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Since Q C L*(9D), this proves the right-hand side of (29). Now, we
consider a special function ¢c € Q

—ef/4 for —7 < 7 < -—-m+1/e
(™) = e/4  for —1/e < 1 <1fe

—e/4 for 7m—1/e< 1 <

0 otherwise

By construction [*_g.(e'")dr = 0. For this function, the following
lower bound for |I,-| is obtained

(147
— 2rcos(1/e) 4+ r2

1
(g > — log
[1-(qe)] > oy log <1

1 (1+7)?
——log ~ .
8w 1—2rcos(m—1/¢)+r?

This |I;-(¢.)| is monotonic increasing as e increases with

Jim [7,(g0)] = o log (1 +’“) .

T 1—7r

Since g. is one special element of Q this proves the left-hand inequality
of (29). 0
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On the Limitation of Linear MMSE Detection

Mahesh K. Varanasi, Senior Member, IEEE, Clifford T. Mullis, and
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Abstract—This correspondence highlights the performance limitation
of linear minimum mean-squared error (mmse) detection in under-
determined vector Gaussian channels (as in overloaded code-division
multiple-access (CDMA) systems) where the number of symbols (users)
exceeds the signal space dimension (spread factor). It is shown that for such
a simple receiver it is not possible to construct signal sets (or spreading
codes) to even satisfy the basic requirement that every user’s symbol error
probability decays exponentially as noise power vanishes. This result holds
for arbitrary received energies, modulation schemes, and any strictly
underdetermined system with a finite signal space dimension and a finite
number of users.

Index Terms—Code-division multiple-access (CDMA), Gaussian mul-
tiple-access channels, multiuser detection, minimum mean square error
(mmse) detection, signal design.

[. INTRODUCTION

This correspondence analyzes the interference limitation of linear
minimum mean square error (mmse) detection in underdetermined
vector Gaussian channels such as those that arise, for example, in
overloaded synchronous CDMA systems. A I -input, N-output
Gaussian vector channel is described by the following discrete-time
input—output relation

y=Hx+n €8
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where x is the K -dimensional vector that represents the inputs, y is
the N -dimensional vector of outputs, H the NV x K is the channel
transition matrix, and n is the N-dimensional Gaussian noise vector.
This channel is said to be underdetermined if K’ < N.

The general model given by (1) describes a variety of communica-
tion systems, including multi-access channels, multi-antenna point-to-
point links, bundled xDSL lines, etc. In particular, synchronous code-
division multiple-access (CDMA) systems, wherein multiple users
communicate simultaneously and synchronously with a common
receiver by modulating their data onto user-specific spreading se-
quences, are an instance of vector Gaussian channels. In this case,
K and N denote, respectively, the number of users and processing
(or spreading) gain; x4, the kth entry of x, is the symbol transmitted
by user k, and the channel matrix is the product of two matrices, i.e.,
H = SA, where S = [s182...8x] and A = diag{A(A>... Ax}.
These matrices denote, respectively, the matrix of spreading sequences
and the matrix of (complex) received amplitudes. In other words, user
k employs the spreading sequence sy, which we normalize to have unit
norm, to carry its data and is received with amplitude A;. We refer to
the {s }/_, simply as signals and to S as the signal matrix. Without
loss of generality, we assume that S has full rank (since otherwise y
would not be a minimum sufficient statistics for x) and that the noise
is white, i.e., n ~ CA(0, 0%Iy).

A CDMA system is said to be overloaded (or low-rank or oversatu-
rated) if the load 3 = K/N is strictly greater than one, i.e., if the un-
derlying vector Gaussian channel is underdetermined. Since the signals
are vectors in an NV -dimensional linear signal space, overload implies
that they are linearly dependent. Such systems are of practical impor-
tance when bandwidth is at a premium, such as in bandwidth-efficient
multiuser communication (see, e.g., [1]).

Linear minimum mean-squared error (mmse) detection is a popular
approach to recover the transmitted data in vector Gaussian channels.
It offers a suboptimal but simple structure that decouples the joint de-
tection problem into /' single-input problems, and it is arguably the
“best” among the class of linear detectors. We show here, however,
that this detector cannot cope with high interference as that arises in
underdetermined channels. For concreteness, we use the terminology
of overloaded CDMA systems in the rest of the correspondence.

Linear mmse detection in a CDMA system consists of a bank of i’
filters followed by I single-user decision rules [2], [3]. Specifically,
one branch of the detector, say for user k, consists of the filter f; =
A K™ 's;, where K = E[yy"] (" stands for hermitian transpose),
which minimizes the mean-squared error E[||f®y — x.]|3] over all
f € CV. The filter output, which is a linear mmse estimate of x4,
is used in the unbiased mmse detector specified via the decision rule

2
Ty € arg min f;z,{(y — adrsy)| . 2)
agcA

The more common biased linear mmse detector makes the decision
B € arg minge [fly — of?; its asymptotic (low noise) error rate,
however, is provably no better than rule (2), and hence the main result
of this correspondence that is proved for the unbiased mmse detector
also applies to the usual (biased) mmse detector.

For simplicity, we assume that the data symbols are drawn
from a common M-ary and unit average-energy alphabet A =
{o1,...,aar}, but our results extend to the more general scenario
where users employ distinct alphabets.

The performance measure of central interest in this correspondence
is the symmetric energy introduced in [9]. It is a single-letter charac-
terization of the overall error probability (that not all users are detected
correctly) of a multiuser detector in the high SNR regime. Suppose that
P, = Pr(&) = Pr({#x # xx}) is the probability that user ¥ is re-
ceived in error (with & denoting user k’s error event {Z1 # xy}).
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Define this user’s effective energy as ex (o) implicitly via the equality
P = Q(\/er(0) /o) where Q(z) = (27)~Y/? fjx e=*/2 dt is the
Gaussian complementary distribution function. In other words, ¢4 (o)
is the energy required by the (optimum) matched-filter detector in a
single-user channel to achieve the same error rate as the multiuser de-
tector in the multiuser channel. While e, (o) is simply an invertible
function of the error probability, and hence only as tractable and in-
sightful, its limit e, = lim,_.¢ ex(o) is more amenable to analysis
and insight and has the simple interpretation as being the equivalent
energy in a single user channel and is called the asymptotic effective
energy (AEE) [9]. When normalized by | A |?, it becomes the asymp-
totic efficiency [10]. The AEE is of course a function of the detector,
the signals, and the energies, but it is always bounded above by the re-
ceived energy and below by zero. It is identically equal to zero if and
only if the corresponding user’s error probability “floors” which in the
AWGN channel means that it doesn’t decay exponentially as noise van-
ishes.

Similarly, the symmetric energy, denoted by e, characterizes the rate
of exponential decay of the joint error rate (JER) which is the proba-
bility that not all users are detected correctly of a multiuser detector
in the low-noise limit. In particular, we define the symmetric energy
as e = limy,_q e(c) where Pr(Uf_, &) = Q(\/e(c) /o). The sym-
metric energy is easily shown to be equal to the smallest AEE, i.e.,
e = miny e, [9], and it is identically equal to zero if and only if the
JER floors, i.e., the error rate of at least one user floors.

In this correspondence, we show that the symmetric energy of the
linear mmse detector (biased or unbiased) is identically equal to zero
for underdetermined vector Gaussian channels for any choice of signal
matrix S and any set of user energies. It is important to distinguish
this more elusive result from the one that simply asserts that a user
whose signal is linearly dependent has zero near-far resistance [10].
We elaborate on this point next.

A user with a signal that is linearly independent of the interfering sig-
nals effectively experiences a single-user channel in the low-noise limit
because the linear mmse detector asymptotically becomes the decorre-
lator for that user. By contrast, a user whose signal is linearly depen-
dent experiences irreducible multiple access interference (MAI) even
asymptotically, as shown in [4]. Consequently, its near-far resistance
[10] can easily be shown to be equal to zero, which implies that there
exist user powers for which the error rate floors in the low-noise limit.!

In under- or fully loaded CDMA systems, linear independent (in fact,
orthogonal) signals can be allocated to all users to avoid irreducible
MAL Since such an allocation is not possible in the overloaded case,
good signal alternatives are sought. In this respect, the so-called gen-
eralized Welch Bound Equality (WBE) signals are especially attractive
because they minimize the total squared correlation [12] and have a
wealth of optimality properties as a consequence (see, e.g., the intro-
duction of [13]). Nevertheless, it was shown by the authors that their
JER performance breaks down under linear mmse detection [13] in
that the symmetric energy is identically equal to zero. In this corre-
spondence, we prove a stronger result that, no matter how the signals
are designed or what the received powers are, the symmetric energy of
the linear mmse detector is identically equal to zero in an overloaded
CDMA system.

We describe some related results in the literature here. The limita-
tions of the linear mmse detector in terms of the signal-to-interference
ratio (SIR) criterion are known: there exist combinations of SIRs that
are not simultaneously achievable by all users, no matter what signal

IThere may be a large set of user powers, and in fact there often is, for which
the asymptotic efficiency, or equivalently, the AEE of a user with a linearly de-
pendent signal is not equal to zero and hence this user with a linearly dependent
signal can enjoy an exponential rate of decay of error probability as noise power
vanishes.
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set or power distribution is chosen [5]. By contrast, any combination
of SIR’s is achievable when the receiver employs decision feedback
mmse detection, and in fact the power and signal allocation that mini-
mize the total power are specified in [6]. A large system analysis (i.e.,
as K and N — oo with 3 fixed) with random signals yields that the
spectral efficiency of linear detection in overloaded systems is severely
limited compared to nonlinear detection [7], [8].

II. MAIN RESULT

Do there exist signal sets that have nonzero symmetric energy under
linear mmse detection? If so, can we characterize signal sets that max-
imize symmetric energy? Unfortunately—and this is the main result of
this correspondence—even the answer to the first question is negative.
Specifically, consider the following rather general result in which we
let ¢(S) denote the symmetric energy corresponding to the signal set
S and E = diag{E\, ..., Ex } be the diagonal matrix of received en-
ergies, i.e., B, = |Ak|2.

Theorem I: Given an arbitrary system triplet (iK', N, E) where N <
K, any N x K signal matrix S has symmetric energy equal to zero
under linear mmse detection and for any modulation size M, i.e.

vS € CV** with unit-norm columns, e(S) =0. 3)

III. PROOF

The low-noise limit of the linear mmse detector, and hence its AEE,
depend on the signal space geometry as characterized in [4]. In partic-
ular, the linear mmse detector is asymptotically equivalent to the decor-
relator (defined as a detector that projects out the MAI) if and only if
the desired signal is linearly independent of the interfering signals, and
to the pseudodecorrelator (which only partially cancels the MAI), oth-
erwise. Therefore, user k& has an AEE under linear mmse detection that
is given in the linear independent and dependent cases as in [10] and
[4, Prop. 2], respectively, by (4) shown at the bottom of the page. In
(4),x = (S, A1) "si, where the superscript + stands for the pseudoin-
verse, &, = |a, e/ is its nth component, the matrices Sz, A and
E . denote, respectively, the matrices of signals, amplitudes and ener-
gies of the interfering users (i.e.,users 1,...,k — 1,k + 1,... K).
In addition, we assume without loss of generality that user % is re-
ceived with a phase equal to zero, and we denote for any real number
a,max{0,a} as[a]y,and g = —2Xeealel (for square M-QAM

mingg o —ag]
%) Note that S, has full
row-rank in the linear dependent case, and hence S, E, S}J is positive
definite and its inverse is well defined. In the expression for AEE in the
linearly independent case, P:]_van(s ,) denotes an orthogonal projection
matrix that projects onto the orthogonal complement of span(Sy).

To prove our claim that e = ming e = 0 for any signal matrix
S, we make a series of simplifications. First notice that we only need
to consider the modulation size M for which o4 is the smallest. For
complex-valued (real-valued) modulations, this corresponds to QPSK
(BPSK), for which vy = l/ﬂ(cyA = 1/2). Indeed, it is clear from
the subtractive term in the numerator of (4) that any modulation with a

constellations (M = 2°™), a4 =
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smaller minimum distance yields a smaller a4 and hence worse sym-
metric energy.

Second, if S is an N x K matrix with unit-norm columns, we can
convert the problem to one that involves a reduced signal matrix with
simpler signal space geometry. Considering that the rank of S is NV,
there exists a set of N mutually linearly independent columns which,
without loss of generality, we take to be the first N columns of S
(else, one could permute the columns, renumber users and produce
such an S). Consider any column of S which is not one of the first
N columns, say the (V + 1)st column. Evidently, this column can be
written as a linear combination of the first N columns. Suppose that
J C {1,..., N} is the index set corresponding to the nonzero coeffi-
cients of that linear combination. Construct an expurgated matrix Scxp
which is obtained by starting with S and deleting all columns from S
except those indexed by .J and N 4 1. Evidently, Sex;, can be thought of
as a signal matrix in a fictitious expurgated channel with |J| + 1 users
and signal space dimension || (the cardinality of .J) with the prop-
erty that all users in this channel are linearly dependent. Moreover, if
any one user is removed from this system, the resulting signal space
dimension remains unchanged (this need not be true of an overloaded
system in general). One could write the input—output model this user
expurgated system as

Yexp = Scprcxpxoxp +n (5)

where Ay, and Xexp, are obtained by retaining the diagonal elements
in A and the elements in x that correspond to the expurgated channel.
Note that Sexp has dimension N x (|J| 4+ 1) and N > |.J|. Two cases
need to be considered. If N = |.J| then we work with the model in
(5). If N > |.J|, reduce the expurgated channel output without loss of
sufficiency to have dimension |.7|. This can be accomplished by using
the singular value decomposition Se., = UAV™, where Uis N X |J|
and Vis |J| + 1 x |J| with U*U = I, V*V = I, and the diagonal
matrix A of positive singular values is |.J| x |.J|. Pre-multiply yexp in
(5) by U to obtain the model

S"DXP = S“XPAGKPXGKP +n (6)

where Sexp, = AV* is |J| x (|.J] 4 1) and has full row-rank and f is
additive zero-mean, white, complex Gaussian random |.J |-dimensional
vector with covariance o?I. In both cases therefore, we have produced
a user expurgated channel (by removing some users from the original
channel) and with one more user than the signal space dimension with
the property that all users in this expurgated channel are linearly de-
pendent. Note also that the expurgated channel has at least two users.

The point of constructing the expurgated channel would be evident
from the following lemma whose proof is left to the reader.

Lemma 1: In a vector Gaussian channel (underdetermined or not)
with additive white Gaussian noise, the per-user AEE performance in
any user expurgated channel is lower bounded by the AEE achieved
in the original channel from which the expurgated channel is obtained
when linear mmse detectors (tailored to each channel) are used.

The application of the above lemma to our problem is as follows.
The lemma implies that the symmetric energy obtained in the original

if s, ¢ span(Sy), ex = Eks}ijpan(sk)sk

if s, € span(Sy),

st (SkEkSI,j)71 Sk — A % SE |, |(| cos arg, | + | sin arg,|)

n=1

er = Ei

“

\/S}:I (SL»E}.»S}:I)_Z Sk
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channel is less than or equal to the symmetric energy resulting in the ex-
purgated system. Therefore, if we can prove that the symmetric energy
of the linear mmse detector for the particular expurgated system we
constructed above is zero then the symmetric energy obtained the orig-
inal (general) overloaded system using a linear mmse detector cannot
be positive either, and we would be done. This is in fact what we will do.

Consequently, from now on we will consider an overloaded system
with one more user than signal space dimension with the additional
properties that 1) all users are linearly dependent and 2) if one user
were removed from this system, then the remaining users would all be
linearly independent. In order to avoid cumbersome notation, we will
take the signal space dimension to be NV (instead of |.J|) and hence the
number of users to be N 4 1 and the signal matrix to be S (instead of
Sexp) which is now N X (N + 1) and the amplitude, energy matrices
and symbol vector in the expurgated system to be A, E and x, respec-
tively. The abuse of notation is slight since the strategy is to prove the
result of Theorem 1 for particular overloaded systems which have the
parameters and signal space properties of the above mentioned expur-
gated channel and then to use the fact that such a particular overloaded
system can always be constructed by the process of expurgation from
any overloaded system and then to use the lemma above to complete
the proof of Theorem 1 for general overloaded systems.

The last simplification is as follows. Since the system under con-
sideration has only linearly dependent users, the AEE for each user is
given by (4) (which holds for arbitrary modulation) and can be upper
bounded by using the fact that | cos 8| + | sin §| > 1. Specifically, if
sy € span(Sy), then we have (7) shown at the bottom of the page,
where || - ||1 denotes the ¢;-norm, i.e., ||z||1 = ), |#:|. Here, we have
recognized that the submatrix S (and hence S A ) is invertible. From
this upper bound, we have that the symmetric energy of S is upper
bounded by min Uy. Therefore, to prove that ¢(S) = 0, we need to
find at least one user for which the upper bound on its AEE in (7) is
nonpositive, or equivalently, for which the numerator of the ratio in the
square brackets its upper bound is nonpositive.

The two terms of that numerator of the upper bound (7) can both be
expressed in terms of some N -dimensional vectors {y+}. Let T =
SA = [t1,...,tx] where K = N + 1. Let Ty be the N x IV
matrix constructed by removing the kth column of T'. By assumption,
the remaining /N columns are linearly independent and therefore T, is
nonsingular. Sety. = Tk_,1 t. This vector consists of the coordinates
of t;, along the interfering vectors in T'. The two numerator terms in
(7) become

—1
S? (SkE;CSLT) Sg

= si (SkAR) T (SLAR) sk
—1 2
=E; llyxll
and
(SkAr) skl
—1/2
= Byl
Thus, the numerator is proportional to ||y%||3 — |ly+||1, and to prove

the theorem we need only show that min (|lyx||3 — |lyx|1) < 0.
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Since the matrix T is of dimension NV x N + 1 and has rank XV, its
null space has dimension one. There is a nonzero vector a for which
Ta = 0. All the components of a are nonzero for the same reason that
the matrices T, are all nonsingular. From the equation

0=Ta= Tkak + (I,/Ctk

where ay, is the result of removing the kth component of a, we can get
insight about the vectors yi, namely

Y = ——ag.
ag

Consider now the quadratic
F(3) = llall3(v = 7o)-

where 70 = |/a||1/||al|3. This quadratic has zeros at 0 and ~o. For
() < v < 7o itis negative. But by evaluating this function at the points
v = 1/|ax|, we will recover the terms in which we are most interested

1 5 1 1 |allt
f(—) ||a||‘—(—— |
far] *Tae] \ar] ~ [l

_ llallE _ llall
lawl?  Ja]
_ llaxlly — llaxll
lak]? les]
= [lyellz = llyell- ®)

The third line in this chain is the result of eliminating the common terms
at component k. If the components of a are identical in absolute value,
|ax| = «, then vo = 1/|a| and f(ﬁ) = f( \i_l) = 0. The upper
bound is then zero for all users. This is the case when, for instance, the
received energies are equal and the users are allocated WBE signals (in
this case, the WBE signals form a simplex signal set).2

On the other hand, when the components of a are not identical then

lay| = min{|ae|} < |au| = max{|ar|}.

In this case the term of interest for user ¢ becomes negative

()

N
_ S faalanl = ) _
= - .
lay]

2
Iyellz = Iyl

This proves the claim that the numerator of the expression in the square
brackets of the upper bound (7) is negative for at least one user, and
hence this user’s AEE is zero.

IV. CONCLUSION

This correspondence highlights a severe limitation of linear mmse
detection in the context of overloaded CDMA systems by showing that

2Assuming that E;, = E, Vk, the signal matrix of a WBE signal set is char-
acterized by SS" = (KE)/N1y.

€L S LTI.: = Ek

st (SkExSY) ' sk — By 2I(SkAL) sl

@)

\/SLT (SkEkS}J)72 Sk
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there do not exist spreading sequences that satisfy even the basic re-
quirement that the error rate of every user decreases exponentially as
the noise power vanishes. This result holds for arbitrary overload factor,
modulation scheme, and received energies. One consequence is that
power control even without a constraint on the total power cannot mit-
igate this limitation. This strongly suggests that reliable and spectrally
efficient multiple access requires a high-performance receiver struc-
ture based on nonlinear detection. Such a structure is in fact better
suited to uplink transmission and it need not necessarily entail a pro-
hibitive increase in receiver complexity. As a case in point, systematic
constructions of bandwidth-efficient signal sets have been proposed
under mmse decision feedback detection that provably achieve arbi-
trary user-specified rate-tuples (with or without power control) [1], [6]
or AEE’s [11].
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Abstract—TIterative interference cancellation of coded code-division
multiple access (CDMA) using random spreading with linear cancellation
is analyzed. If users are grouped into power classes and Shannon bound
approaching codes are used, a geometric power distribution achieves
the additive white Gaussian noise (AWGN) channel Shannon bound as
the numbers of classes becomes large. The optimal distribution of the
size of these classes is shown to be uniform. If users are grouped into
different rate classes with equal powers among equal rate users, the
Shannon bound for AWGN channels can be achieved with an arbitrary
distribution of the classes sizes, provided that the size of the largest rate
class obeys the mild condition that its ratio of size to processing gain
is much smaller than the inverse of the signal-to-noise ratio (SNR). The
case of equal powers and equal rates among all users is addressed as a
“worst case” scenario. It is argued that simple repetition codes provide
for a larger achievable capacity than stronger codes. It is shown that
this capacity monotonically increases as the rate of the code decreases. A
density evolution analysis is used to show that the achievable rates exceed
those of a minimum-mean square error filter applied to the uncoded
signals. This lower bound is tight for small ratios of bit energy to noise
power, and otherwise the iterative cancellation receiver provides an ap-
preciably larger capacity. Relating to recent result from the application
of statistical mechanics it is shown that the repetition-coded system with
iterative cancellation achieves the performance of an equivalent optimal
joint detector for uncoded transmission.

Index Terms—TIterative decoding, joint detection, optimal power, optimal
rate, random code-division multiple access (CDMA).

I. INTRODUCTION

Iterative joint decoding of code-division multiple-access (CDMA)
systems using forward error control coding is based on the success of
turbo coding [3], and has the potential of realizing a significant portion
of the multiple-access channel capacity [1], [21], [16], [2], [24], [37].
Iterative decoding breaks the complex task of a multiuser decoder into
two operations, viz. 1) a posteriori probability (APP) estimation of the
coded symbols, or an approximation thereof, and 2), parallel soft de-
coding of single-user forward error control (FEC) codes.

The asymptotic analysis of large-scale CDMA systems has been
studied for optimal and some suboptimal multiuser detectors [33], [32],
and [28], where it is shown that the output SINRs, approach certain con-
stant values if random spreading is used. The convergence behavior of
an iterative decoder can be studied using density evolution (DE) anal-
ysis [22], [4]. In [7] and [6] different power levels and a linear program-
ming solution to optimizing these power levels are presented.
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