great interest
both from theoretical and practical points of view, and has
. INTRODUCTION been largely addressed in terms of adaptively optimizing the

ECENT WORK in cellular wireless systems has recogiteP-size sequence used. In a couple of fundamental papers on

nized power control as a flexible means of meeting difitochastic approximation, Ruppert [7] and Polyak [8] showed
ferent quality-of-service (QoS) constraints in an efficient waynder certain assumptions that with a decreasing step-size
(cf. [1]). A combined approach to multiuser receivers and pow&gduence that decays slower than the usual Robbins—Monro

control for wireless networks was introduced earlier in [2]-[4FOnstant: step-size sequence (wherds the iteration index),
significant improvement in convergence can be achieved if

the output of the conventional stochastic approximation is
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that each base employs a common setZ\_bfmatched filters o, = fg yi— 2—211 bkij\/mﬁkj)- f,; is the feedfor-
(MFs) matched to orthonormal basis functions that span the §fard filter. The feedback filterb,,;; = 0 for linear receivers

tire signal space. The discussion in this paper remains valid {8 decision feedback), and for decision feedback receivers, we
the case where any base station, gayses a different set of |g¢ brij = sgj fork =1,..., i — 1, without loss of generality

Nj < N MFs matched to the orthonormal basis of some pogte). The symbolT denotes transpositioni,; denotes the
sibly “reduced” signal space that includes the signals receivggected (in uncoded transmission) or decoded (in the coded
from the users within its cell. While the transmissions of th@ase) symbols of “past” usets. . .,i — 1 relative to uset of
mobile users of a particular cell arrive at the bases of other cql,l§sej_ There is an issue of decoding delay in coded systems
symbol-asynchronously, itis assumed, for the sake of simplicityat we will discuss later in this paper. It is clear that basas
that they arrive at their own base symbol-synchronously. It i$owledge of the codes, signals, transmit powers, and channel
also assumed that while the receiver at basms knowledge gains of the users within its own cell. Hence, we consider some
of the common timing of the received signals of its own cell, §jngle-cell receivers that require only in-cell information. The
does not have the timing information of signals of other cells feed-forward filter for both the single-user MF receiver and the
The discrete-time model for th¥ MF outputs at basg can  matched-filter decision feedback (MF-DF) receiver is given by

be expressed as f;; = s;;. The latter has nonzero feedback filtéxs; = sy for
K k=1,...,i— 1. A“partial” decorrelator for basgis given as
Yi= Y /WijGi58iiTij £ = row, (S7s,) ' sT. ®3)
=1
B K This receiver tunes out the interference for each user that arises
+ Z Z VWilgitj (S,,;_ljmfl + Sﬁjrﬁ) +mn; (1) due tothe other users in the same cell, but ignores interference
I#j i=1 from out-of-cell users. The decision feedback version of this
decorrelator (denoted as D-DF) has feedback filter coefficients

wherew;; andx;; denote the transmit power and the transmittegk‘, — s fork =1 i — 1. and the feedforward filters are
1) ] - P 1

symbol, respectively, of useof base.. The channel gain of the yefine as follows: consider a partition of the columnS pinto

ith user of basé to basej is denoted byi;;. The vectorsii; o matrices, one that contains the fiist 1 columns, and the

denote the vector representations (the “signature sequence of 514 that contains the othiet — i + 1 columns. Accordingly,
the signal of user of basej w.r.t. the orthonormal basis func-o; g. — [S;
;=

. : ;(i)S;(i)]. The feedforward filter of useiis then
tions employed at basg The vectorss;, ; ands;;j denote the given as

vector representations of the segments of the signals associated

Wlth the two symbo_ls of user of ba_sel that overlap with thg f;l; = row; (S]T(i)Sj(z'))_l S]T(z'). (4)
signals of basg. n; is an/N-dimensional zero-mean Gaussian

random vector with a covariance matrix equadrfd. Definethe This receiver subtracts interference contributed by the already
in-cell signal matrixS; = [s1;s2; - - - sk, ;| whose columns are decoded users in cefland decorrelates interference from the
the signature sequences of the users offteﬂlso define the as yet undecoded users in cg£ll17] without consideration for

signal matrices of out-of-cell useg; = |sf,.s3. - --s};ll]} out-of-cell users.
The following discussion on power control is also valid for

‘other linear receivers that do not depend on user powers but

fore, be written as might require out-of-cell user information, like the decorrelator

that removes inteference from both in-cell and out-of-cell users.

andS;; = [sl_ljs;lj e s;{llj}. The received signal can, there

B
1/2xxr1/2
yj = SjGj]/' Wj/ Xj"‘zsz

— 1/2xxr1/2
lej W, x
1#]

IV. OPTIMUM PoOwWER CONTROL

B /212 Given that each base uses an arbitrary but linear or decision
+ Z S,J;-G,j W,”*x" +n; (2) feedback receiver (that does not depend on the user powers),

I#j consider the problem of minimizing total transmitted power sub-
] ject to the constraints that the SIR of ugein cell j, v;;, is
where G = diag{guj, 921, -, 9k}, ad Wi = ot jegs than some target valyg forall j € {1,...,B} and
diag {w1s, wa, ..., wi, 1 }. Moreover, x;, x;°, and x; are ; . (1 K;)
. — . LA
vectors whoséth elements are;;, z};, andz;, respectively. !
B K;
ll. M ULTIUSER RECEIVERS min Z Z Wij
. . . L 7j=11:=1
Each base station uses either a linear or a decision feedback st v > (5)

receiver [16] to decode the information transmitted by users
in its own cell. In the decision feedback case, assume feor j € {1,2,...,B}, define the diagonal matriceB;
notational simplicity that the users in each cell are nunaccording to
bered according to the order in which they are decoded.
The soft output of the linear or decision feedback receiver

; ; i i D, =diagd v /g1 1f5s151% - Vi Jaxc, i [E5 sk il -
for user: of base;j can be written in the common form ; 8\ Y15/ 913518151 - Vi 5/ 9K 551 S K
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lett, = o2 [fT_fl, ..... 2 £ ,}T' Define the vector of Proof: We consider the case wheti is reducible (the

! gL e TR case ofirreducible X’ can be seen as a special case). Clearly,
X > 0. It can be shown that we can always find a permutation
matrix P such that [25, p. 506]

transmitted powers of users in cglisw; = [wy;, ..., wx,;]7.
Define matrice§ Q;;} for j,1 € {1,2,..., B}, with Q;;(i, k)
denoting the(s, k)th element ofQ;, as follows: the matrices

Q,; are defined foj = 1,...,B as Xu “1:)12 .
, T - 0 Xy Ay
|£5(sk; — brig)| ", ifk<i prAb=x=1. (12)
Qjj(i, k) = 07T 12f k=i o (6) 0 ... 0 Xy
|fijskj| s if k>i ) ) N ) ) ) _ )
in which eachX;; € R'** is either irreducible, or is the
for i,k € {l1,...,K;}, and the matricesQ; for 1-by-1 zero matrix. Denoting = P”r = [¢]7Z- ..f-{]T,
.l €{1,2,..., B} with j # [ are defined as f, € R“¥! andé = PTc == [¢Tel --~6€]T,~éi e RL*1,
. o2 L2 we note that the solution to the equatipd — X)f = ¢cis a
Qi k) = |fijsi; | + TSk @) permuted version of the solution to the general equation
fori € {1,...,K,} andk € {1,..., K;}. In order to describe (sI-X)r=c (13)

the multicellular power control problem succinctly, let us de- . . . C
fine the square, nonnegative, block matxwith B? matrix with c > 0. Two different permutationd?; andP; [satisfying

elements, such that tig, /)th matrix element is given by the the condition in (12)], e_ach W't.h unique positive solutl_on o the
permuted set of equations, will yield the same solutionrfor

product Now, the solution tq(sI — A7z )Xz = ¢, is guaranteed to be
X 2 D,;Q;iGyj (8) uniquely positive if\pr(Xrz) < s (cf. [19]). Substituting this
value oft 1, in the next set of equatioSI - X7,y 1—1)tr—1 =
for each j,1 € {1,2,...,B}. Further, let Xp_, .7 + ¢, we are again guaranteed a unique positive so-
D £ diag{Dy,...,Dp}, w 2 [W1T7,,,_/wg]T, and lutiontory 1 if App(XL_1,-1) < s. Proceeding in this way,
t = [t ... 7t1T3]T. With this notation, the SIR constraints in@"d noting thakigenvalues(X) = UJ; eigenvalues(&;;), we
(5) can be written as obtain
w > Xw + Dt. ) Ao(X) = max {eigenvalues(zf’ii)} < s. (14)

Assuming~? > 0, 0% > 0, and|fTs;|> > 0 forall i € Qlearly,s, r, andc in our problem are 1w, apth, respec-
I 7 J tively, and therefore, we have proved our claim. ]

{1,...,K;},j € {1,...,B}, the target SIRs are said to be . -
feasibleif there exist positive and finite transmit powers that YSINg the fact thalo(cy) = cAo(v), scalarc > 0, square
atrix ¢ > 0, we can show the following consequence of

satisfy the above inequalities. In fact, we can show that the cofﬁ; in th il ¢ ¢ L SIR
ponent-wise optimum (minimum) powews* > 0 which solve eorem An he special case ofa common target SiR.
Corollary 1: In the case of a common SIR requirement for

the power control problem in (5) are given by the solutiidiit 4 . .
exist3 of the case when (9) holds with equality all users,y;; = ~*, the following upper bound holds on the
achievable SIR:

w=AXw+ Dt (20) 1
V< —= (15)
which implies that Ao(X)
w* = (I— X)"'Dt. (12) whereX is equal to(1/v*)X (and independent of*).

Note that in the nonlinear multiuser receiver case, there is an

The key issue of the existence of a solution is linked to the matiimplicit assumption that feedback is perfect. While not valid in
X. Note that this matrix is not necessarily irreducible (cf. [19])general, it is possible, by decoding the users in the decreasing
Itis reducible, for instance, in the particular case of a single-celider of their target SIRs, to mitigate the error propagation ef-
channel when the base employs any decision feedback receifemts to a large extent [17]. In this regard, equal target SIRs may
In either case, sincé&’ is a square nonnegative matrix, there ex-epresent something of a worst-case scenario. In such cases,
ists a real nonnegative eigenvalug X') of X with nonnegative it may be possible to change the problem slightly and set the
left and right eigenvectors, such that the magnitude of any otharget SIRs to be slightly different from each other, while en-
eigenvalue ofY is no greater thany(X'). This eigenvalue is suring that the worst-case target SIR is equal to the required
called the maximal eigenvalue 4f [19]. Our next result estab- target SIR. The slight increase in the powers required to achieve
lishes conditions under which (10) has a unique positive solutitimese higher sets of target SIRs may be a small price to offset
ensuring feasibility of the target SIRs. In the rest of this discuthe effects of error propagation and achieve better overall per-
sion, unless otherwise stated, we shall denotXby> X, that formance. For instance, the feasibility region in terms of achiev-
every element of the matrix or vect®r; — X, is nonnegative. able SIRs for the MF-DF receiver (assuming perfect feedback)

Theorem 1: A necessary and sufficient condition for (10) tds greater than that for the MF receiver. More precisely, since
have a unique positive solution, ensuring the feasibility of thee < Xyr_pr < Xur, the fact thathg (1) < Ao(X2) when
target SIRs with minimum powers, is thag(X) < 1. 0 < X < X5 [19] implies:
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Fig. 2. Minimum total power versus common target SIR for the MF and
single-cell decorrelating receivers, linear and decision feedback versions.

Fig. 1. Seven-cell cellular system with 20 users per cell.
the distance to the base station of interest. The path loss expo-

Theorem 2: \o(X') corresponding to the MF-DF receivernent isa = 4. The additive white noise power in the received
with decision feedback assumed perfect, is no largeripaft)  signal is set to a fixed value for the entire simulation, ensuring

corresponding to the MF receiver. on an average (over all users) a signal-to-noise ratio (SNR) of
o about 20 dB. For the case where all the users employed decorre-
A. Distributed Power Control lators, the maximum received SNR turned out to be 27 dB (for

There are several iterative methods for solving the systemtbe user who was assigned the maximum power) and the min-
linear equations in (10). Of these, the point Jacobi method [2mum turned out to be 18 dB. The processing gain is chosen to
is particularly simple and relevant to the problem of distributeae 35 (high bandwidth efficiency), and the signature sequences
power control at the mobiles (see also [22]). In particular, coa¥e chosen to be unit norm random vectors. Once chosen, the

sider the distributed algorithm signature sequences remain fixed throughout the adaptation. In
this example, the signature sequences of in-cell users are lin-
w(n)=Xw(n—1)+ Dt (16)  early independent.

which is easily shown to converge to the optimum powers whe_n':'g;c ZhShOWS the m|n|mlér|rl1Qt1?tthpovyer Irequ:lred asa fu(;\_c-
the target SIRs are feasible. Definingn) — w(n) — w*, we 10N Of the common target or the single-cell receivers dis-

see that by subtracting™ from both sides of (16), we haVecussed in Section Ill, namely, MF, decorrelator, MF-DF, and
e(n) = X™¢(0) so that as — oo, e(n) — 0, sincex™ — 0 D-DF. Note that for each of the receivers, there is a feasibility

as a result of\o(X) < 1 [19]. Moreover, the asymptotic rateinterval of common achievable target SIRs. Beyond the upper

of convergence is proportional telog A\o(X') and, therefore, lém't lof tths mtervarll, the target ,SIRS_‘”‘?“e not feaagle ;]ndfeper_l-
it follows from Theorem 2hat the power control algorithm for ently of how much power one is willing to expend. The feasi-

the MF-DF receiver (assumed perfect) converges no slower t p]tyfmter:val folr'the MF receiver is s;]gnlflﬁantly §maII$r than y
that for the linear MF receiver. that for the multiuser receivers. Further, the decision feedbac

Writing (16) element-wise, we can arrive at the following dis\_/grsions have larger SIR feasibility intervals than the linear ver-
tributed algorithm for the optimum user powers: sions. Note that a_t a common target SIR.of 6 dB, the tqtal power
required by the single-cell decorrelator is nearly ten times that
. [ E[lvij(n)]?] required by the single-cell D-DF receiver with the power sav-
wij(n) = 3; m —wij(n=1) ). (17) ings being even higher at larger target SIRs. Although based on
R one realization of signature sequences and user locations, the re-
Itis now clear that (17) can be implemented at(thg )th mobile sults for this example are typical in that they are very similar to
or in thejth base station, provided it has perfect knowledge tfiose found for several other choices of randomly chosen signa-
the mean-squared value or power of the “normalized” decisiture sequences (of the same length) and user locations as well.
statisticwj(n)/fgsij, in addition to its target SIR value, the Let us now consider the power control algorithm in (17) in
path gain to its own base station, and the transmit power in tthee stochastic setting. If the transmit powers are updated once
previous interval. every several symbols rather than once every symbol, it is pos-
Example 1: We consider a simple seven-cell cellular systemsible for the base station to estimate the “normalized” mean-
shown in Fig. 1 with 20 users in each cell. The users are placgguared values of the decision statistics by computing the cor-
randomly (in a uniform manner) across each cell. All the simuesponding sample mean-squared values. It can then transmit
lations are run with fixed base station assignment (non-macthese estimates via feedback channels to the respective mobiles,
diversity handover scenario). The gains to every base stationfdtich can then implement (17) to update their transmit powers
each user are calculated using/a path-loss law, wherd is  for the next block of symbols. However, due to the availability
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of better computational resources, it may be more sensibleTte averaging in (20) is done ov&f — 1 symbol intervals (ig-
compute the new powers via (17) at the base station and seding theM/th interval), because the received data in Migh
the updated powers (or some quantized version) to the mobiieterval reflects two different powers for each out-of-cell user.
through low-rate feedback channels. If M is relatively large, this does not lead to any significant loss
In either of these implementations, however, the trajectoof efficiency. Moreover, it allows the convergence analysis to
of the distributed algorithm in (17), with the mean-squareemain fairly simple. Note that in a coded system with decision
values of the decision variables replaced by their samgkedback, after decoding and re-encoding (cf. [16]), it is heces-
estimates, evolves stochastically, and the convergence of silagy to choos@/ to be an integer multiple of the block length of
corresponding deterministic algorithm is no longer sufficienthe code and to synchronize the times of power updates with the
In what follows, we obtain a stochastic distributed poweseginning of a new codeword. Consider the following stochastic
control algorithm which will be shown to converge to thalgorithm, based on the Robbins—Monro stochastic approxima-
optimal solution in (11) in the mean-square sense. tion method [23], that iteratively updates the transmit power of
mobile in cell j:

: . w;j(n) = wi;(n —1)
Let the mobile transmit powers be updated once every .
several symbols. It is then possible for the base station to ta ( zij(n)vly (1 + v )wij(n — 1)) 1)
n ij [

V. DISTRIBUTED STOCHASTIC POWER CONTROL

estimate the mean-squared values of the decision statistics by gijjlf{‘?SijIZ

computing the corresponding sample mean-squared values.

We will specify a synchronous power control algorithm wherehere{a,, } denotes the sequence of step sizes. The algorithmin

the transmit powers are recursively updated (either at the b&8#) is applicable to arbitrary fixed linear and decision-feedback

stations or at the mobiles) once evédysymbols. When the re- multiuser receivers. The special case of the MF receiver reduces

cursion is implemented at the base stations (mobiles), the bai§ethe one proposed in [6]. The mean-square convergence of

communicate the newly updated powers (sample mean-squdi@b) is stated next. Letv;(n) be the vector of power updates

values of the decision statistics) to their respective mobiles W@ users in cellj in the nth iteration. Letw(n) be the power

low-rate feedback channels. The mobiles then transmit the neggtor obtained by stackinfw;; (n)} 2, .

M symbols at the newly updated powers. Theorem 3: If the target SIRs are feasible, and assuming per-
Form M -length blocks of the vectors of matched filter outfect feedback (in the case of decision-feedback receivers), the

puts at each base. Lgt;j(n,m) denote thenth vector in the stochastic algorithm in (21) converges to the optimal powers,

nth block. The model in (1) can be written, including the timav*, in the mean-square sense, i.e.,

indexes, as

lim E [||w(n) — w*[|*)] =0 (22)
y;(n,m) :Z wij(n — 1)gijj8ijzij(n, m) for a positive-valued step-size sequengg that satisfies
=1 the Robbins—Monro conditions [23})7 ,a, = oo and
B IS’[ Zoo_l a2 < 00.
+ny(n,m) + Z Z V wir(n —1)ga In the Appendix, where we discuss the proof of the above
I#j =1 theorem, we also very briefly discuss the fixed step-size case.
X (si_ljxi_l(n,m) + sj;jx;';(n,m)) (18) We note [see (31)], that for the fixed step-size case, there is

the usual tradeoff between the asymptotic mean-squared error
wherew;;(n — 1) denotes the transmit power of usesf base (MSE) and the rate of convergence. More, precisely, the larger
I during thenth block, andz(n, m) with the appropriate sub- the fixed step size chosen, the faster the rate of convergence, but
and superscripts denote the corresponding transmitted symiyoye the asymptotic MSE. We also note that taking expectations
in the mth duration in thexth block. The decision statistic for of both sides of (29), we get the following equation to study the
user: of cell j is rate of convergence, in the mean, of the power control algorithm
in (21):

i1
vij(n,m) = £ <.Yj — > byaj/wi(n - 1)!kajii’kj(n7m)) Elw(n)] =[I-a,AlE[w(n—1)] —a,I'Dt  (23)
k=1

(19) whereA 2 (I—X).For0 < a, = a < 1, we note that
. ) i I — aA] is a nonnegative matrix for both linear and (perfect)
where:(n,m) is the detected symbol in the uncoded casgeision-feedback receivers. The recursion in (23), in terms of
and itis the decoded and re-encoded symbol in a coded sysig@eynected values, has an asymptotic rate of convergence pro-
with decoders that are based on the soft outpyts:, m) ob- portional to— log ()\0([1 _ aA])) [21]. As in Theorem 2it is

tained during thenth block. The time-averaged power in the,agy o show, using properties of nonnegative matrices and the

decision statistic is given by structure of[I — aA] for the MF and MF-DF receivers, that
| Mo for the decision-feedback case,([I — aA]) is no bigger than
zij(n) = 71 Z [vi;(n,m)[%. (20) thatfor the linear case. For the MF-based receivers, therefore,

not only does decision feedback help meet the target SIRs with

m=1
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smaller powersTheorem 2, it also ensures faster convergencgl?], [13], once the target SIRs have been fixed by outer-loop

in the mean for the stochastic power control algorithm. power control for certain channel conditions, the goal is to con-
verge, via inner-loop power control, to the optimum powers and
VI. STOCHASTIC POWER CONTROL WITH AVERAGING target SIRs within a short initial convergence interval that may

e fixed by the standards. So, if we care not so much about
e transmit powers during this short interval, but more about
e powers computed at the end of it, the averaged algorithm
il\% definitely give us better estimates of the optimum powers

A recent fundamental development in stochastic approxi
tion is the idea of averaging, as introduced in [7] and [8]. |
the former work, a linear algorithm for the one-dimension
case was considered, and asymptotic normality of the pro
dure was proved. Multidimensional problems were consider . - .
in [8], and under certain assumptions, mean-square converge'}%)eb.IIeS at the e?]d Of. thei initial convergznce mte_rval_. Ogi can
for decreasing step-size adaptive algorithms followed by av%:ﬁqntmue using the simpler nonaveraged recursion in (21) (or

aging was demonstrated. The improvement in convergence.%% well-known “bang-bang or up-down power control algo-
r

essentially a result of averaging a stochastic approximation th ms) to counter fast fading effects until the outer loop requires

uses a step-size sequence that decays more slowly (or is ?aerl—eesthSTg:p;tsvtﬁghOf gi]r?tbt':]eet;a\llrésr;n'Lgogegfi:ﬁ;?:'(ez\g r;zvr\:
atively “larger”) than thea/n step size that was used in thebegused ag:';lin P 9 9

original Robbins—Monro formulation. It was further shown in For our converaence analvsis of the averaging alaorithm (24
[9] that almost surely (a.s.) convergence is achieved, even for a 9 y ging aig (24),

suitable fixed step-size stochastic approximation strategy W%esfr:aﬂi(rf;tselgegiIlﬁgir?tecg:\l/ze? Veenri:eorr];;?li ?Zfrtigeezvc;\/g zlclj
averaging, and this was “optimal” in terms of the convergen (?a ' 9 9

. . . orithm is as follows.
rate and the asymptotic error covariance matrix. A lot of work'J ) . .
has since followed in stochastic approximation using the ne Theorem 4:For the averaged algorithm in (24) and (25),

ideas on averaging, see, for example, [10] and [11]. Using fAden the target SIRs are feasible, and assuming perfect deci-

averaging techniques discussed in [9] to modify our recursig'nOn feedback for the nonlinear receivers

in (21) to include an averaging step after the “basic” recursion, lim E [||w(n) — w*||*] =0 (26)
we obtain the following two-step recursion: neee

n the nonaveraged version, and these can be conveyed to the

where the fixed step sizeis s.t.0 < a < 2 (min; ReA;(H)) ™"
An outline of the proofis provided in the Appendix. It follows
zij(n)75; N that in [9], and some of the details that have been omitted can be
+ 9ijiEEsiil? (L+ij)wij(n — 1) found in the reference. The theorem implies that the MSE error
(24) goes to zero in the limit (as opposed to the nonaveraged algo-
1 rithm, where the MSE can only be guaranteed to be bounded for
wij(n) == ((n — D)wi;(n — 1) + w;;(n)) (25) afixed step-size value). Although a discussion on “optimality”
) " ) ) ] ) of the rate of convergence due to averaging will not be included
wherea,, is a suitable decreasing or fixed step-size sequengg, e (and can be found in [8]-[11]), we will see in the following

Note that the system requirements and the order of compyigmerical examples section that the rate of convergence does
tional complexity for the recursion with averaging remain thggnificantly improve with averaging.

same as for'the'nonaveraged aIgoriFhm in (21_). The int.uition be-gased on more recent results on stochastic approximation
hind averaging is that the step size in the ba§|c recursion carﬂ)g]’ we can modify the power control algorithm in (24) to suit-

chosen to be quite large, such that (by itself) it shows rapid cafys|y exploit the averaged iterates in the basic recursion. This
vergence butlarge fluctuationsin the convergence trajectory 3th he done with simultaneous use of averaging and feedback
large asympitotic error. The averaging step essentially “smoothg s ggested by [14], such that the basic recursion itself yields
the ﬂuct.utlons and removes the asymptotlc error w.h|Ie retaman)\,\,er estimates that benefit from the averaging step. This could
the rapid convergence. Our analysis and numerical examplggsibly eliminate the need to wait till the end of the initial con-

later in the paper demonstrate this improvementin convergenggrgence interval, as with the simple averaging scheme. More

A key point to note, however, is that the averaging step is &§secifically, for fixed step-size parameters> 0 andyu > 0,
sentially “offline,” in that the basic recursion is independent gf,o two-step improved averaging algorithm that uses an addi-

the averaging step. This implies that until the algorithm has Syize correction for the basic recursion based on the difference
ficiently converged, the mobile transmit powers have to comRnveen the basic and averaged iterates, would be
from the basic recursion step. This, of course, means that during

this period, the mobiles cannot really benefit from the improved wi;(n) =w;;(n — 1)
powers computed by the averaging step. In fact, if the mobiles ( zij(n)v};
_|_

wij(n) =wi;(n —1)

were to transmit with the powers obtained from the averaging
step (resulting in “coupling” between the basic recursion and

= (L +75)wij(n — 1))

9i3j|E5si31?

the averaging step), the performance would be worse than that + ap (wij(n — 1) — wi(n — 1)) (27)
of just the basic recursion by itself. So the averaging step has to Wi (n) :l ((n = D)di;(n — 1) + wi;(n)). (28)
be kept independent of the basic recursion. This does not mean, 7 n 7 7

however, that the applicability of the averaged algorithm spedfith suitable choice ofi andy, the basic recursion in the first
ified in (24) is limited. In a typical modern wireless networkstep of the above algorithm (27) alone can yield better power
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Fig. 3. Sum of powers as a function of iteration indekample Zor (linear) Fig.4. Sum of powers as a function of iteration inde€ixample Zor (linear)
single-cell decorrelating and (nonlinear) D-DF receivers. Common target S$ihgle-cell decorrelating and (nonlinear) D-DF receivers. Common target SIR is
is 8. Optimum sum of powers for the linear receivers is 0.89 units, and that ®rNote slight degradation in adaptation performance due to imperfect feedback.
the nonlinear ones is 0.58 units. Decision feedback is assumed perfect.

7F T T T T T T T T T |

estimates (in terms of convergence) than the nonaveraged re- without perfect declsion
. . . . feedback assumption
cursions in (21) or in (24). In fact, even the averaged €SHMAIES  6limimimicicicimimim s mrm i memt = mrmrm i m s o 1 1
from (28) can converge faster than those from (25). The conver- *='+ optimum
. . . . . . . L ragin,
gence analysis in [14] provides some insight into the choice of 5} | o averasing
Fhe right step-size parameters, bu_tadiscussion of Fhis willnotbe § | |7 gpemem - Sl i s
included here. We will, however, include a numerical example &4 [—— noaveraging -DH , ==
. . . 3 L4

to show the improvement due to feedback combined with aver- 2 JE ¢

. . o13b 4
aging over averaging alone. g’ ‘

VIl. NUMERICAL EXAMPLES

Example 2: We consider again the seven-cell system setup
of Example 1 All the parameters that are not explicitly men- 0 50 100 150 200 250 300 350 400 450 500
. . . L. . Number of power updates
tioned in the following description are assumed to remain the
same. The processing gain is chosen to be 64, and once agﬂ&ﬁﬁ. Sum of powers as a function of iteration indexBrample 2for
the sequences of in-cell users are linearly independent. We csingle cell, linear decorrelating, and decision feedback decorrelating receivers.
siderthe single-cell decorrelating receiver (3) andthe singIe-c@ﬂmm_O” target SIR is 10. Op_timum sum_of powers for the linear receivers is

. . . 5.9 units, and that for the nonlinear ones is 1.7 units.

D-DF receiver (4) for each user for detection on the uplink. The
user powers are updated every 20 symbol intervals. We consider
the case when the target SIRs are all equal. We find from (I8ceivers) than that for the nonaveraged version (again, same
that the maximum common target SIR that is feasible for tleep size for the linear and nonlinear receivers), and as is evi-
single-cell decorrelating and D-DF receivers is upper boundddnt from the figure, achieves a faster rate of convergence. A
by 10.84 and 12.86, respectively. We first choose a commoamparable rate of convergence for the nonaveraged algorithm
target SIR of 8, which is well within the allowed limits for bothwith fixed step size in either case will come at the price of larger
the receivers. Fig. 3 shows the sum of the powers (assumamymptotic MSE. The same examplithoutthe perfect feed-
perfect feedback for the D-DF receiver) computed by the noback assumption in Fig. 4 shows that the power adaptation for
averaged (21) and averaged (24) power control algorithms. Tthe decision-feedback receiver does not suffer in a significant
optimum sum of powers [as yielded by a deterministic conway when feedback is not assumed perfect.
putation in (11)] is 0.89 units for the linear receiver and 0.58 The advantage of using decision feedback becomes remark-
units for the decision-feedback receiver. Nonlinear detectionably apparent as the SIR requirements are pushed higher. We
this example is 52% more power efficient than linear detectionext set the common target SIR for each user to 10, a value
Note that for this example, a common target SIR of 8 is nguite close to the allowed limit for the linear single-cell decor-
feasible with MF (single-user) detection with or without decirelator. The optimum sum of powers [as yielded by a determin-
sion feedback. We implement the fixed step-size versions of tistic computation (11)] to achieve the target SIRs is 5.9 units
power control algorithms in (21) and (24), and choose by trigdr the linear decorrelating receiver, and 1.7 units for the de-
and error the step-size values that give the best convergencecigion-feedback decorrelating receiver—an improvement of al-
sults for each algorithm. The algorithm with averaging usesnaost 350% in power efficiency! Notice in Fig. 5 that averaging
suitably larger fixed step size (same for the linear and nonlinesgain achieves a significantly faster rate of convergence and
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decorrelators.
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Fig. 7. Sum of powers as a function of iteration indexEaample 30ptimum Number of power updates (stochastic)

sum of powers is 0.1792 units. The receivers employed are MF (single-user)

receivers. Fig. 9. Average error norm of user powers (w.r.t. to the optimum powers)
as a function of iteration index foExample 5—-comparison of averaging
with feedback and plain averaging. The receivers employed are single-cell

smaller asymptotic MSE, although the convergence to the afecorrelators.
timum powers in the linear single-cell decorrelation case is quite
poor with and without averaging. Therefore, in this more deés in the previous example, averaging yields significant gains
manding higher SIR scenario, decision feedback significanily terms of convergence.
outperforms the linear receiver case, both in terms of power ef-Example 4: Consider another seven-cell example where
ficiency, as well as convergence properties. In Fig. 6, we pleach user employs the single-cell decorrelator. This time, we
the standard deviation of the SIRs achieved over all the useats, not assume perfect knowledge of the channel gains in step
and note that the target SIRs are achieved significantly fastere of the averaging algorithm in (24). Fig. 8 compares the
with averaging. In this example, if the coherence time of thgerformance of the averaging algorithm with unbiased channel
frequency nonselective channel was 2000 symbol intervals (1§8in estimates (in error up ta5%) with the perfect estimates
power updates), then without averaging, our power control alase. The figure plots the sum of user powers (normalized
gorithm would lead to an unacceptable SIR performance (withr.t. the sum of the optimum powers) versus iteration index.
and without decision feedback), whereas, with averaging, tfiee averaging algorithm is found to be fairly robust to small
SIRs would be reasonably met for almost half the coherence @irannel estimation errors. An analysis of the effect of channel
terval. As inExample 1these results were found to be typicagjiain estimation errors for the MF receiver-based, nonaveraged,
for several randomly chosen signature-sequence assignmenpewer control algorithm can be found in [6], where it was
Example 3: We include, next, a smaller example (seven cellshown that a large error variance could convert a feasible power
five users in each cell) to show that averaging improves the pepntrol problem into an infeasible one.
formance of the power control algorithm for the MF receiver. Example 5: We finally investigate the performance of the av-
In Fig. 7, we plot the performance of the averaged and nonaveraging algorithm with feedback (27). Fig. 9 plots the average
aged power control algorithms (the latter is equivalent to the oreror norm of the user powers (w.r.t. the optimum powers) ob-
in [6]) in terms of the sum of powers versus iteration index tained from averaging with feedback and from averaging alone.



VARANASI| AND DAS: FAST STOCHASTIC POWER CONTROL ALGORITHMS FOR NONLINEAR MULTIUSER RECEIVERS 1825

The receiver employed by every user in this example is tlpewer control using MF receivers, where the convergence anal-
single-cell decorrelator. We plot the trajectories correspondiggis essentially followed the lines of [24]. Using Lyapunov’s
to both the basic recursion and the averaging step in (24) ahdorem for stable matrices and a “sandwiching” argument, the
(25), and both the basic recursion with feedback and the avauthors of that work showed for a fixed step sigze = a, the
aging step in (27) and (28). First, notice that the trajectory aSymptotic MSE is bounded as

the basic recursion in (24) fluctuates significantly (this is be- cha? ] 5 ¢
cause the step size has been chosen aggressively so as to yielw < T}HEOE [lle(m) 1] < ot — aga® (31)
better estimates vyhen “smoothed” by the averaging step)_. Witlhere co, ), a0, o), ko, andk), are all suitable positive con-
feedback in algorithm (27) and the same step sizthe basic giants. We will adopt a somewhat different approach to prove
recursion shows a somewhat better convergence behavior. Ti¢ heorem, noting that this same approach will be used later
feedback factop: was adjusted by trial and error to try t0 getg prove convergence for the averaging algorithm. Essentially,
this performance. However, we do notice that there is a slight ,se convergence results for the norm of a product of ma-
degradation in the feedback case when comparing the averaggds resulting from the recursion of interest. First, we make
iterates. The choice of step size and feedback factor seemgio assumption that user powers are bounded above by a suf-
be critical to ensure performance improvement in both the baﬁlﬁently large number, i.e0 < w;;(n) < Ky < oo and our

recursion and the averaged iterate when using feedback, as Yring guessy;;(0) < Ky is nonrandom. The finite assump-

0a’

gested by the results in [14]. tion for user powers holds, for instance, if whenever any user
power computed by our stochastic recursion exceeds this upper
VIIl. CONCLUSIONS bound, it has to be set equal to it. In practice, for suitably small

We have shown in this paper that a proper integration of mtep-size values and sufficiently small starting ereod), our
tiuser receivers and power control algorithms to achieve spegflaptive algorithm would never violate this large upper bound
fied SIR performance on the uplink of a cellular system can ha@gd itis only of interest for analytical reasons. With our assump-
a significant impact on the design of bandwidth- and power-dfons, we can verify that the following are true:
ficient cellular networks. Moreover, stochastic power control E[B(n)|B(n—1),...,8(1)] =0 forn > 1(32)
algorithms that have been proposed earlier for MF as well as E[||B(n)]|] <oo (33)
for multiuser receivers here can be considerably improved by 9
using the technique of averaging for stochastic approximation. Sl,llp EflB)I71A( = 1), A < K2 <o0a.s.,

Since the averaging is achieved without any increase in the order forn >1. (34)
of complexity and enables faster convergence than the corfes) is, therefore, a martingale-difference process [26], where
sponding nonaveraged algorithms, it makes the practical mp@wm] = 0 and E[|B(1)|J?] € Kz < oc. Let {X"}ns;

. . . = . jin=
mentation of the stochastic power control algorithms a more s the sequence of matric&g! RY*Y, determined by the

tractive proposition. following recursive relation:

n+1 __ n _ n
APPENDIX ' X =Xj —anAX] (39)
whereX? = 1. Note that the recursion implies thXt}“rl =
Proof of Theorem 3 (I-a,A)I—ay_1A)---(I—a;A). Further, from (30), we
Let ' be a K x K diagonal matrix with get that .
the  desired SIRs  along its  diagonal, ie., n+1 n+1 .
. N . . . S e(n) = XT7€(0) — XM raiB(i). (36)
diag ([711,...771(11,...,fle,...,nyBB]). SlmllTarIy, let (n) 1 0) 12:; +1.0:80)
A . .
z(n) = [z11(n),...,2K,1(n), ..., 218,...,2K,8] . We can  Taking norm squared and expectation, we get

rewrite the recursion in (21) as

E [le()2] = [e0)" (X5+1)" (X7+1) ¢(0)]
w(n)=wn—1)—a,[(I-X)w(n—1)+ B(n) — Dt]

n

(29) — B3 e (X5 X1 aif(i)
where the vectorg(n) is implicitly defined by the re- =t
cursion asf(n) = (I'+X)w(n — 1) + Dt — Dz(n). + 87T (X7 0. X e (0
E[B(n)|w(n—1)=w] = 0 and, therefore,3(n) is a BT (XEY) T X Te(0)
zero-mean vector. The matrix 2 (I — X) has eigenvalues N T
given by A\;(A) = 1 — )\;(X). By the assumption that the +E anﬂa/ﬂ(i)
power control algorithm with the chosen receivers is feasible, — R
|A:(X)| < 1, and, therefordRe(\;(A)) > 0, or in other words,
—A is a stable matrix. Noting thal — X') w* = Dt, we can N ot ,
rewrite (29) in terms of the errot(n) = w(n) — w*, as DR HUEONE (37)
Jj=1
€n) = (I —anA)e(n —1) — anf(n). (30) ' The first term on the right-hand side is a deterministic term and

Before proceeding any further, we note that a similar res@@n be bounded as
(as in theTheorem was proved in [6] for the case of stochastic E [¢(0)" (X7T)T(XT1)e(0)] < [le(0)|1*IXTT1>. (38)
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Taking the expectation in the
on the right-hand side of (37),
{B(n — 1) Brn-1,---,8(1) B1} and then over
{B(n — 1),...,6(1)}, we obtain (since,3(n) is a mar-
tingale-difference sequence) that the second term is zero,
the third term is equal to

E[[IA(1)ar X5 ]

+> E
1=2

remaining

B\ E|||B(0)a X P60 - 1)

= Bic1,....B(1) = [31H ] .(39)

Along the lines of [9, p. 845] we can show the following.

Lemma 1: With the step-size conditions ifheorem 3and
Re(Ai(A)) > 0, there are constants > 0 and0 < K3 < oo,
such that for allj and sufficiently largex > j

n—1
[1X5 ]| < K3 exp (—cl Z ai> .

(40)

i=j

two terms
first conditioned on

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 50, NO. 11, NOVEMBER 2002

oo n
= K3 E a? lim exp | —c1 E aj;
n—oo
i=1 j=i+1

=0. (47)

Wg could interchange the limit and the summation in (47), since
the sum on the right side of (46) is absolutely convergent. This
completes our proof.

Proof of Theorem 4

We first note that this proof borrows some ideas and defini-
tions from the proof ofTheorem 3Further, to avoid repetition,
we will provide only a sketch of the proof here, encouraging the
reader to peruse the exposition in [9] for details.

We consider the fixed step-size cagg, = a, chosen to
be0 < a < 2(min;Re);(A))”". In addition toe(n)
(I-aA)e(n —1)—af(n) andX?} = (I - aA)" 7, defined
as in the proof ofTheorem 3we definee(n) = w(n) — w*,
X" = a) "X andg? = A1 — X7, Again, the feasi-
bility of the target SIRs implies thate();(A)) > 0.

Lemma 2: There is a constarif, < oo such that for allj
and sufficently large: > j

Proof: By Lyapunov’s theorem [25] for stable matrices,

we know that there exists a symmetric, positive-definite matrix

G that solves the equatioG A + ATG = 1. Define L, 2
max \;(G), 1 = min \;(G), andU,, = (X")TX". Then
Unii = (X)) (1-a,A)TG(I - a,A) (X7) (41)
U —a ((X5)7 ATG + GA) + a2(X})TATGAX].
(42)
n T n n T n
NoteTthat X7 Xy > (1T/L1) (X7)" GX7 and
(X7) ATGAX? < (X)) GXJ, where ¢,

|A||>L1 /1. Then, forn sufficiently large and somg > 0, we
get

1
Un+1 SUn (1 - Zan + CQ&%)

<(1 = Xa,)U, < e ?*U,. (43)
Thus,U,, < Uj exp(—A Z?:_jl a;). However,
ULl > hlXF)? and|[U, || < L[ XI> = L. (44)
So, we obtain that
n—1
n Ly A
IXG <4/ 7, P (‘5 22:; ai) : (45)

With this result and the fact that ;° a; = oo, the upper bound
in (38) [and, therefore, the first term on the right-hand side ofné(n) =

(37)] can be seen to go to zero as— oo. Using (34), we
can bound (39) byC, "7, ||aiX§f11||2, andLemma Ifurther
implies that

n
lim Ky > [la; X712

< KoK3 nh_)ngo Z a? exp

=1

(—cl i aj) (46)
j=i+1

1671 <K4 (48)
1 n—1
Jim > g7 =0, (49)
7=0
Proof:
X} =a(I+I~aA)+- -+ (I-aA)"™)
=A"! — (I-aA)"IHATL (50)

The eigenvalues of the matrix— aA are\;(I — acA) =1 —
Ai(A) and| )\ (I —aA)| < 1. So

lim (I-aA)" = 0.

n—0o0

(51)

n—1

This proves (48). Further
> (T —aA)"ITIAT
j=0

LS g -
n ="l "y
7=0
1 n+1 )
=—> (I-aA)/A™' - 0asn — 0. (52)
n =
Now, consider the error of the averaging algorithm in (30)
(53)

1=0
Lemma 3: The following is true of the error with averaging:

1 1= 1/
WW"E(O) + 7 ; AB())

n—1
+% g Zr8(j) (54)

whereW,,, 21 € RV*¥ are such thafW,|| < Ks, || 27| <
K5 for somekKs < oo, and

n—1
1
— E 127 — o, asn — oo. (55)
n

i=1
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The proof of the aboveemmacan be found in [8, p. 846]. With
this result, and denoting = (1//n) sz:—ll A-'5(j5) and
nEel (n)é(n) = E||x||? + (56)

we can further show [using in the process the martingale-dif-
ference property of the vector sequenitfe)] that,, — 0 as
n — oo. Therefore

[15]

[16]

(17]

S Bo()T (AT

n—oo N 4

lim nEe (n)e(n) = lim — [18]

n—oo

—1 . [19]
XATG) G
1 -
< lim =||A7Y12Y  E|G)|?
< Ji L IATP D IO -
§l||A*1||2n)c2<oo. (58) [22
n
This implies the claim in our theorem, i.e., (23]
lim, oo E [||W(n) — w*||?] = 0.
[24]
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