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Abstract— A unified framework for coherent multiple antenna
communications is presented leading to a general space-time
code design criterion valid for arbitrary spatial and temporal
fading correlations. This framework provides insights into the
effect of each of spatial and temporal correlations on space-
time code design. The single code design expression applies to
quasi-static, fast fading and multiple block fading channels and
more generally also to channels with arbitrary correlations in
the temporal dimension as well as in the spatial dimension with
arbitrary rank. The general coding strategy proposed consists
of precoding a space-time code with its size determined by
the rank of transmit correlation, the structure determined by
the Cholesky factorization of the temporal correlation, and the
precoding matrix obtained from the eigenvectors of the transmit
correlation matrix.

Index Terms— Antenna diversity, correlated fading, error
analysis, MIMO-OFDM, signal design, space-time modulation,
space-time codes, spatial correlation, temporal correlation, wire-
less communication.

I. INTRODUCTION

ARLY works on wireless fading channels dealt with

single antenna transmission techniques that involved in-
terleaving to provide diversity via signal space methods [1]-
[3]. The purpose of interleaving was to provide a channel
with a white temporal fading process. Subsequently, the more
practical case of imperfect interleaving leading to a non-
trivial temporal fading correlation matrix was considered in
[4]. Signal design with multiple transmit and receive antennas
with identity spatial correlation matrix was considered in [5].
However, only the extreme cases of temporal correlation cor-
responding to quasi-static and fast fading were considered, and
that too in a separate manner. In any case, such spatially white
fading correlation assumes rich scattering which is rarely
encountered in practice. Spatial correlations may arise due
to insufficient antenna spacings and/or non-uniform scattering
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(which may occur due to a clustering of reflectors). The case
of the most general spatial correlation for multiple antennas
has been addressed with respect to code design in [6], [7]. A
simplified practical model for spatial correlation was provided
and analyzed in [8] but it did not account for any temporal
correlation.

In this work, we formulate a unified framework for analysis
and design of multiple antenna space-time communication
systems under a combined spatial and temporal fading correla-
tion scenario. Our approach is more generally applicable than
previous works and more insightful as well for several reasons.
Firstly, a succinct analytical formula is obtained that captures
at once the diversity order performance as a function of
(separable) spatial and general temporal correlation matrices.
Secondly, code design rules in the spatial-correlation-only
model and the temporal-correlation-only model are rigorously
dealt with separately in detail, thereby improving upon previ-
ous designs even in each of these cases. Finally, we combine
the two sets of design rules to propose a new code design
strategy that addresses code design in channels with spatial
and temporal correlations. Our view is that since the channel
correlations change much more slowly as compared to the
channel realizations, they can be made available to the trans-
mitter and hence exploited (rather than be defended against)
to adapt transmissions according to the current statistics.

One of the first attempts to deal with temporal correlation
was the design of “smart-greedy” space-time codes of [5].
However, the smart-greedy codes designed for the quasi-
static fading channel are only meant to exploit the additional
temporal diversity of a fast fading channel. The effect of
temporal correlation in the absence of spatial correlation has
been addressed in [9]. However, only two special cases were
considered in [9], namely, a full rank temporal correlation
scenario and the case with the coherence time being less than
the number of transmit antennas. Even the so-called “smart-
robust” space-time codes of [10] are only designed for the
case of a block interleaved model with a full rank temporal
correlation matrix. In this paper, we propose a general code
design strategy for arbitrary temporal correlation matrices. Our
framework clearly shows how the code design criterion is
modified as one goes from the quasi-static regime to the fast
fading regime via other general temporal correlation matrices.

The effect of spatial correlation in the quasi-static fading
regime has been addressed in [8]. It was stated in [8] that
a space-time code that leads to full diversity under spatially
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white fading is sufficient to achieve the maximum diversity of
a spatially correlated channel as well. However, in this paper
we show that this need not be the optimal strategy. Specifically,
for rank deficient spatial fading correlation, we justify the
advantage of precoding a reduced dimensional space-time
code over using space-time codes designed for the spatially
white fading channel. The idea of precoding a reduced rank
space-time code for correlated channels has been considered
before. For instance, the choice of the precoding matrix with
orthogonal space-time block codes [11] has been considered in
[12], [13]. For non-orthogonal space-time coding, the choice
of precoding matrix is considered in [14]. In these works,
the choice of precoding matrices is dictated by the PEP
expressions for a pair of space-time codewords. For orthogonal
space-time codes, exact expressions of symbol error rates can
be used to propose a choice of the optimal precoding matrix
as done in [15]. However, no justification is provided in these
works for the advantage of precoding reduced dimensional
space-time codes over simply using space-time codes that
provide full diversity under spatially white fading. Also, the
dimensions to choose for the reduced diversity space-time
codes is not addressed. Additionally, one should expect a
better performance from using full rate space-time codes such
as TAST [16] instead of orthogonal designs even for the
spatially correlated fading scenario. In our formulation of code
design for spatially correlated channels, we fix the precoding
matrix to be the one obtained from an eigen-decomposition
of the transmit correlation matrix. We also specify that the
reduced dimensional space-time code (to be precoded) should
be the one designed for as many antennas as the rank of the
spatial correlation matrix. We then prove that the resulting
class of precoded space-time codes necessarily leads to better
pairwise error probabilities than the class of codes that provide
full diversity on the spatially white channel.

Spatial correlation was also considered for broadband
OFDM multi-antenna systems in [17], [18]. In these works,
diversity order of space-frequency codes is discussed under
various transmit and receive antenna correlation matrices.
Again, the advantage of code design using the precoding
strategy is not considered in [17], [18] and, consequently, the
exact diversity order for their coding strategy was not obtained
under rank deficient spatial correlation. There are also other
works such as [7], [19] that derive pairwise error probability
expressions under general spatio-temporal correlations. How-
ever, they do not explore the relationship between the structure
of the correlation matrices and the space-time code design
nor do they obtain a succinct analytical formula that captures
the diversity order as a function of spatial and temporal
correlations. For arbitrarily correlated channels, [19] does not
advocate anything beyond using full diversity codes designed
for ii.d channel. The work in [7] suggests robust codes
with respect to diversity order but that do not involve pre-
coding. Furthermore, these codes are designed only according
to the sum of ranks criterion that is applicable to the special
case of the multiple-block quasi-static fading channels but
without regard to any further structure in the spatio-temporal
correlations. While [7] shows performance gains relative to
the smart-greedy codes of [5], it is possible to obtain further
significant gains over the robust codes of [7] and design codes
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for more general channels than those considered in [7] using
the systematic code design methodology developed in this
work.

In this work, we first provide code design strategies that
offer a considerable improvement in the understanding of
code design under separate temporal and spatial correlations.
Subsequently, we combine the insights gained as a result to
propose a general space-time coding strategy for the case
of arbitrary spatio-temporal fading correlations. Simulation
results confirm the improvement in performance obtained by
following the proposed code design strategy instead of using
space-time codes that are not specifically designed to utilize
the structure of the fading correlation.

Throughout this paper, we consider coherent communi-
cations in which the exact channel realization is known to
the receiver but unknown to the transmitter. For the case of
noncoherent communication, the performance analysis under
correlated fading for the special class of Unitary Space-Time
Modulation (USTM) codes is presented in [20]. The design
of coding schemes for noncoherent systems under nontrivial
spatio-temporal fading correlations is addressed in [21].

Even though the results of this paper are presented through-
out for frequency non-selective channels with temporal corre-
lations, they are also applicable to frequency-selective chan-
nels that employ OFDM in which case the temporal degrees
of freedom here are to be interpreted as spectral degrees of
freedom with the length of the code 1" denoting the number of
subcarriers and the temporal correlation matrix denoting the
correlation between channel gains across subcarriers. More
generally, the temporal dimension 7" in this paper could
represent the sum of the temporal and spectral degrees of
freedom (as in MIMO-OFDM systems that code across OFDM
symbols). Correlations—and often rank-deficient correlations—
across subcarriers are more the rule rather than the exception
(even in systems that employ frequency-hopping) in such
systems.

This paper is organized as follows. The system model and
the associated performance analysis is presented in Section
II. The special case of non-trivial temporal correlation but
spatially white fading is considered in Section III. The special
case of quasi-static fading but non-trivial spatial correlation
is considered in Section IV. The general case of non-trivial
spatio-temporal correlation is considered in Section V. Sample
code constructions are discussed in Section VI and conclusions
are provided in Section VII.

II. SYSTEM MODEL AND PEP ANALYSIS

In this paper, the superscripts %, 7" and t refer to complex
conjugate, transpose and hermitian transpose, respectively. The
vec() operator stacks the columns of the matrix argument into
one vector. The symbols o and ® refer to the Hadamard
product and the Kronecker product, respectively [22]. For
an N dimensional vector x, the matrix diag(x) refers to
a diagonal matrix with x,,1 < n < N, being the n-th
diagonal entry. For a set of matrices {An}ﬁle, the matrix
diag(A1,...,Ay) refers to the block diagonal matrix with
A, ,1 <n < N, being the n-th diagonal block.

Consider coding for an N; transmit and N, receive antenna
system where the codeword spans a frame of length 7' time
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slots. Let S and R be constant square matrices of size Ny and
Ny, respectively, that represent square roots of the transmit
and receive spatial correlation matrix as introduced in [8].
The fading matrix H(t) for the ¢-th time slot is given by the
Nr x N; matrix SW(¢)R*, where the entries of W (t) for
a given t are i.i.d zero-mean unit variance complex normal
random variables. However, the T-length vector of the (m, n)-
th entries of W(¢) for 1 < ¢ < T exhibits a correlation
matrix . In order to have a reasonable code design strategy
as proposed in this paper, we may assume that the transmitter
knows S and X and that the receiver knows S and R. We also
focus on the coherent scenario which means that the receiver
knows the exact values of H(t) for all ¢. We consider coding
at the physical layer and assume that a higher-layer protocol
learns the required correlation matrices using some pilot-based
correlation estimation technique and provides the same to the
receiver/transmitter.

If X(¢) is the 1 x Ny vector transmitted in the ¢-th time
slot, then the 1 x N received vector Y (¢) can be written as

Y(t) = pX@E)SW()R* +N(?) €]

VX (OWOR® +N(), @)

where N(¢) is the noise vector with ii.d zero-mean unit

variance complex normal entries, p is a measure of the signal-

to-noise ratio and the superscript ~refers to post multiplication

with S. Applying the vec operation to the above set of equa-

tions and using the fact that vec(ABCT) = (C ® A)vec(B),
we get

vee(Y (1) = v/p(Ing ® X(1))(RT @ Ly, )vec(W (1))
+vec(N(t)). (3

To combine the above for each 1 <t < T, define

h = [vec(W(l))T, .. ,VeC(W(T))T]T
y = [vec(Y(1)T,... ,vec(Y(T)"]T
n = [vec(N()T,...,vec(N(T))T]"
so that
y = Vpdiag((Ty, © X())(RT @ Tng ), ..,

o (I @ X(T)H(RF @ Ing))h + 1 4)

represents the complete input output relationship in the system.
Note that h is a vector of zero-mean complex normal entries
with a covariance matrix of 3 ® In, . and n consists of i.i.d
zero-mean unit variance complex normal entries. Let s, and
o be the ranks of S, R and X, respectively.

One can interpret the collection of vectors X(¢), for 1 <
t < T, as a codeword of a space-time codebook. Let the -
th such codeword be represented as {X;(¢)}~_; and for ease
of presentation let us refer to it as {X;(¢)}. The maximum-
likelihood detection rule employed by the receiver under the
assumptions made here selects the hypothesis 7,/7, given by

ML = argmjin
ly — v/pdiag((In, @ X;(1))(RF @ Iny), ...,
(Ini @ X;(T))(RF @ I, )b,

With the receiver employing the maximum-likelihood de-
tection rule, the pairwise error probability (PEP) between two
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possible codewords {X;(¢)} and {X;(¢)} conditioned on a
channel realization h is given by

P} - oeim = (yfBieml) o
R B T CAGILS

= 71'/0 e () de,

(6)

where Gj; = diag((Iny ® (Xi(1) — Xj(l)))(RT ®

Ing)s- - (Ing ® (X (T) = X5(T)))(RY @1, )). The Craig’s
formula Q(z) = 1 077/2 ¢ 72 df, Vx> 0, has been used
in the second step above. The exact PEP is then obtained by

taking the expectation over the distribution of h.

PXi(0)} = {X,;(®)}) =

™

1 w/2
1 / i — O
T Jo ‘I—F mGlj(z ®INTNR)Gij

Useful bounds on the PEP can also be obtained by first
simplifying the conditional PEP in (6) before taking the
expectation over the distribution of h.

Proposition 1: Define Q;; = G;;(X ® INTNR)GL- and let
d € (0, %) be a constant. Then,

( 1 5) 1

2. ‘I + Ty s
< P(AXa(1)) —{X;(0)})

1 1

- 8

2 |I + BQij| ®

Proof: Replacing 6 by 7/2 in the integrand of (6) and

then taking the expectation over h, we obtain the Chernoff
bound on the pairwise error probability

PAXi()} — {X;(®)}) <
1 1

2 hMMT+§GME®LWMX%

<

©)

which is the right-side inequality in (8). One can also lower
bound the @-function using the Craig’s formula as

1 /2 g2
Qz) = —/ e 2:2%0) df
0

™

1 7T/2 _ 22
— / e 2 sin2 () d0
&

v

™

> (L9 o mm
L
- 2w

Using (10) for the conditional PEP in (6) and taking the
expectation over the distribution of h, we obtain the lower
bound

PXi()} — {X;(®)}) =

(l _ é) . 1
2 - T
s |IN1“NRT+#2(5)GU(2®INTNR)GU

(10)

(1)

which is the left-side inequality in (8). [ ]
Let P.(p) denote the actual codeword error probability of
the system. The diversity order, defined as

—log(P(p))
log(p)

d= lim
pP— 00

) 12)



VARANASI AND DAYAL: UNIFIED MULTI-ANTENNA CODE DESIGN FOR FADING CHANNELS WITH SPATIO-TEMPORAL/SPECTRAL CORRELATIONS

is a measure of performance of the system at high
SNR. Define the codeword difference X;; = [(X;(1) —
X;(NT, ... (X(T) — X;(T)"]" for any i # j. The
following proposition shows the dependency of the diversity
order on each of the spatial and temporal correlation matrices
and the space-time codebook.

Proposition 2: The diversity order is given by

d = minrank(Z;;) (13)
i#£]
with
Zij = (X;88'X],) o ¥) ® (R'R) (14)

Furthermore, the coding gain is given by the minimum product
of the non-zero eigenvalues of Z;; among all ¢ # j such that
rank(Z;;) is the least possible.

Proof: Using Proposition 1, we obtain that the diversity
order of the PEP for any i # j is given by

i —log(P({X;(t)} — {X;(t)})) _
log p
rank(G;; (X ® INTNR)GL')

p—00

5)

We now simplify the expression for G;;(3 ® Ing NR)GL
Exphcltly multiplying the matrices in the product G;;(3 ®
Ing NR)GZ , we obtain a block partitioned matrix whose (r, ¢)-

th block is given by

BTy @ (Xi(r) — XN(T)))( @ Inp)x
(R & In:) (I, ® (Xi(e) = X;i(e))) (16)
=2 (RR® (X ( ) = X; () (Xi(e) = X;(e))") (A7)
= B o(Xi(r) = X;(r)(Xi(e) = X;()) )RR, (18)

where the first equality follows from the fact that (A ®
B)(C®D) = (AC®BD) and the second because (X;(r) —
X, (r)(X;(c) — X;(c))) is simply a scalar. Using the sym-
bol o that represents component-wise multiplication or the
Hadamard product, we see that G;; (3 ® Ing NR)GL- can be
written as

X;(1) — X;(1)
. X
Xi(T) — X4(T)
(X =X, () (KD - X(1) ] } o ) © (RR).
so that we have
G (2 @Iy ) G = ((X;8S'X]) o ) ® (R'R). (19)

The actual codeword error probability can be upper bounded
using the PEPs through the union bound and also lower
bounded by considering the PEP between any one given pair
of codewords. Hence, we can conclude that the diversity
order of the actual codeword error probability is the minimum
rank of Z;; = ((X;;SS'X],) o 3) ® (R'R) among all
distinct codewords {X;(t)} and {X;(t)}. Also, the coding
gain, defined as the term corresponding to the worst case PEP
at high SNR, is as described in the proposition. [ ]

The code design principle, therefore, is to maximize the
minimum rank of Z;; over all ¢ # j. The obtained expression
for diversity order and coding gain can be shown to coincide
with the well known special cases.
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Corollary 1: For quasi-static fading (X = 117), the diver-
sity order is given by

d= Igéimank(xijssTx}j) ® (R'R) (20)
)

The above corollary recovers the result of the quasi-static
spatially correlated channel in [8]. For any two square matrices
A and B, the eigenvalues of A @ B are given by the
product of the eigenvalues of A and B. This also implies
that rank(A ® B) = rank(A )rank(B). These facts lead to the
following corollary for the spatially white fading channel.

Corollary 2: For spatially white fading, i. e., S = I, and
R = I, the diversity order is given by
d = N, x minrank((X;;X],) o %) Q1)

i#]

The coding gain is the minimum product of the non-zero
eigenvalues of ((Xin;'j) o X)) over all ¢ # j, such that the
rank of ((XinIj) o X)) is the least possible. Further special
cases are as follows.

1) Quasi-static fading, ¥ = 11T :

d = Ny x min rank(X;; X)) (22)
]

Code design becomes maximization of the minimum

rank of XWX and the codlng gain is the maximization

of the determmant of XUX among all 7 # j such that

the rank of X;; is the least p0551ble. This is referred to

as the classical rank and determinant criterion.
2) Fast fading, ¥ =1I:

d = NRXI_I;éinrank
(diag(]|X:(1) = X5 (M), [IX:(T) = X;(T)|%))

Code design criterion reduces to maximizing the number
of rows differing between X; and X; or equivalently the
number of non-zero rows of X;;. The coding gain is the
minimum product of the Euclidean norms of the rows of
X over all i # j such that X,;; has the least number of
non-zero rows. This is referred to as the row Hamming
distance criterion.

3) M independent fading blocks of coherence time 77,
YX=Iy® 1T/1}/I

M

d = Ny > min > rank(X; (m)X;(m)t),  (23)

where {X;;(m)}M_, are the M sub-matrices of Xj;
obtained by takmg the consecutive 7" rows of X;;. This
is referred to as the sum of ranks criterion.

The code design guidelines described for these special cases
for spatially white fading have been obtained earlier in several
works [5], [16]. The general expression for Z;; given in Propo-
sition 2 must, however, be used to design codebooks for any
given spatio-temporal correlation matrices. We first consider
the cases for temporal and spatial correlations separately, and
then finally address the issue of code design for arbitrary
spatio-temporal correlation structures.
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III. SPATIALLY WHITE FADING WITH
NON-TRIVIAL TEMPORAL CORRELATION

For spatially white fading (S = In, and R = Ing), the
diversity order result of Corollary 2 implies that we need
to maximize the minimum rank of (Xj; XL.) o 3 among all
codeword pairs. Some preliminary observations can be made
using the following proposition that specifies when codes
designed for quasi-static and fast fading channels can be
leveraged for other temporal correlation matrices.

Proposition 3: Suppose S = I, and R = Ing.

1) If T' < Ni, then for any 3, a code that has the maximum
diversity order of T'N; under quasi-static fading will
also have the same maximum diversity order of 7Ny
over the channel with temporal correlation 3. Moreover,
the coding gain over the correlated channel is lower
bounded by that for the quasi-static channel.

2) If 3 has full rank, then for any 7" and Ny, a code that
has the maximum diversity order of T'N; under fast
fading will also have the same maximum diversity order
of T'N; over the channel with temporal correlation X.
Moreover, the coding gain over the correlated channel
is upper bounded by that for the fast fading channel.

Proof: We invoke the following inequality known as
the Oppenheim inequality for any two positive semidefinite
matrices A and B of size n [22].

det(A) - [[ Bis < det(A o B).
i=1

(24)

For the first part of the proposition, set B = 3 and A =
XZJX in (24) and note that the diagonal entries of 3 are all
1. One can then see that ensuring 7' < N and full rank for
X;; guarantees that (Xij XL.) o X has rank T and, therefore,
that the diversity order is T'N;. Moreover, the coding gain
expressions for the quasi-static and the temporally correlated
channels are given by the minimum over i # j of the left and
right hand sides of (24), respectively.

For the second part of the proposition, if 3 is known to
have full rank, then setting A = X and B = XinIj in
(24) shows that a diversity order of T'N; can be achieved if
all rows of X;; are non-zero. This coincides with the row
hamming distance criterion for the fast fading channel. Also,
we have the Hadamard inequality,

I I 117

det(A o B 25)

which implies that the coding gain for the correlated channel is
upper bounded by the coding gain for the fast fading channel.
|
The diversity order results under the special cases of Propo-
sition 3 have also been noted in [9]. Proposition 3, however,
cannot be used for code design when 7' > N; and X is not
full rank. Therefore, we need a design strategy that utilizes
the structure of the correlation matrix 3 and that also works
for any arbitrary 3 and 7. We now provide insights into such
a design method for arbitrary correlation matrices.
Using the Cholesky decomposition [22], one can write 3 =
LLT, where L is a lower triangular matrix. If 0 < T, then L
need not be unique. We impose a particular structure on L so
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that the last T'— o columns of L are zero. Also, if p; denotes
the row index of the first non-zero entry of the k-th column

L; of L, then we require that 1 = p1 < pa--- < p, < T.
Define the block lower triangular matrix
Xij = [d1ag(L1)le, - ,d1ag(Lo)XU]

The diversity order and coding gain results are first stated in
relation to the matrix X;.

Proposition 4: The diversity order of the temporally corre-
lated channel is given by

d= Ny x mlnrank(X ).

i#]

(26)

Also, the coding galn is the minimum product of the non-zero
elgenvalues of leX over all ¢ # j such that the rank of

le is the least possible.

Proof: Using the result of Corollary 2, we only need to
prove that

(X;;X]) 0 2 = XX, 27)

This follows from a more general result on the Hadamard
products. If A, B are complex matrices of size 7' x m and
T x n, respectively, and By is the k-th column of B, 1 < k <
n, then we show that

AAT o BB = CCT, (28)

where

C = [ diag(B1)A diag(B)A diag(B,)A | .

(29)
For any two column vectors a and b, it is easily verified that
(aaf o bb!) = (aob)(aob). (30)

Also, the Hadamard product satisfies the distributive law.
Therefore, denoting the i-th column of A by A;, we have

<Z AiAj> o> B; B!
ZZ AAlo Bj;j
ii(A °B;)(
zz (B

Zdlag <ZA AT> diag(B;)!
= Zdlag

= CCT,

AAT o BBT

A;)(diag(B;)A,)!

DAATdiag(B;)T

where C is as defined above.
The required result of (27) now follows from (28) by setting
A:XijandB:L. |
Corollary 3: The maximum diversity order under spatially
white correlation is upper bounded as

d < Ny x min(o Ny, T). 31)
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Our goal is to utilize the lower triangular nature of L for
obtaining a criterion on the codeword difference X;; that
would lead to a lower bound on the rank of )A(ij. The proposed
code design strategy is described in the next proposition.

Proposition 5: For 1 <k <o —1, let Dy, C [pg, Pk+1 — 1]
denote the index set corresponding to the row indices between
pr and px+1 — 1 such that the entries of Ly on those
rows are non-zero. Also, let D, C [p,,T] be the index set
corresponding to the row indices such that the entries of L,
on those rows are non-zero. Thus,

Li(4) #0,Vj € Dy, 1 <k <o.

Let di, = |Dg|,1 < k < 0. Design the space-time codebook
such that for each signal pair {X;(¢t)} and {X;(¢)}, the
submatrix of X;; obtained by taking the rows corresponding to
the index set Dy, has full rank min(dy, Ny) for each k € [1, o].
Then, the diversity order of the temporally correlated channel
is lower bounded as

d > Ny x Y min(dy, Np), (32)

Proof: The rank of akn_y1 block lower triangular matrix
is lower bounded by the sum of the ranks of the diagonal
blocks [22]. When the conditions imposed on the structure of
X;; are met for each ¢ # j, each term in the summation of
(32) gives the rargc of a diagonal block of the block lower
triangular matrix X;;. |

The proposed code design procedure for any given 3,
therefore, is to ensure that conditions of Proposition 5 are
met for each codeword pair. As described at the end of this
section, this lower bound on the diversity order could be
further improved by exploring all possible permutations of
stacking the entries of W (¢) into h.

The coding gain with the proposed strategy under spatially
white correlation corresponds to the product of the absolute
determinant squared of the diagonal blocks of X;;, but only if
these diagonal blocks are square. Even if the diagonal blocks
of X;; are not square but the matrix X;; is block diagonal,
then the coding gain can be written as the product of the
determinants of the Hermitian form of the matrices on the
diagonal of X;;. Besides these special cases, it is difficult
to obtain a coding gain expression that only depends on the
signal matrices.

It is easy to verify that the proposed strategy subsumes
the code design criterion for the three cases corresponding
to quasi-static fading (X = 1T1:TF,L = [I7  Opxr-1)),
fast fading (3 = Ir,L = Ir) and multiple block i.i.d
fading (X = I, ® 1T/1}:,,L = [IM ® 17/ OTXT—M]) .
Moreover, this general strategy guarantees a certain diversity
order depending on the structure of 3 even if the system
parameters do not allow us to make any conclusions using
Proposition 3.

Since the guaranteed diversity order using the proposed
strategy depends on the properties of the Cholesky decom-
position of 3, we can exploit the order of grouping of the
entries of W(t),1 < ¢ < T, into h to obtain the most
favorable Cholesky decomposition. Specifically, let (.) be
a permutation that sends t,1 < ¢t < T, to 7(¢) and let P
be the corresponding permutation matrix of size 7' so that
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P(t,m(t)) = 1. We can then rewrite (4) as

y = vpdiag(In, © X(r(1),.... (I, ® X(x(T))))h + i,

where
y = (P olvnm)y
h = (P"®Iymnh
n — (PT®INTM)H

The vector h is now complex Gaussian with the covari-
ance matrix ¥ ® In.n, where 3> = PTXEP. The vec-
tor n consists of iid zero mean unit variance complex
normal entries. Let us now define X;; = [(X;(n(1)) —
X;(m())T, .. (X(m(T) — X,(7(T)))T]T. Following the
same design criterion as implied in Proposition 5, but with
> replaced by 3 and imposing the rank constraints on Xij
instead of X;;, one can guarantee a diversity order of at least

Z min(dy,, Ny), (33)
k=1

where dj, are the corresponding values for the Cholesky factor
L of 3. One could, therefore, choose the permutation matrix
P that leads to the largest value of this guaranteed diversity
order. This would only require an off-line search among all 7'!
possible permutation matrices for a given correlation matrix
3. Also, note that the optimal matrix P is only needed to
design the codebook and is not needed by the receiver to
perform the actual decoding.

While an exhaustive search can provide the best permutation
for our strategy, it is possible to choose the matrix P for
a given Cholesky factor L to improve the lower bound on
the diversity order. Since ¥ = PTXP = (PTL)(PTL), we
can restrict ourselves to a permutation P that preserves the
required lower triangular structure for PTL. The permutation
PT can be used to rearrange the rows of L as follows. For
each k € [2, o], those rows corresponding to [pg, pr+1— 1]\ Dk
with only the first column being non-zero should be moved
up above row index po. If any such rows exist, then this
permutation would effectively increase the value of d;. Then,
for each k € [3,0], those rows corresponding [py, Pr+1 —
1]\ Dy, in the original L matrix with the second column non-
zero and higher columns zero should also be moved up to
lie between row indices py and ps. Again, if such rows
exist, then this permutation effectively increases the value of
ds. Proceeding in this fashion, it is possible to arrive at a
permutation P such that the lower triangular matrix PTL has
equal or higher values of the dj’s than the original matrix L.
Thus, this particular permutation leads to a higher value of the
guaranteed diversity order with the proposed strategy.

An example to illustrate this permutation is shown in Fig.
1 for Ny =4, Ny = 1,7 =9 and ¢ = 3. Only the non-zero
columns of the original L matrix and the effect of the proposed
permutations on them are shown. The values of (di,ds,ds)
in this example improve from (2,3,1) to (4,4,1) through
the proposed row permutations. This effectively improves
the lower bound on diversity order from 6 to the maximum
achievable diversity order 9.
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(d1,d2,d3)= (dy,d2,ds)= (dy,d2,d3)=
(2,3,1) (4,3,1) (4,4,1)
1 0 0] 1 0 0 1 0 0]
1 0 0 1 0 0 1 0 0
0.7071 0.7071 0 1 0 0 1 0 0
0 1 0 1 0 0 1 0 0
1 0 0| = 0.7071 0.7071 0 | = 0.7071 0.7071 0
0.7071 0.7071 0 0 1 0 0 1 0
0 0 1 0.7071 0.7071 0 0.7071 0.7071 0
1 0 0 0 0 1 0.7071 0.7071 0
0.7071 0.7071 0 | | 0.7071 0.7071 0 | |0 0 1

D_iversity order 6

Fig. 1.
1,T=9,0=3.

IV. SPATIAL CORRELATION WITH QUASI-STATIC FADING

In the quasi-static scenario with spatial correlation, we have
from Corollary 1 that the diversity order is the minimum rank
of Z;; = (X;;SS'X[,) ® (R'R). The rank of Zj; is the
product of the ranks of X;;SSTX] and R'R and is therefore
upper bounded by min(7’, rank(S))rank(R). As noted in [8],
choosing a space-time code that leads to full diversity N
under spatially white fading will lead to the maximum di-
versity of rank(S)rank(R) under arbitrary spatial correlation.
This was also the reason space-time codes designed for the
spatially white channel were used for simulations on spatially
correlated channels in [23]. If the space-time code is rank
deficient under spatially white fading, then, as observed in [8],
the exact diversity order under arbitrary spatial correlation can
not be determined easily.

In this section, we present a space-time coding strategy that
guarantees the maximum diversity order of min(7', rank(S)) -
rank(R)) under spatially correlated fading even though it may
not achieve full diversity for spatially white fading. We prove
that, whenever T' > Np, the new strategy is better in terms
of coding gain compared to the suggestion in [8] of using
a space-time code that provides full diversity under spatially
white fading. The new strategy is inspired from the structure
of the optimum input distribution obtained from a mutual
information point of view [24], [25]. Suppose the eigenvalue
decomposition of SST is given by UAUT, where UTU =
I and A = diag(As,0) with Ag being a square positive
diagonal matrix of size s. Then, the idea is to use a space-time
codebook of the form [ C 0 | UT, where C is a codeword
from a T" x s space-time codebook. Thus, we precode a smaller
size space-time codebook using the eigenvectors obtained
from the transmit correlation matrix.

Consider the expression for the exact PEP obtained in
(7). Since the eigenvalues of A ® B are the product of the
eigenvalues of A and B, we obtain that

PAXi()} — {X;(6)})

1 /”/2 do
™ Jo

-
‘I+ 57y Gij Gig

%//HH<1+

n=1m=1

p

— L\, (X::SSTXT )
4sin2(0) (Xsg ”)

Diversity order 9

Row Permutations to increase the dj’s one at a time for a sample L matrix (Only the first non-zero columns of L are shown). Ny = 4, Nz =

A (RIR)) ™ do), (34)
where A, (.) and A,(.) represent the m-th and n-th non-
zero eigenvalues of the matrix argument and v is the rank
of XijSSTX;fj.

In the next proposition, we compare two classes of
space-time codes both achieving the diversity order of
rank(S)rank(R) and show that one of these classes of codes is
better in terms of code design through pairwise error probabil-
ities. We consider the non-trivial case of s = rank(S) < N;.

Proposition 6: Let T > N;. Let C be a space-time code-
book consisting of 7" x N; sized matrices. Let rank(C; —
C;) = N;,VC;,C; € C,i # j. Consider another space-time
codebook C’ consisting of T' x s sized matrices obtained by
retaining only the first s columns of the space-time codewords
in C. Consider two space-time codebooks X = CUT and
X' = a[ C'" Orxny—s JUT, where the constant o > 1 is
given by

( Ecec[|C|?] )”"’
Eoeo[CT?])

so that both X’ and X’ exhibit the same average energy. Let
X and X’ be used on the spatially correlated channel. Then,
both X’ and X’ exhibit a diversity order of s - r. However, for
each pair of codewords C;,C; € C,7 # j, that lead to pairs
of codewords in X’ and X’, the pairwise error probability

(35)

P(X; — X}) < P(X; — X;) (36)

at any given SNR p.

Proof: The codeword difference (C;—C}) has rank s for
each C}, C} € C',i # j, because each codeword difference
in C has rank N, and 7" > N;. Hence, the rank of Z;; =
(XijSSTij) ® (RTR) is equal to s - r when the codeword
pair (X;,X;) is drawn from either of X or X”. Let C;,C; €
C,i# j and let C] and C’; be the corresponding codewords
in C’, X; and X the corresponding codewords in X and X
and X’; the corresponding codewords in X”. Let X;; = X; —
Xj,X;j = X;—X;, Cij = Ci—Cj, C;J = C;—C; Looking
at the PEP expression in (34), we only need to compare the
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eigenvalues of X;;SS'X;; and X, SSTX’ We have that

An(X;SSTXY;) = An(a[C ]Aa[C’jO]T) (37)
= a2Am(c’ A c ) (38)
= ?\(Cyj ACT) (39)
= o’ (X;;SSTXY)). (40)

Since a > 1, we see that A, (X};SSTX[) >
A (XUSSTXT ) and so from (34), we get that

P(X] — X)) < P(X; — X;). (41)

|

We now show that for spatially correlated channels with
s < Np, precoding a reduced size space-time codebook with
UT is a better strategy than simply using a space-time code
that leads to full diversity under spatially white fading.

Proposition 7: Let T' > N; and let X be a space-time code
with rank(X; — X;) = N, VX;,X; € X, i # j. Then, there
exists a T' x s space-time code C’ such that the new space-
time codebook X’ = [C’0]UT exhibits diversity s - r and the
PEP for each pair of codewords in X’ is smaller than the
corresponding PEP in X.

Proof: One can write X = (XU)U'" = CUT, where
C = XU is a code that meets the conditions of Proposition 6.
Thus, there exists a code X’ of the form [C’0]UT, where C’ is
a space-time codebook of size T x s, with the PEP for each
codeword pair in X’ smaller than the corresponding PEP in
X. ]

Using Proposition 7, we can conclude that a space-time
code that leads to full diversity N /V; under spatially white
fading will provide full diversity order of rank(S)rank(R.) for
arbitrary spatial correlations also but it is not optimum in terms
of coding gain and PEP minimization when rank(S) < Ni.
The strategy of precoding a reduced dimensional space-time
code, i. e., [C'0]UT as described in Proposition 7, also leads to
the maximum diversity of rank(S)rank(R) and the optimum
selection of such a space-time code will necessarily lead to
smaller PEPs. Note that one can expand the class of precoded
space-time codes to be of the form [CO]UT, where C is any
code of size T' x s with rank(C; — C;) = 5,VC;,C; € C,i #
j, and not necessarily restrict to codes such as C’ described in
the proof of Proposition 7. By including more general space-
time codes for use in the precoding strategy, we not only
explore the possibility of an improvement in performance but
also exploit the low decoding complexities associated with
some space-time codes. Specific choices for the the space-
time codebook C are discussed next.

One may consider the space-time codebook C to be of
the form 77, where 7 is a T x s code that could either
be a rectangular LPST code [26], a stacked extension of
a code [27] or a rectangular TAST code [28]. The matrix
YT = diag(v/P1,...,V/Ps) is a diagonal matrix describing
the power allocation on each of the s columns of the code
T. For each choice of 7 mentioned above, the decoding at
the receiver is simplified by means of the sphere-decoding
algorithm [29]. If the average energy on each column of the
code in 7 is the same, then one may consider the choice of
P; as obtained from a mutual information maximization point
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of view which can be found in [24], [25]. In the case of high
SNR, it is easy to show that setting all P; to be the same is
optimal in terms of coding gain obtained from a pairwise error
probability point of view. This fact is in accordance with the
high SNR optimality of the equal power allocation on the s
eigenmodes in terms of maximizing mutual information [30].

V. SPATIO-TEMPORAL CORRELATION

We now combine the insights gained in Sections III and IV
to propose a coding strategy under arbitrary spatio-temporal
fading correlation. As before, the diversity order expression
is given by the minimum rank of Z;; = ((XijSSTXIj) o
) ® (RTR). To deal with the spatial correlation, we consider
space-time codes with the precoding structure obtained in
Section IV, namely X = [C 0]U", where C is a T x s space-
time code. Since we now also have a non-trivial temporal
correlation matrix X, the strategy proposed in Section III can
be applied to choose the code C appropriately in order to fur-
ther exploit the diversity inherent in the temporal dimension.
The code design structure via the rank constraints imposed
on the matrix X;; in Proposition 5 should now be applied
to the matrix difference of codewords in C. The code design
guideline and the diversity order result is summarized in the
following proposition. The index sets D}, and the numbers dy,
are the same as defined in Proposition 5.

Proposition 8: In the precoding strategy with X =
[C 0]UT, where C is a T' x s space-time code, let each
codeword pair C;; = C; — C;,C;,C; € C,i # j, be
such that the submatrix of C;; obtained by taking the rows
corresponding to the index set Dy has full rank min(dy, s)
for each k& € [1,0]. Then, the diversity order of the error
probability with A used on a channel with general spatio-
temporal correlation is lower bounded as

d>rx Y min(dg,s) (42)

k=1
We also have the following general result on the maximum
achievable diversity order under spatio-temporal correlation.
Proposition 9: For any space-time code on a fading chan-
nel with arbitrary spatio-temporal correlations, the maximum
achievable diversity order is given by

rank(R) x min(7', rank(S) x rank(X)). (43)
Proof: Using (27) in the proof of Proposition 4, one can
write rank((XZJSSTXT o) = rank(XU x (I (U\/—)))
where Xu is as defined in Section III. The rank of (XU X
(I, ® (UVA))) cannot be more than min(7T, o - s). Hence,
the maximum rank of Z;; = ((XijSSTXIj) o¥)® (RIR) for
any i # j is given by (43). ]
When ¥ = 117, the maximum achievable diversity given
by Proposition 9 becomes rank(R) x min(7’, rank(S)) which
was also noted in [8]. When S = I and R = 1, the
maximum achievable diversity given by Proposition 9 becomes
N: x min(T, Ny x rank(X)) which was noted in [9] and
also in Corollary 3. Thus, the result of Proposition 9 is a
generalization of the results in both [9] and [8].



2274

VI. CODE CONSTRUCTIONS

In this section, we provide representative examples of code
constructions that meet the design guidelines proposed in
this paper. Their performance is simulated for channels with
spatio-temporal correlation and compared with that of codes
that either do not meet the criterion proposed in this paper
or are not designed to utilize the structure of the fading
correlations. The first two examples consider the quasi-static
fading channel with rank deficient spatial correlation. These
two examples show the advantage of the precoding strategy
over space-time codes that are designed for full diversity over
spatially white channels. The third example describes a code
designed for a channel with non-trivial temporal and spatial
fading correlation. This example shows the need for choosing
the space-time code for the precoding strategy appropriately. It
also reiterates the advantage of the proposed code construction
over simply using a space-time code designed for the quasi-
static spatially white channel even though both methods lead
to the same diversity order.

A No=N,=2T=2X=11TR=1

In this example, we consider three different transmit cor-
relation structures, namely S = I and the two correlation
matrices SST = S;,S, where S; and S, are the following
two correlation matrices given in [23].

s - 1.0000 —0.9597 — 0.2425i
L= —0.9597 + 0.2425¢ 1.0000 ’
S 1.0000 0.7000 + 0.70004
2 0.7000 — 0.7000¢ 1.0000

Each of the correlation matrices S; and S, have a rank of
1, equal non-zero eigenvalue but different eigenvectors. The
coding scheme employed in [23] is a 2 x 2 full layer TAST
code [16] with 4-QAM information symbols providing a rate
of 4 bits per channel use (bpcu). This TAST scheme exhibits
full diversity for the spatially white channel and therefore
provides the maximum diversity order of 2 with the rank
deficient spatial correlations S; and S,. Our precoding scheme
consists of using a code of the form
X1 0 t
o]

where the x; are independent 16-QAM information symbols
and U is obtained from the eigendecomposition of SST.
This precoding scheme also leads to the maximum possible
diversity order of 2 for spatial correlations S; and Ss. The
performance of both coding schemes under each transmit
correlation structure is shown in Fig. 2. It is seen that the pre-
coding scheme is much better than the TAST scheme for both
spatial correlations S; or Ss. Also, unlike the TAST scheme,
the performance of the precoding scheme does not depend
on the eigenvectors of the transmit correlation. Moreover, the
complexity of the precoding scheme is much smaller than the
TAST scheme.

B.Np=4,Ny=3T=4S=11TR=1

In this example, we consider a randomly generated matrix
S of rank 2 as the transmit correlation matrix. We consider the
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N =N_=2, T=2, 4bpcu, R=l,

— TAST $1
—— TAST S2
—e— TASTi.id
== Precoded QAM S1
=+ - Precoded QAM S2
-0- Precoded QAM i.i.d

~.
~.
~

10760 = sy
o = ,
W N S R
s N R TN
=0
107 T,
SR
1073 I I I I I I I
10 1" 12 13 14 15 16 17 18
Tx SNR (dB)
Fig. 2. Precoded QAM scheme vs. TAST scheme: Precoded QAM scheme

has higher coding gain than the TAST scheme for rank deficient spatial
correlations.

Nt=4,N r=3, T=4, 12 bpcu, rank(S)=2

10 T T ; T
— Precoded 4x2 Stacked code
—— L=2 TAST
—— L=3 TAST
107} :
o
i
[T
107 .
1073 i i i i i
18 20 22 24 26 28 30
Tx SNR (dB)
Fig. 3. Precoded Stacked code vs. TAST scheme: Precoded stacked code

exhibits better performance than both two and three layer TAST schemes for
rank deficient spatial correlation.

naive application of the full diversity TAST codes of size 4 x 4
in this scenario. Both 2 and 3 layer TAST codes are simulated.
Each of these codes provide the maximum diversity order of
6 inherent in the system. For the precoding strategy, however,
we use a 4 X 2 space-time code that is obtained by stacking
two 2 x 2 full diversity codes of [27]. This precoded stacked
scheme also achieves the maximum diversity order of 6. The
rate of each code is fixed at 12 bpcu and the performance
of these codes is shown in Fig. 3. Once again, the precoding
strategy leads to a higher coding gain compared to the TAST
codes.

C. No=4,N,=2T=4R=1

In this example also, we consider a randomly generated
matrix S of rank 2 as the transmit correlation matrix. The
temporal correlation 3 and the corresponding L in this
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NT:4, N R:2, T=4, 4 bpcu, rank(X)=3, rank(S)=2, R:I2
10 i T

—— 4x4 TAST

== Precoded 4x2 Stacked code
— Precoded 4x2 fast fading code

FEP

10 i i i i i
10 1" 12 13 14 15 16
SNR (dB)
Fig. 4. Non-trivial spatial and temporal correlations: The 4 X 2 code used

in the precoding strategy should be chosen to utilize the temporal diversity
inherent in the system. With this choice, the precoding strategy is better than
simply using a 4 x 4 TAST code.

example is set to

> =

OO O
SO = O
— -0 O
— -0 O

o O =
SO = O
— -0 O
o O O O

0

The first code we consider is a two layer four-transmit
antenna TAST code of length four that was originally designed
for the quasi-static spatially white channel. As described in
the Introduction, many works advocate the use of such a
code for channels with general spatio-temporal correlation.
The second code is the precoded stacked space-time code
used in Section VI-B that led to a performance improvement
over the two layer TAST code on the quasi-static channel.
However, in this example, due to the different structure of
the temporal correlation matrix, this code provides a diversity
order of only 4 and not the maximum possible value of
2min(4,3 * 2) = 8 (according to Proposition 8). This can
be verified by computing the diversity order of this code
using Proposition 2 and the simplification of the corresponding
Hadamard product as done in the proof of Proposition 9.
Finally, we construct a third code as per the design rules
obtained in this paper. We select first a code of length four
designed for coding over fwo transmit antennas and two
independent fading blocks (specifically, a TAST designed in
[16] under the sum of ranks criterion), and then apply spatial
precoding to it according to the rules summarized in Section
V. Such a code achieves the maximum diversity order of 8.
The performance of these codes is shown in Fig. 4 and it can
be seen that the third code indeed achieves a very substantial
coding gain over the 4 x 4 TAST code (which incidentally is
even outperformed by the diversity-deficient second code in
the SNR range considered).

VII. CONCLUSIONS

Using a new formulation of temporal correlation and si-
multaneous incorporation of spatial correlation, we arrive at a
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single code design criterion valid for arbitrary spatio-temporal
fading correlations. It is found that, for rank deficient spatial
correlation, precoding a smaller dimensional code leads to
better coding gain than simply using a code meant for the
spatially white channel even though both lead to the same
diversity order. The space-time code to be precoded should be
specifically designed to further exploit the diversity inherent
in the temporal dimension. The proposed code design utilizes
all degrees of freedom available in the spatio-temporal domain
and leads to better performance with lower complexity than
universal codes meant for all possible correlations.
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